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Preface

Although the first decades of the 20th century saw some strong debates on set
theory and the foundation of mathematics, afterwards set theory has turned
into a solid branch of mathematics, indeed, so solid, that it serves as the
foundation of the whole building of mathematics. Later generations, honest
to Hilbert’s dictum, “No one can chase us out of the paradise that Cantor
has created for us” proved countless deep and interesting theorems and also
applied the methods of set theory to various problems in algebra, topology,
infinitary combinatorics, and real analysis.

The invention of forcing produced a powerful, technically sophisticated
tool for solving unsolvable problems. Still, most results of the pre-Cohen era
can be digested with just the knowledge of a commonsense introduction to
the topic. And it is a worthy effort, here we refer not just to usefulness, but,
first and foremost, to mathematical beauty.

In this volume we offer a collection of various problems in set theory. Most
of classical set theory is covered, classical in the sense that independence
methods are not used, but classical also in the sense that most results come
from the period, say, 1920-1970. Many problems are also related to other fields
of mathematics such as algebra, combinatorics, topology, and real analysis.

We do not concentrate on the axiomatic framework, although some as-
pects, such as the axiom of foundation or the role of the axiom of choice, are
elaborated.

There are no drill exercises, and only a handful can be solved with just
understanding the definitions. Most problems require work, wit, and inspira-
tion. Some problems are definitely challenging, actually, several of them are
published results.

We have tried to compose the sequence of problems in a way that earlier
problems help in the solution of later ones. The same applies to the sequence
of chapters. There are a few exceptions (using transfinite methods before
their discussion)—those problems are separated at the end of the individual
chapters by a line of asterisks.

We have tried to trace the origin of the problems and then to give proper
reference at the end of the solution. However, as is the case with any other
mathematical discipline, many problems are folklore and tracing their origin
was impossible.

The reference to a problem is of the form “Problem x.y” where x denotes
the chapter number and y the problem number within Chapter x. However,
within Chapter x we omit the chapter number, so in that case the reference
is simply “Problem y”.

For the convenience of the reader we have collected into an appendix all
the basic concepts and notations used throughout the book.

Acknowledgements We thank Péter Varji and Gergely Ambrus for their
careful reading of the manuscript and their suggestions to improve the presen-
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tation. Collecting and writing up the problems took many years, during which
the authors have been funded by various grants from the Hungarian National
Science Foundation for Basic Research and from the National Science Foun-
dation (latest grants are OTKA T046991, T049448 and NSF DMS-040650).

We hope the readers will find as much enjoyment in solving some of the
problems as we have found in writing them up.

Péter Komjath and Vilmos Totik
Budapest and Szeged-Tampa, July 2005
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Problems
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Operations on sets

Basic operations among sets are union, intersection, and exponentiation. This
chapter contains problems related to these basic operations and their relations.

If we are given a family of sets, then (two-term) intersection acts like
multiplication. However, from many point of view, the analogue of addition
is not union, but forming divided difference: AAB = (A\ B)U (B \ A), and
several problems are on this A operation.

An interesting feature is that families of sets with appropriate set opera-
tions can serve as canonical models for structures from other areas of math-
ematics. In this chapter we shall see that graphs, partially ordered sets, dis-
tributive lattices, idempotent rings, and Boolean algebras can be modelled by
(i.e., are isomorphic to) families of sets with appropriate operations on them.

1. For finite sets A; we have

A U UA | =Y A =D AN A+ DT JANA N A=,

i i<j i<j<k
and
AL N A =D A =D JAUA ]+ D A UAUA— -
[ 1<J i<j<k

2. Define the symmetric difference of the sets A and B as
AAB =(A\B)U(B\ A).

This is a commutative and associative operation such that N is distributive
with respect to A.

3. The set AjAAsA--- AA,, consists of those elements that belong to an
odd number of the A;’s.
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Chapter 1: Operations on sets Problems

4. For finite sets A; we have

|A1AAy - AAL =) A =2 JANA [ +4 > JANA; N A~

i i<j i<j<k

. Let our sets be subsets of a ground set X, and define the complement of

A as A° = X \ A. All the operations N, U and \ can be expressed by the
operation A | B = (AU B)°. The same is also true of A | B = (AN B)°.

For any sets
a)
UN4i= N Udise

i€l jed; feH'GI J; el

NU4:= U N4

i€l jed; feH'GI J; el

M(Ua)- U (o)

el \jeJ; feH‘eIJi iel
k2

m(Na)- 0 (Do)

iel \jeJ; el 7 ViEl

(general distributive laws).

Let X be a set and Ay, As, ..., A, C X. Using the operations N, U and -¢
(complementation relative to X), one can construct at most 22" different
sets from A, As, ..., A,.

Let
X ={(z1,...,2n) : 0< ;< 1,1 <i<n}

be the unit cube of R", and set
A ={(z1,...,2n) € X : 1/2 <z <1}

Using the operations N, U, and -¢ (complementation with respect to X),
one can construct 22" different sets from Aq, Ao, ..., A,.

Using the operations \, N and U one can construct at most 22" ~1 (different
sets from a given family Ay, Ao, ..., A, of n sets. This 22" ! bound can
be achieved for some appropriately chosen A, As, ..., A,.
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10.

11.

12.

13.

14.

15.

For given A;, B;, i € I solve the system of equations

(a) A;NX =B, 1el,

(b) A;UX =B,, 1el,

(¢c) A;\ X = B;, 11,

(d) X\ A; =B, 1€ 1.

What are the necessary and sufficient conditions for the existence and
uniqueness of the solutions?

If Ag, Aq,...is an arbitrary sequence of sets, then there are pairwise dis-
joint sets B; C A; such that UA; = UB;.
Let Ag, A1,... and By, B1, ... be sequences of sets. Then the intersection

A; N Bj is finite for all ¢, j if and only if there are disjoint sets C and D
such that for all ¢ the sets 4; \ C and B; \ D are finite.

Let X be a ground set and A C P(X) such that for every A € A the
complement X \ A can be written as a countable intersection of elements
of A. Then the o-algebra generated by A coincides with the smallest
family of sets including .4 and closed under countable intersection and
countable disjoint union.

Define o e
linrgioréfAn = L_Jl O A,

limsup 4,, := ﬁ fj A,

n—00 —
n=1m=n

and we say that the sequence {A,} is convergent if these two sets are the
same, say A, in which case we say that the limit of the sets {A,} is A.
Then

a) liminf, A, Climsup, A,,

b) liminf,, A, consists of those elements that belong to all, but finitely
many of the A,,’s.

c¢) limsup,, A, consists of those elements that belong to infinitely many
A,’s.

Let X be a set and for a subset A of X consider its characteristic function

() = lifz € A,
XA = 0ifz e X\ A

The mapping A — x4 is a bijection between P(X) and *{0, 1}. Further-
more, if B =liminf, ., Ay, then

xp = liminf x4,
n—oo

and if C' = limsup,,_, ., 4n, then



16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.
27.

Chapter 1: Operations on sets Problems

Xc = limsup x4,
n—oo
A sequence {4, }52, of sets is convergent if and only if for every sequences
{m;} and {n;} with lim;_,o, m; = lim;_,o, n; = 0o we have

m(AmiAAni) =0.

7

A sequence {A,}52, of sets converges if and only if for every sequences
{m;} and {n;} with lim; , m; = lim;_, o n; = 0o we have

lim (A4,,,A4,,)=10

71— 00
(if we regard A as subtraction, then this says that for convergence of sets
“Cauchy’s criterion” holds).

If A,, n=0,1,... are subsets of the set of natural numbers, then one can
select a convergent subsequence from {A4,}5% .

Construct a sequence {4,,}22 , of sets which does not include a convergent
subsequence.

If H is any family of sets, then with the inclusion relation H is a partially
ordered set. Every partially ordered set is isomorphic with a family of sets
partially ordered by inclusion.

Every graph is isomorphic with a graph where the set of vertices is a family
of sets, and two such vertices are connected precisely if their intersection
is not empty.

Let H be a set that is closed for two-term intersection, union and symmet-
ric difference. Then H is a ring with A as addition and N as multiplication,
in which every element is idempotent: AN A = A.

If (A,4,-,0) is a ring in which every element is idempotent (a - a = a),
then (A, +,-,0) is isomorphic with a ring of sets defined in the preceding
problem.

With the notation of Problem 22 let H be the set of all subsets of an
infinite set X, and let Z be the set of finite subsets of X. Then Z is an
ideal in H. If a # 0 is any element in the quotient ring H/Z, then there
isa b# 0,a such that b-a = b (in other words, in the quotient ring there
are no atoms).

If H is a family of subsets of a given ground set X which is closed for
two-term intersection and union, then H is a distributive lattice with the
operations HAK=HNK, HVK =HUK.

Every distributive lattice is isomorphic to one from the preceding problem.

If H is a family of subsets of a given ground set X which is closed under
complementation (relative to X) and under two-term union, then # is a
Boolean algebra with the operations H- K = HNK, H+ K =HUK,
H =X\ Hand with1=X,0=0.
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28.
29.

30.

31.

32.

33.

34.

Every Boolean algebra is isomorphic to one from the preceding problem.

P(X), the family of all subsets of a given set X, is a complete and com-
pletely distributive Boolean algebra with the operations H - K = H N K,
H+K=HUK, H = X\ H and with 1 = X, 0 = § (in the Boolean
algebra set @ = b if a - b = a, and completeness means that for any set
K in the Boolean algebra there is a smallest upper majorant sup K and
a largest lower minorant inf K, and complete distributivity means that

infsupa;; = sup infa, ¢
i€l je g, ’ 1 ’
J fellic, 7

for any elements in the algebra).

Every complete and completely distributive Boolean algebra is isomorphic
with one from the preceding problem.

Let H be a family of sets such that if H* C H is any subfamily, then there
is a smallest (with respect to inclusion) set in H that includes all the sets
in H*, and there is a largest set in H that is included in all elements of
H*. Then every mapping f : H — H that preserves the relation C (i.e.,
for which f(H) C f(K) whenever H C K) there is a fixed point, i.e., a
set F' € H with f(F)=F.

The converse of Problem 31 is also true in the following sense. Suppose
that H is a family of sets closed for two-term union and intersection such
that for every mapping f : H — H that preserves C there is a fixed point.
Then if H* C H is any subfamily, then there is a smallest set in H that
includes all the sets in {*, and there is a largest set in H that is included
in all elements of H*.

With the notation of Problem 24 for each a # 0 there are at least contin-
uum many different b # 0 such that b-a = b.

With the notation of Problem 24 let H be the set of all subsets of a set
X of cardinality k, and let Z be the ideal of subsets of X which have
cardinality smaller than x. Then the quotient ring H/Z is of cardinality
27,
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Countability

A set is called countable if its elements can be arranged into a finite or infi-
nite sequence. Otherwise it is called uncountable. This notion reflects the fact
that the set is “small” from the point of view of set theory; sometimes it is
negligible. For example, the set @ of rational numbers is countable (Problem
9) while the set R of real numbers is not (Problem 7), hence “most” reals
are irrational. On the other hand, a claim that a certain set is not countable
usually means that the set has many elements.

If in an uncountable set A a certain property holds with the exception of
elements in a countable subset B, then the property holds for “most” elements
of A (in particular A\ B is not empty). In this section many problems are
related to this principle; in particular many problems claim that a certain set
in R (or R™) is countable. Actually, the very first “sensational” achievement
of set theory was of this sort when G. Cantor proved in 1874 that “most” real
numbers are transcendental (and hence there are transcendental numbers),
for the algebraic numbers form a countable subset of R (see Problems 6-8).
Other examples when the notion of countability appears in real analysis will
be given in Chapters 5 and 13.

The cardinality of countably infinite sets is denoted by w or N.

. The union of countably many countable sets is countable.

. The (Cartesian) product of finitely many countable sets is countable.

. The set of k element sequences formed from a countable sets is countable.
. The set of finite sequences formed from a countable set is countable.

. The set of polynomials with integer coefficients is countable.

. The set of algebraic numbers is countable.

. R is not countable.

. There are transcendental real numbers.

© 00 J O Ut = W N =

. The following sets are countable:



10

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

Chapter 2 : Countability Problems

a) Q;

b) set of those functions that map a finite subset of a given countable set
A into a given countable set B;

c) set of convergent sequences of natural numbers.

If A;, € N, i € I is an arbitrary family of subsets of IN, then there is
a countable subfamily A;, ¢ € J C I such that N;c;A4; = NierA; and
UiesAi = Ujer A;.

If A is an uncountable subset of the real line, then there is an a € A such
that each of the sets AN (—o0,a) and AN (a,oc0) is uncountable.

If £ and K are positive integers and H is a family of subsets of N with
the property that the intersection of every & members of H has at most
K elements, then # is countable.

The set of subintervals of R with rational endpoints is countable.

Any disjoint collection of open intervals (open sets) on R (in R™) is count-
able.

Any discrete set in R (in R™) is countable.

Any open subset of R is a disjoint union of countably many open intervals.

The set of open disks (balls) in R? (R") with rational radius and rational
center, is countable (rational center means that each coordinate of the
center is rational).

Any open subset of R? (R") is a union of countably many open disks
(balls) with rational radius and rational center.

If H is a family of circles such that for every = € R there is a circle in ‘H
that touches the real line at the point x, then there are two intersecting
circles in H.

Is it true that if A is a family of circles such that for every x € R there is
a circle containing x, then there are two intersecting circles in H?

Let C be a family of circles on the plane such that no two cross each
other. Then the points where two circles from C touch each other form a
countable set.

One can place only countably many disjoint letters of the shape T" on the
plane.

In the plane call a union of three segments with a common endpoint a
Y-set. Any disjoint family of Y-sets is countable.

If A is a countable set on the plane, then it can be decomposed as A =
B U C such that B, resp. C' has only a finite number of points on every
vertical, resp. horizontal line.

A is countable if and only if A x A can be decomposed as BUC' such that
B intersects every “vertical” line {(z,y) : = = zo} in at most finitely
many points, and C intersects every “horizontal” line {(z,y) : y = yo}
in at most finitely many points.
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26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

If A C R is countable, then there is a real number a such that (a+A)NA =
0.

If A C R? is such that all the distances between the points of A are
rational, then A is countable. Is there such an infinite bounded set not
lying on a straight line?

Call a sequence a,, — oo faster increasing than b,, — oo if a, /b, — co. If

{bgf)}, i =0,1,... is a countable family of sequences tending to oo, then
there is a sequence that increases faster than any {bgf )}.
If there are given countably many sequences {355)};;0:0, i =0,1,... of

natural numbers, then construct a sequence {s, }22, of natural numbers
such that for every i the equality s, = s holds only for finitely many
n’s.

Construct countably many sequences {s,(f)};go, 1 = 0,1,... of natural
numbers, with the property that if {s,}22, is an arbitrary sequence of
natural numbers, then the number those n’s for which s,, = sﬁf ) holds is
unbounded as 7 — co.

Are there countably many sequences {555)}30:0, i = 0,1,... of natural
numbers, with the property that if {s, }22, is an arbitrary sequence of
natural numbers, then the number those n’s for which s, = SS) holds
tends to infinity as ¢ — oco?

Let {rt} be a 1-1 enumeration of the rational numbers. Then if {z,}
is an arbitrary sequence consisting of rational numbers, there are three
permutations 7;, ¢ = 1, 2, 3 of the natural numbers for which x,, = r )+
Tro(n) + T'my(n) holds for all n.

With the notation of the preceding problem give a sequence {x,} consist-
ing of rational numbers for which there are no permutations m;, ¢ = 1, 2,
of the natural numbers for which z,, = rx (n) + 7', (n) holds for all n.

Any two countably infinite Boolean algebras without atoms (i.e., without
elements a # 0 such that a-b=a or a-b= 0 for all b) are isomorphic.

Let A = (A,...) be an arbitrary algebraic structure on the countable
set A (i.e., A may have an arbitrary number of finitary operations and
relations). Then the following are equivalent:

a) A has uncountably many automorphisms;

b) if B is a finite subset of A then there is a non-identity automorphism
of A which is the identity when restricted to B.

Suppose we know that a rabbit is moving along a straight line on the
lattice points of the plane by making identical jumps every minute (but
we do not know where it is and what kind of jump it is making). If we
can place a trap every hour to an arbitrary lattice point of the plane that
captures the rabbit if it is there at that moment, then we can capture the
rabbit.
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37.

38.

39.

40.

Chapter 2 : Countability Problems

Let A C [0,1] be a set, and two players I and II play the following game:
they alternatively select digits (i.e., numbers 0-9) xo, z1, . . . and yo, y1, - - -,
and I wins if the number 0.z1y122ys ... is in A, otherwise II wins. In this
game if A is countable, then II has a winning strategy.

Let A C [0,1] be a set, and two players I and II play the following game:
I selects infinitely many digits z1,22,... and II makes a permutation
Y1,Y2,... of them. I wins if the number 0.y ys ... is in A, otherwise II
wins. For what countable closed sets A does I have a winning strategy?

Two players alternately choose uncountable subsets Ky D K1 D --- of the
real line. Then no matter how the first player plays, the second one can
always achieve N2 (K, = 0.

Let x be an infinite cardinal. Then H is of cardinality at most « if and
only if H x H can be decomposed as B U C such that B intersects every
“vertical” line {(z,y) : = = zo} in less than k points, and C intersects
every “horizontal” line {(z,y) : y = yo} in less than s points.
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Equivalence

Equivalence of sets is the mathematical notion of “being of the same size”.
Two sets A and B are equivalent (in symbol A ~ B) if there is a one-to-one
correspondence between their elements, i.e., a one-to-one mapping f : A -+ B
of A onto B. In this case we also say that A and B are of the same cardinality
without telling what “cardinality” means.

A finite set cannot be equivalent to its proper subset, but things change
for infinite sets: any infinite set is equivalent to one of its proper subsets. In
fact, quite often seemingly “larger” sets (like a plane) may turn out to be
equivalent to much “smaller” sets (like a line on the plane).

The notion of infinity is one of the most intriguing concepts that has been
created by mankind. It is with the aid of equivalence that in mathematics we
can distinguish between different sorts of infinity, and this makes the theory
of infinite sets extremely rich.

This chapter contains some simple exercises on equivalence of sets often
encountered in algebra, analysis, and topology. To establish the equivalence
of two sets can be quite a challenge, but things are tremendously simplified
by the equivalence theorem (Problem 2): if each of A and B is equivalent to a
subset of the other one, then they are equivalent. The reason for the efficiency
of the equivalence theorem lies in the fact that usually it is much easier to
find a one-to-one mapping of a set A into B than onto B.

1. Let f: A — B and g : B — A be 1-to-1 mappings. Then there is a
decomposition A = A; U A3 and B = B; U By of A and B into disjoint
sets such that f maps A; onto By and g maps By onto As.

2. (Equivalence theorem) If two sets are both equivalent to a subset of the
other one, then the two sets are equivalent.

3. There is a 1-to-1 mapping from A(# 0) to B if and only if there is a
mapping from B onto A.

4. If A is infinite and B is countable, then AU B ~ A.

5. If A is uncountable and B is countable, then A\ B ~ A.
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10.

11.

12.

13.

Chapter 3 : Equivalence Problems

The set of irrational numbers is equivalent to the set of real numbers.
The Cantor set is equivalent to the set of infinite 0-1 sequences.
Give a 1-to-1 mapping from the first set into the second one:
a) NxN; N
b) (—o0,00); (0,1)
c) R; the set of infinite 0-1 sequences
d) the set of infinite 0-1 sequences; [0, 1]

e) the infinite sequences of the natural numbers; the set of infinite 0-1
sequences

f) the set of infinite sequences of the real numbers; the set of infinite 0-1

sequernces
In each of the above cases a)-f) the two sets are actually equivalent.

. Give a mapping from the first set onto the second one:

a) N; NxN
b) N; Q
¢) Cantor set; [0,1]

d) set of infinite 0-1 sequences; [0, 1]
In each of the above cases a)-d) the two sets are actually equivalent.

Give a 1-to-1 correspondence between these pairs of sets:

a) (a,b); (¢,d) (where a < b and ¢ < d, and any of these numbers can be
+oo as well)

b) N; N x N

c¢) P(X); X{0,1} (X is an arbitrary set)

d) set of infinite sequences of the numbers 0,1, 2; set of infinite 0-1 se-
quences

e) [0,1); [0,1) x [0,1)

There is a 1-to-1 correspondence between these pairs of sets:

a) set of infinite 0-1 sequences; R

b) R; R"”

¢) R; set of infinite real sequences

We have

a) BYCA ~BA x“A provided BN C = (),

b) C(BA) NCXBA,

c) Y(A x B) ~%A x9B.

Let X be an arbitrary set.

a) X is similar to a subset of P(X).

b) X o P(X).
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Continuum

A set is called of power continuum (c) if it is equivalent with R. Many sets
arising in mathematical analysis and topology are of power continuum, and
the present chapter lists several of them. For example, the set of Borel subsets
of R", the set of right continuous real functions, or a Hausdorff topological
space with countable basis are all of power continuum.

The continuum is also the cardinality of the set of subsets of N, and
there are many examples of families of power continuum (i.e., families of
maximal cardinality) of subsets of N or of a given countable set with a certain
prescribed property. In particular, several problems in this chapter deal with
almost disjoint sets and their variants: there are continuum many subsets of
N with pairwise finite intersection (cf. Problems 29-43).

The problem if there is an uncountable subset of R which is not of power
continuum arose very early during the development of set theory, and the
“NO” answer has become known as the continuum hypothesis (CH). Thus,
CH means that if A C R is infinite, then either A ~ N or A ~ R (other
formulations are: there is no cardinality x with Xg < & < ¢; ¥; = 2%0). This
was the very first problem on Hilbert’s famous list on the 1900 Paris congress,
and finding the solution had a profound influence on set theory as well as
on all of mathematics. Eventually it has turned out that it does not lead
to a contradiction if we assume CH (K. Godel, 1947) and neither leads to a
contradiction if we assume CH to be false (P. Cohen, 1963). Therefore, CH is
independent of the other standard axioms of set theory.

The plane cannot be covered with less than continuum many lines.
The set of infinite 0-1 sequences is of power continuum.

The set of infinite real sequences is of power continuum.

The Cantor set is of power continuum.

An infinite countable set has continuum many subsets.

A

An infinite set of cardinality at most continuum has continuum many
countable subsets.
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Chapter 4 : Continuum Problems

. There are continuum many open (closed) sets in R™.

. A Hausdorff topological space with countable base is of cardinality at most

continuum.

. In an infinite Hausdorff topological space there are at least continuum

many open sets.

If A is countable and B is of cardinality at most continuum, then the set
of functions f : A — B is of cardinality at most continuum.

The set of continuous real functions is of power continuum.

The product of countably many sets of cardinality at most continuum is
of cardinality at most continuum.

The union of at most continuum many sets of cardinality at most contin-
uum is of cardinality at most continuum.
The following sets are of power continuum.
a) R, n=1,2,.
b) ROo (which is the set of infinite real sequences)
¢) the set of continuous curves on the plane
d) the set of monotone real functions
e) the set of right-continuous real functions

)
f) the set of those real functions that are continuous except for a countable
set

g) the set of lower semi-continuous real functions

h) the set of permutations of the natural numbers

i) the set of the (well) orderings of the natural numbers

j) the set of closed additive subgroups of R (i.e., the set of additive sub-
groups of R that are at the same time closed sets in R)

k) the set of closed subspaces of C|0, 1]

1) the set of bounded linear transformations of L2[0, 1]

R cannot be represented as the union of countably many sets none of

which is equivalent to R.

If A C R? is such that each horizontal line intersects A in finitely many
points, then there is a vertical line that intersects the complement R?\ A
of A in continuum many points.

If A is a subset of the real line of power continuum, then there is an
a € A such that each of the sets AN (—o0,a) and AN (a,00) is of power
continuum.

Let A = (A,...) be an arbitrary algebraic structure on the countable
set A (i.e., A may have an arbitrary number of finitary operations and
relations). Then the following are equivalent:

a) A has uncountably many automorphisms,
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b) A has continuum many automorphisms.
A o-algebra is either finite or of cardinality at least continuum.

A o-algebra generated by a set of cardinality at most continuum is of
cardinality at most continuum.

There are continuum many Borel sets and Borel functions on the real line
(in R™).

There are continuum many Baire functions on [0, 1].

The power set P(X) of X is of bigger cardinality than X.

If A has at least two elements, then the set XA of mappings from X to A
is of bigger cardinality than X.

The following sets are of cardinality bigger than continuum.

a) set of real functions

b) set of the 1-to-1 correspondences between R and R?

¢) set of bases of R considered as a linear space over Q (Hamel bases)

d) set of Riemann integrable functions
e

)
f)
g) set of linear subspaces of C0, 1]
h) set of linear functionals of L?[0, 1]

Which of the following sets are of power continuum?

set of Jordan measurable subsets of R

set of the additive subgroups of R

a) the set of real functions that are continuous at every rational point
b) the set of real functions that are continuous at every irrational point

c) the set of real functions f that satisfy the Cauchy equation
fla+y)=fl)+ f(y)

If A is a set of cardinality continuum, then there are countably many
functions fr : A — N, k = 0,1,... such that for an arbitrary function
f: A — N and for an arbitrary finite set A’ C A there is a k such that
fr agrees with f on A'.

The topological product of continuum many separable spaces is separable.

There are continuum many sets A, C N such that if 71 # 72, then
A, NA,, is a finite set (such a collection is called almost disjoint).

Let k£ be a natural number, and suppose that A, v € I' is a family of
subsets of N such that if v1 # 72, then A,, N A,, has at most k elements.
Then I' is countable.

To every x € R one can assign a sequence {sgf)} of natural numbers such

that if x < y, then s%y) — sgf) — 00 as n — 00.
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Chapter 4 : Continuum Problems

There are continuum many sequences {s7}52, of natural numbers such
that if 41 # 72, then [s)! — 52| tends to infinity as n — 0o, no matter
how we choose the sequence {k,,}.

Let k be a positive integer, and suppose that {s}}%2 ,, v € I' is a family
of sequences of natural numbers such that if y; # 2 then s)' = 572 holds
for at most k indices n. Then I' is countable.

There is an almost disjoint family of cardinality continuum of subsets of
N each with upper density 1.

Let £ > 2 be an integer. Then there is a family of cardinality continuum
of subsets of N such that the intersection of any k£ members of the family
is infinite, but the intersection of any k£ + 1 members is finite.

If H is an uncountable family of subsets of N such that the intersection of
any finitely many members of the family is infinite, then the intersection
of some infinite subfamily of H is also infinite.

There is a family of cardinality continuum of subsets of N such that the
intersection of any finitely many members of the family has positive upper
density, but the intersection of any infinitely many members is of density
Zero.

If H is a family of subsets of R such that the intersection of any two sets
in H is finite, then H is of cardinality at most continuum.

There is a family H of cardinality bigger than continuum of subsets of R
such that the intersection of any two sets in H is of cardinality smaller
than continuum.

The are continuum many sets A, C N such that if v; # 72, then either
A, CA,orA,CA,.

There are continuum many sets A, C N such that if 7, # 72, then each
of the sets A, \ A,,, A5, \ 4,,, and A,, N A,, is infinite.

For every real number z give sets A, B, C N such that A, N B, = (), but
for different = and y the set A, N B, is infinite.

There is a family A,, x € R of subsets of the natural numbers such that
if x1,..., 2, are different reals and €y, ..., €, € {0,1}, then the density of
the set AZ N---N A is 27" (here A' = A and A° =N\ A).

There is a function f : R?> — N such that f(x,y) = f(y,2) implies
rT=y=2z.
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Sets of reals and real functions

This chapter contains various problems from analysis and from the topology
of Euclidean spaces that are connected with the notions of “countability” and
“continuum”. They include problems on exceptional sets (like a monotone
real function can have only countably many discontinuities), Lindel6f-type
covering theorems and their consequences, Baire properties, Borel sets, and
Peano curves.

1.

10.
11.

12.

If A C R is such that for every a € A there is a §, > 0 such that either
(a,a+8,)NA=0or (a—8d,,a) NA=0, then A is countable.

. Any uncountable subset A of the real numbers includes a strictly decreas-

ing sequence converging to a point in A.
Every discrete set on R (in R™) is countable.

A right-continuous real function can have only countably many disconti-
nuities.

. Let f be a real function such that at every point f is continuous either

from the right or from the left. Then f can have only countably many
discontinuities.

A monotone real function can have only countably many discontinuities.

If a real function has right and left derivatives at every point, then it is
differentiable at every point with the exception of a countable set.

A convex function is differentiable at every point with the exception of a
countable set.

The set of local maximum wvalues of any real function is countable.
The set of strict local maximum points of a real function is countable.

If every point is a local extremal point for a continuous real function f,
then f is constant.

If a collection G, v € I' of open sets in R™ covers a set £, then there is a
countable subcollection G,, i = 0,1,. .., that also covers E (this property
of subsets of R"™ is called the Lindel6f property).
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Chapter 5: Sets of reals and real functions Problems

It is customary to rephrase the problem by saying that in R™ every open
cover of a set includes a countable subcover.

If a collection G, v € I' of semi-open intervals in R covers a set F, then
there is a countable subcollection G, i = 0,1,..., that also covers F.
The same is true if the G,’s are arbitrary nondegenerated intervals.

If a collection G, v € I', nondegenerated intervals in R covers a set F,
then there is a countable subcollection G, ¢ = 0,1,..., that also covers
E.

Let the real function f be differentiable at every point of the set H C R.
Then the set of those y for which f~!{y} N H is uncountable is of measure
zZero.

Call a rectangle almost closed if its sides are parallel with the coordi-
nate axes, and it is obtained from a closed rectangle by omitting the four
vertices. Show that any union of a family of almost closed rectangles is
already a union of a countable subfamily. Is the same true if the rectangles
are closed?

Call 2 an accumulation point of a set A C R (A C R™) if every neighbor-
hood of = contains uncountably many points of A. An uncountable set A
has an accumulation point that lies in A.

For an uncountable A C R let A* be the set of those a € A that are
accumulation points of both AN (=00, a) and of AN (a,00). Then A\ A*
is countable, and A* is densely ordered.

The set of accumulation points of any set A is either empty or perfect.
Any closed set in R (R™) is the union of a perfect and a countable set.
A nonempty perfect set in R™ is of power continuum.

A closed set in R (R") is either countable, or of power continuum.

Define the distance between two real sequences {a;}52, and {b;}32, by
the formula

oo

d ({3320, {0}5%0) = Y

Jj=0

1 Ja; — by
2j1+|aj—bj|'

With this R becomes a complete separable metric space.

Every closed set in R* is the union of a perfect and a countable set.
Every closed set in R* is either countable or of cardinality continuum.
Every Borel set in R™ is a (continuous and) one-to-one image of a closed
subset of R*.

In R"™ every Borel set is either countable or of cardinality continuum.

If @ < b and [a,b] = U2, A;, then there is an interval I C [a,b] and an i
such that the set A; is dense in I (Baire’s theorem).
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If a < band [a,b] = U2,A;, then there is an interval I C [a,b] and an
1 such that for any subinterval J of I the intersection A; N J is of power
continuum.

If A C R™ is a set with nonempty interior, then A cannot be represented
as a countable union of nowhere dense sets (Baire’s theorem).

If A C R" is a set with nonempty interior and A = U2, A;, then there
is a ball B C A and an 7 such that for any ball B’ C B the intersection
A; N B’ is of power continuum.

There are pairwise disjoint sets A, C R, € R such that for any z € R
and any open interval I C R the set I N A, is of power continuum.

There is a real function that assumes every value in every interval contin-
uum many times.

There is a continuous function f : [0,1] — [0,1] that assumes every value
y € [0,1] continuum many times.

There exists a continuous mapping from [0,1] onto [0,1] x [0,1] (such
“curves” are called area filling or Peano curves).

There are continuous functions f,, : [0,1] — [0,1], n = 0,1,2,... with
the property that if xg,z1,... is an arbitrary sequence from [0, 1], then
there is a t € [0,1] such for all n we have f,(t) = =z, (thus, F(t) =
(fo(t), f1(t),...) is a continuous mapping from [0,1] onto the so-called
Hilbert cube [0,1]* = N[0, 1]).

* * *

If {a¢}e<w, is a transfinite sequence of real numbers which is convergent
(i.e., there is an A € R such that for every € > 0 there is a v < w; for
which £ > v implies |ag — A| <€), then there is a 7 < wy such that a¢ = a¢
for £, > 7.

If {ac}ecq is a (strictly) monotone transfinite sequence of real numbers,
then « is countable.

For every limit ordinal & < wj there is a convergent, strictly increasing
transfinite sequence {a¢}ecqo of real numbers (convergence means that
there is an A € R such that for every € > 0 there is a v < a for which
& > v implies have |ag — A| < e).
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Ordered sets

Now we equip our sets with a structure by telling which element is larger than
the other one. The theory of ordered sets is extremely rich, in fact, this list of
problems is the longest one in the book.

This chapter contains problems on ordered sets and mappings between
them. The types of ordered sets and arithmetic with types will be discussed
in the next chapter. Occasionally later chapters will also discuss problems on
ordered sets if the solution requires the methods of those chapters.

Particularly important are the well-ordered sets (see below), for they pro-
vide the infinite analogues of natural numbers. Well orderings offer enumera-
tion of the elements of a given set in a transfinite sequence and thereby the
possibility of proving results by transfinite induction.

Let A be a set and < a binary relation on A. If a < b does not hold,
then we write a £ b. (A, <) is called an ordered set (sometimes called linearly
ordered) if

o < irreflezive: a £ a for any a € A,
e < tramsitive: a < b and b < ¢ imply a < c,
e < trichotomous: for every a,b € A one of a < b, a = b, b < a holds.
With every such “smaller than” relation < we associate the corresponding

“smaller than or equal” relation <: a < b if either a < b or a = b. This < has
the following properties:

e antisymmetric: a < b and b < a imply a = b,
e transitive: a < b and b < ¢ imply a =< ¢,
e dichotomous: for every a,b € A either of a < b or b < a holds.
If (A, <) is an ordered set and B C A is a subset of A, then for notational
simplicity we shall continue to denote the restriction of < to B x B by <, so

(B, <) is the ordered set with ground set B and with the ordering inherited
from (A4, <).
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The ordered set (A, <) is called well ordered if every nonempty subset
contains a smallest element, i.e., if for every X C A, X # () there is ana € X
such that for every b € X we have a < b.

If (A, <) is an ordered set, then X C A is an initial segment if a € X and
b < a imply b € X (intuitively, X consists of a starting section of (4, <)), and
in a similar fashion X C A is called an end segment if a € X and a < b imply
b € X. An initial segment that is not the whole set is called a proper initial
segment. The intervals of (A, <) are its “convex” (or “connected”) subsets,
i.e., X C Aisan intervalif a,b € X and a < ¢ < bimplies ¢ € X. The intervals
generate the so-called interval topology (also called order topology) on A. This
is also the topology that is generated by the initial and end segments of (A, <).

Ordered sets are special algebraic structures (with no operations, and a
single binary relation). Isomorphism among ordered sets is called similarity:
(A1, <1) and (Ag, <o) are similar if there is an f : A1 — Ay 1-to-1 correspon-
dence between the ground sets A; and A, that also preserves the ordering, i.e.,
a <1 b implies f(a) <2 f(b). In particular, similarity implies the equivalence
of the ground sets. A mapping f from (Ay, <1) into (A, <2) (not necessarily
onto) is called monotone if a <y b implies f(a) <2 f(b). This is just the same
as the notion of homomorphism from (A4;, <;) into (Az, <2).

The lezicographic product of (A1, <1) and (As, <2) is the ordered set (A; x
As, <) where (a1,a2) < (a},adly) precisely if a; <1 a} or if a; = a} and
as <2 ab (i.e., in this ordering the first coordinate is decisive). On the other
hand, in antilexicographic ordering first we compare the second coordinates
and only when equality occurs compare the first coordinates. One can define
in a similar manner the lexicographic or antilexicographic product of more
than two sets. Lexicographic (antilexicographic) ordering is sometimes called
ordering according to the first (last) difference.

Let (A;,<;), ¢ € I be ordered sets with pairwise disjoint ground sets A;
and let the index set I be also ordered by the relation <. The ordered union
of (A;,<;), i € I with respect to the ordered set (I, <) is the ordered set
(B, <) in which B = U;crA;, and for a € A; and b € A; the relation a < b
holds if and only if i < j or i« = j and a <; b. The antilexicographic product
of (A1, <1) and (As, <2) is nothing else than the ordered union of the sets
(A1 x {a},<a), a € Az (where (p,a) <, (¢,a) if and only if p <; ¢) with
respect to (Az, <2).

Unless otherwise stated, if A is a subset of the real line, then we regard A
to be ordered with respect to the standard < relation between the reals. In
this chapter we mean strict monotonicity if we say that a real-valued function
on a subset of the reals is monotone.

An important concept related to ordered sets is their cofinality, which will
be used many times in later chapters. A theorem of Hausdorff (Problem 44)
says that in every ordered set (A, <) there is a well-ordered cofinal subset, i.e.,
a subset B C A such that (B, <) is well ordered and for every a € A there is
a b € B with a < b. Now the cofinality cf((A4, <)) is defined as the smallest
possible order type of such cofinal (B, <)’s.
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The solutions of some problems require the following important result of
R. Laver (see On Fraissé’s order type conjecture, Ann. Math., 93(1971), 89—
111): If (Ai, <4), ¢ = 0,1,2,..., are ordered sets such that neither of them
includes a densely ordered subset, then there are ¢ < j such that (A;, <;) is
similar to a subset of (A;, <;). The proof is considerably more complicated
than it could be given in this book.

1. Any infinite sequence of different elements in an ordered set includes an
infinite monotone subsequence.

2. Any two open subintervals of R are similar.

3. Give an ordered set with a smallest element, in which every element has
a successor and every element but the least has a predecessor, yet the set
is not similar to N.

4. Give an ordering on the reals for which every element has a successor, as
well as a predecessor.

5. An infinite ordered set (A, <) is similar to N if and only if for every a € A
there are only finitely many elements b € A with b < a.

6. What are those infinite ordered sets (A, <) for which it is true that every
infinite subset of A is similar to (A, <)?7
7. An infinite ordered set (A, <) is similar to Z if and only if it has no smallest
or largest element, and every interval {¢ : a < ¢ < b}, a,b € A is finite.
8. What are the infinite ordered sets (A, <) for which every interval {c
a < c¢=<b},abe Ais finite?
9. There is a countable ordered set that has continuum many initial seg-
ments.
10. There is an ordered set of cardinality continuum that has more than con-
tinuum many initial segments.
11. There are infinitely many pairwise nonsimilar ordered sets such that every
one of them is similar to an initial segment of any other one.

12. Let (A, <) and (A’, <’) be ordered sets such that each of them is similar
to a subset of the other one. Then there are disjoint decompositions A =
A1 U Ay and A" = A} U Aj such that (A;, <) is similar to (A4}, <’) for
i=1,2.

13. If (A, <) and (B, <) are ordered sets such that (A, <) is similar to an initial
segment of (B, <) and (B, <) is similar to an end segment of (4, <), then
(A, <) and (B, <) are similar.

14. If (A, <) and (B, <) are ordered sets such that (A, <) is similar to an
initial segment and to an end segment of (B, <) and (B, <) is similar an
interval of (A, <), then (A, <) and (B, <) are similar.

15. There are continuum many subsets of Q no two of them similar.

16. How many subsets A does R have for which A is similar to R?
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There are continuum many pairwise disjoint subsets of R each similar to
R.

If ACR, A+# 0, then R has continuum many subsets similar to A.
R has 2¢ subsets of cardinality continuum no two of which are similar.

If we omit a countable set from the set of irrational numbers, then the set
obtained is similar to the set of the irrational numbers.

If (A,<) has a countable subset B that is dense in A (i.e., for every
a1,as € A, a; < ag there is b € B such that a; < b =< as), then (A, <) is
similar to a subset of R.

Suppose A, B C R are two similar subsets of R. Is it true that then their

complements R\ A and R\ B are also similar? What if A and B are
countable dense subsets of R?

Let M be a set of open subsets of R ordered with respect to inclusion
“C”. Then (M, C) is similar to a subset of the reals.

There is a family F of closed and measure zero subsets of R such that
(F, C) is similar to R.

There is a family of cardinality bigger than continuum of subsets of R
that is ordered with respect to inclusion.

Any countable ordered set is similar to a subset of QN (0,1).

Any countable densely ordered set without smallest and largest elements
is similar to Q.

Any countable densely ordered set is similar to one of the sets Q N (0, 1),
QnNI0,1), QN (0,1], QNJ0,1] (depending if it has a first or last element).
There is an uncountable ordered set such that all of its proper initial
segments are similar to Q or to Q N (0, 1].

There is an uncountable ordered set which is similar to each of its un-
countable subsets.

The antilexicographically ordered set of infinite 0—1 sequences that contain
only a finite number of 1’s is similar to IN.

The lexicographically ordered set of infinite 0—1 sequences that contain
only a finite number of 1’s is similar to Q N[0, 1).

The lexicographically ordered set of infinite 0—1 sequences is similar to
the Cantor set.

The lexicographically ordered set of sequences of natural numbers is sim-
ilar to [0,1).
Consider the set A of all sequences ng, —ni,ns, —ns, ... where n; are nat-

ural numbers. Then A, with the lexicographic ordering, is similar to the
set of irrational numbers.

An ordered set is well ordered if and only if it does not include an infinite
decreasing sequence.
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If A C R is well ordered, then it is countable.
If U is a family of open (closed) subsets of R that is well ordered with
respect to inclusion, then I/ is countable.

If (A, <) is well ordered, then for any f: A — A monotone mapping and
for any a € A we have a < f(a).

There is at most one similarity mapping between two well-ordered sets.

A well-ordered set cannot be similar to a subset of one of its proper initial
segments.

Given two well-ordered sets, one of them is similar to an initial segment
of the other.

Two well-ordered sets, each of which is similar to a subset of the other
one, are similar.

(Hausdorff’s theorem) For every ordered set (A, <) there is asubset B C A
such that (B, <) is well ordered and cofinal (if a € A is arbitrary, then
there is a b € B with a < b). Furthermore, B C A can also be selected in
such a way that the order type of (B, <) does not exceed |A| (the ordinal,
with which the cardinal |A] is identified).

If every proper initial segment of an ordered set is the union of countably
many well-ordered sets, then so is the whole set itself.

If (A, <) is a nonempty countable well-ordered set, then A x [1,0) with
the lexicographic ordering is similar to [0, 1).

There is an ordered set that is not similar to a subset of R, but all of its
proper initial segments are similar to (0,1) or to (0, 1]. Furthermore, this
set is unique up to similarity.

Call a point x € A in an ordered set (A, <) a fixed point if f(z) = =
holds for every monotone f: A — A. A point z € A is not a fixed point
of (A, <) if and only if there is a monotone mapping from (A, <) into
(A\{z}, =)

If x # y are fixed points of (A, <), then y is a fixed point of (A \ {z}, <).
Every countable ordered set has only finitely many fixed points.

For each n < oo give a countably infinite ordered set with exactly n fixed
points.

If (A, <) has infinitely many fixed points, then it includes a subset similar
to Q.

Every ordered set is similar to a set of sets ordered with respect to inclu-
sion.

Let M be a family of subsets of a set X that is ordered with respect to
inclusion and which is a maximal family with this property. Define < on
X as follows: let © < y be exactly if there is an £ € M, such that z € £
but y € E. Then (X, <) is an ordered set. What are the initial segments
in this ordered set?
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Every ordered set is similar to some (X, <) constructed in the preceding
problem.

If (A, <) is an ordered set, then there is an ordered set (A*, <*) such that
if A* = BUC is an arbitrary decomposition, then either B or C' includes
a subset similar to (4, <).

To every infinite ordered set there is another such that neither one is
similar to a subset of the other.

To every countably infinite ordered set (A, <) there is another countably
infinite ordered set that does not include a subset similar to (A, <).

For every n show n countable ordered sets such that neither of them is
similar to a subset of another one.

If (A;,<;), i =0,1,..., are countable ordered sets, then there are i < j
such that (A;, <;) is similar to a subset of (4;, <;).

Every countably infinite ordered set is similar to one of its proper subsets.
There is an infinite ordered set that is not similar to any one of its proper
subsets.

In every infinite ordered set the position of one element can be changed
in such a way that we get an ordered set that is not similar to the original
one.

One can add to any ordered set one element so that the ordered set so
obtained is not similar to the original one. Is the same true for removing
one element?

Every ordered set is a subset of a densely ordered set.

Every densely ordered set is a dense subset of a continuously ordered set.

Any two continuously ordered sets without smallest and largest elements
that include similar dense sets are similar.

A continuously ordered set containing at least two points includes a subset
similar to R.

If (A, <) is continuously ordered and A, = {¢ : a, X ¢c X by} isa
sequence of nested closed intervals, i.e., A,41 C A, for all n = 0,1
then N A, # 0.

There is an infinite ordered set (A, <) that is not continuously ordered
but for every sequence {A,,}°, of nested closed intervals N2 A, # 0.

Call a subset of an ordered set scattered, if it does not include a subset
that is densely ordered. The union of finitely many scattered subsets of
an ordered set is scattered.

A subset of the real line is scattered if and only if it has a countable
closure.

A bounded subset A of the real line is scattered if and only if for any
sequence €g, €1, ... of positive numbers there exists a natural number N
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74.

75.
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e

78.

79.

80.
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82.

such that A can be covered with some intervals Iy, I,..., 5 of length
If o is an ordinal then let H (o) be the set of all functions f : « — {—1,0,1}
for which D(f) = {6 <« : f(8) # 0} is finite. Order H(«) according to
last difference, i.e., for f,g € H(a) set f < g if f(8) < g(8) holds for the
largest 8 < a with f(8) # ¢g(83). Then (H (o), <) is scattered.

The product of two scattered ordered sets is scattered.

The ordered union of scattered ordered sets with respect to a scattered
ordered set is scattered.

Every nonempty ordered set is either scattered, or is similar to the ordered
union of nonempty scattered sets with respect to a densely ordered set.

Let F be a family of ordered sets with the following properties:
o if (S§,<) e F and (S, <) is similar to (S, <), then (S, <’) € F,
if (S, <) € F and S’ is a subset of S then (S, <) € F,

e F is closed for well-ordered and reversely well-ordered unions,

e there is a nonempty (S, <) in F.
Then every ordered set is either in F, or it is similar to an ordered union
of nonempty sets in F with respect to a densely ordered set.

Let O be the smallest family of ordered sets that contains @, 1 and is
closed for well-ordered and reversely well-ordered unions as well as for
similarity. Then O is precisely the family of scattered sets.

An ordered set is scattered if and only it can be embedded into one of the
(H (o), <) defined in Problem 74.

We say that an ordered set (A, <) has countable intervals if for every
a,b € A, a < btheset {c € A : a < ¢ < b} is countable. There is
a maximal ordered set (A, <) with countable intervals in the sense that
every ordered set with countable intervals is similar to a subset of (4, <).

Pick a natural number n;, and for each ¢ = 1,2, ... perform the following
two operations to define ny; and ng;y1:

(i) write ng;—; in base ¢ + 1, and while keeping the coefficients, replace
the base by i + 2. This gives a number that we call no;;

(11) set n2i+1 = N2y — 1.

If ng;+1 = 0 then we stop, otherwise repeat this process. For example, if

nt=23=2"4+224+21 41, then ng =3*+32+3'+1 =94, ng = 93,

ng = 4* 4+ 42 + 41 = 276, n5 = 275, then, since 275 = 4* + 42 + 3, we have

ng=>5+52+3= 3253, etc.

(a) No matter what ny is, there is an ¢ such that n;, = 0.

(b) The same conclusion holds if in (i) the actual base is changed to any
larger base (i.e., when the bases are not 2,3,... but some numbers
by <by <...).
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* * *

In every densely ordered set there are two disjoint dense subsets.

The elements of any ordered set can be colored by two colors in such a
way that in between any two elements of the same color there is another
one with a different color.

There is an ordered set which is not well ordered, yet no two different
initial segments of it are similar.

There exists an ordered set that cannot be represented as a countable
union of its well-ordered subsets, but in which every uncountable subset
includes an uncountable well-ordered subset.

There are two subsets A, B C R of power continuum such that any sub-
set of A that is similar to a subset of B is of cardinality smaller than
continuum.

There is an infinite subset X of R such that if f : X — X is any monotone
mapping, then f is the identity.

To every ordered set (A, <) of cardinality k > R there is another ordered
set of cardinality « that does not include a subset similar to (A, <).

For every infinite cardinal £ there is an ordered set of cardinality x that
has more than k initial segments.

In a set of cardinality x there is a family of subsets of cardinality bigger
than x that is ordered with respect to inclusion.

If H is a family of subsets of an infinite set of cardinality x that is well
ordered with respect to inclusion, then H is of cardinality at most «.

If k is an infinite cardinal, then in the lexicographically ordered set “x
(which is the set of transfinite sequences of type k of ordinals smaller
than k ordered with respect to first difference) every well-ordered subset
is of cardinality at most k.

Let k be an infinite cardinal and let T be the set ©{0, 1} of 0-1 sequences
of type k ordered with the lexicographic ordering. Then

a) every nonempty subset of T has a least upper bound,

b) every subset of T has cofinality at most &,

c¢) every well-ordered subset of T is of cardinality at most «.

Every ordered set of cardinality x is similar to a subset of the lexicograph-
ically ordered {0, 1}.

Let x be an infinite cardinal and F,; the set of those f : k — {0,1} for
which there is a last 1, i.e., there is an « < & such that f(«) = 1 but for

all @ < f < k we have f(8) = 0. Every ordered set of cardinality « is
similar to a subset of the lexicographically ordered Fj.
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97. If (A, <) is an ordered set and k is a cardinal, then there is an ordered
set (B, <) such that if B = Ug<,Be is an arbitrary decomposition of B
into at most x subsets, then there is a £ < k such that (Be, <) includes a
subset similar to (4, <).
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Order types

Order types are to ordered sets what cardinals are to sets. To every ordered
set we associate its type in such a way that two ordered sets are similar
(isomorphic) if and only if they have the same order type. The order types
of well-ordered sets have special name: they are called ordinals or ordinal
numbers.

This chapter contains problems on order types and on arithmetic with
them. Problems on ordinals will be discussed in Chapter 8 and their arithmetic
in Chapter 9.

Even though we shall not say exactly what order types are (such a defini-
tion is possible within set theory but does not yield any additional information,
so we omit it), we shall still speak about their ordered sums and their product
as follows.

If 6; are order types for each ¢ € I where (I, <) is an ordered set, then we
define Zid(@ 6; to be the order type of the ordered union of (A;,<;), i € I,
with respect to (I, <), where (A;, <;) are pairwise disjoint ordered sets with
order type 6;.

If 6y, 05 are order types and (A1, <1), (As, <o) are ordered sets with types
01 and 605, respectively, then 6 - 65 is defined as the order type of the an-
tilexicographic product of (A1, <1) and (Ag, <2) (in this order). There is no
particular reason why antilexicographic product is used here; but historically
that is what was used and we adhere to this custom.

Note that these operations are order-sensitive, and multiplication is left
distributive with respect to addition

o-1 > 0= > 0-6;

i€l(<) i€I(<)
but it is not distributive from the right.
In this chapter 0, 7, ... will always denote order types. w is the order type
of N, 7 is the order type of Q, and ) is the order type of R (with the standard
< ordering on these sets).
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Chapter 7: Order types Problems

If 0 is an order type, say the type of (A, <), then * denotes its reverse

type, i.e., the type of (A, <*), where a <* b exactly if b < a.

1.

What are the order types of the initial segments of the set of rational
numbers?

. The following are true:

a) n+n=nmn,
b) n+1+n=n,
)

ogn-n=mn+1)-n=0+n)-n=n.

d

e) A+1+A=A,

) A+ A#£ )

g) A-A# A,

h)y n-A#X-n.

Solve for 6, and 05 the equations:
a) 01+ 0> =,

b) 61 + 65 = A

n+2+n#n,

4. Write 7 in the form 6; - 65 in such a way that 6, # 7, 02 # 7.

10.

11.

12.

13.

Write A in the form 6 - 05 in such a way that 61 # A, 05 # A.

Every order type different from 0, 1,2 can be represented as a sum of two
different nonzero order types.

Give an infinite order type that cannot be written as a product of two
order types different from 1.

The order types w and n cannot be represented as a two-term sum in
which each term is different from the given order type.

. The order types w, n+ 1, 1 +7 and 1 + n + 1 cannot be represented as

a two-term product in which each factor is different from the given order
type.

Give infinitely many order types that cannot be represented as a two-term
sum in which each term is different from the given order type.

Give infinitely many order types that cannot be represented as a two-term
product in which each factor is different from the given order type.

Let A be the set of those 0—1 sequences that contain only finitely many
1’s. What is the order type of the lexicographically ordered A? What is
the order type if the ordering is antilexicographic?

In the preceding problem replace A with the set of all sequences of non-
negative integers that contain only finitely many nonzero elements. What
are then the answers?
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The order type of the lexicographically ordered set NN of infinite se-
quences of the natural numbers is 1 + .

Given n, what is the order type of the set

1 1
— et — 1<k, ..k ?
{k1+ +kn < k1, , <w}

What is the order type of (N, <), where for m = 2P=1(2¢ — 1) — 1 and
n=2"12s—1)—1weset m <nif p/g<r/sorp/qg=r/sand m < n?

Every order type can be uniquely represented as « + 6, where « is an
ordinal and @ is the order type of an ordered set which does not have a
smallest element.

If 6; and 65 are order types such that for some order types 7 and p we
have 8, = 7+ 05 and 05 = 01 + p, then 6 = 05.

If #; and 05 are order types such that for some order types 7, p, o1 and
09 we have 05 = 01 + p, 0o =7+ 60, and 01 = 01 + 05 + 02, then 61 = 5.
If n is a positive integer and for some order types 6; and 6> one has
n-01 =n- 60, then 61 = 0.
If n is a positive integer and for some order types 6; and 6> one has
01 -n =05 -n, then 61 = 0.

Give an order type 6 that can be written both in the form 2 -7 + 1 and
2 - 79, and give an order type that has neither of these forms.

Give an order type € that can be written both in the form 7 - 2+ 1 and
7o - 2, and give an order type that has neither of these forms.

Give infinitely many order types 6 with the property 6 -2 = 6.
Give infinitely many order types 6 with the property 2 -6 = 6.
Give infinitely many order types 6 with the property 2-0 =60-2=20.
Give infinitely many order types 6 with the property 6 - 6 = 6.

For every order type 6 # 0 there is an order type 7 such that 7 + 6 =
0+17=r.

For every order type 6 # 0 there is an order type 7 such that 7-0 = 6-7 = 7.
Give an infinite sequence of order types such that they form an arithmetic
progression, but each one of them is a square (i.e., if {6, } is the sequence,
then 6,, = 7, - 7, for some 7,, and there is a o such that 6,41 =6, + 0o
for all n).

For every positive integer n give n order types such that all possible n!
sums of them (formed from different rearrangements) are different.

For every positive integer n give n order types such that all possible n!
products of them (formed from different rearrangements) are different.

Give two different order types 6; and 6y with equal squares: 67 = 63.
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Chapter 7: Order types Problems

The order types 0 = (w* +w)  (w+w-n+k), k=0,1,... are all different,
but they have the same higher powers: there is an order type 7 such that
for all k and all n > 2 we have 0 = 7.

Give order types 61,605,603 such that for all positive integer n their nth
powers are different, but 67 + 05 = 0% is true.

Let 01 and 65 be the order types of the ordered sets (A1, <1) and (As, <s),
respectively, and say that 6; < 6y if (A, <) is similar to a subset of

(Ag, <2), but not vice versa. This < is well defined among order types
and it is irreflexive and transitive but not trichotomous.

If (A1,<1) and (Ag, <2) in the preceding problem are well ordered, then
01 < 6 if and only (A;,<;) is similar to a proper initial segment of
(A2, <2). As a consequence, < is an ordering (irreflexive, transitive, and
trichotomous) among ordinals (in which case we write 6; < 65 instead of
01 < 05). In particular, the order type of a subset of a well-ordered set is
at most as large as the order type of the whole set.

0 < n for every countable order type 6.
There are continuum many order types 6 with 6 < 7.

To every infinite order type 6 there is another one 7 which is incomparable
(with respect to <) with it, i.e., 7 # 6,0 A7 and 7 £ 0.

To every countably infinite order type 6 there is another countably infinite
order type 7 such that 6 £ 7.

For every n > 2 give n pairwise incomparable (with respect to <) count-
able order types.

If 0;,7=0,1,..., are countable order types, then 0; < 6; for some i < j.

For an order type 6 we have 1 4+ 6 = 0 if and only if § = w + 7 for some
order type T.

For an infinite order type 6 we have 1460 = 0+1 if and only if 6 = w+74+w*
for some 7.

For a nonzero order type 6 we have n+6 = 6+n if and only if 6 = n+7+7
for some order type 7.

For an order type 6 we have A+ 60 = 6+ X if and only if 6 = A\ - n for some
n=0,1,...or0=X-w+ 7+ \-w* for some order type 7.

For an order type 6 we have § = 0* if and only if # can be represented
either as 7+ 7* oras 7+ 1 + 7*.

* * *

For every infinite x there are 2" different order types of cardinality .
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Ordinals

Ordinals are the order types of well-ordered sets. They are the infinite ana-
logues of the natural numbers, and in many respect they behave like the latter
ones. In fact, the finite ordinals are the natural numbers, and hence the trans-
finite class of ordinals can be considered as an endless continuation of the
sequence of natural numbers.

This chapter contains various problems on ordinals and on operations on
them. The problems specifically related to ordinal arithmetic will be the con-
tent of the next chapter.

The von Neumann definition of ordinals is as follows (see below): a set «
is called an ordinal if it is transitive and well ordered with respect to €. When
we talk about such an a we shall always assume that it is equipped with the €
relation. It can be shown that every well-ordered set (A, <) is similar to such
a unique «. Therefore, we can set « as the order type of (A, <). In particular,
the order type of « is «a.

We set 8 < a if B € a. It follows that

« is the set of ordinals smaller than «, and among ordinals the
relation 0 < « is the same as § € a, and § < « is the same as § C a.

We shall not explicitly use von Neumann’s definition, but we shall use the
just-listed boldfaced convention.

In this chapter «, 3, ... always denote ordinals. As always, w, the smallest
infinite ordinal, is the set of natural numbers, i.e., the set of finite ordinals.
An ordinal « is called a successor ordinal if it is of the form 3+ 1. The positive
ordinals that are not successors are called limit ordinals. Thus, « is a limit
ordinal if and only if 8 < « implies 5+ 1 < a. The first ordinal 0 is neither
limit, nor successor.

The first problem deals with the von Neumann definition of ordinals. A
set x is called transitive if y € z and z € y imply z € = (or equivalently
y € v = y C x). We say that € is a well-ordering on the set x if its
restriction to z is a well-ordering on z. Call a set N-set (N for Neumann) if
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it is transitive and well ordered by €. We always consider an N-set with the
well-ordering €, and for notational convenience sometimes we write <¢ for
€. Part (h) shows that for a well-ordered set (A, <) we could define its order
type as the unique N-set similar to it, and this is exactly the von Neumann
definition of ordinals.

1. (a) Every element of an N-set is an N-set.
(b) If = is an N-set, then y = z U {z} is an N-set, and if z is an N-set
containing x, then y C z.
(c¢) If x is an N-set, y € x, then y is an initial segment of z.

(d) If z is an N-set and Y C z is one of its initial segments, then Y is an
N-set, and either Y =x or Y € x.

(e) If x,y are N-sets, then x =y orz €y or y € z.

(f) For N-sets z,y define z < y if € y. Then this is irreflexive, transitive
and trichotomous. Furthermore, if B is a nonempty set of N-sets, then
there is a smallest element of B with respect to < (“well order”).

(g) If x,y are different N-sets, then they are not similar.
(h) Every well-ordered set is similar to a unique N-set.
2. There is no infinite decreasing sequence of ordinals.

3. Arbitrary infinite sequence of ordinals includes an infinite nondecreasing
subsequence.

4. The following relations are true:
a) ltw=w, w+1l#uw,
b) 2 w=w, w-2#w.
5. If a and b are natural numbers, then what is (w+a) - (w + b)?

6. Solve the following equations for the ordinals £ and (:

() wt+l=w
(b) E+w=w
() rw=w
(d) w-é=w
() é+(=w
() € C=w

7. Solve the equation & + ¢ = w? + 1 for the ordinals £ and (.
8. Which one is bigger?
a) w+kor k+w (k is a positive integer)
b) k-worw-k (k> is an integer)
¢) w+wy or wy +w

d) Pw)=w"-ay,+ - +-+w-a;+agor w™*! where n > 1 and ao,...,a,
are natural numbers
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24.

e) Pw)=w"ap+ - +w-a1+agor Qw)=w"-a,,+ - +w-a} +ay,
where n, m, ag, ag . .., an,a, are natural numbers

Addition among ordinals is monotonic in both arguments, and strictly
monotonic in the second argument. The same is true of multiplication
provided the first factor is nonzero.

a) v+ a =+ [ implies a = 3,

b) a+ v =3+ does not imply a = 3,

¢) v a=v-08,v>0imply a =g,

d) a-y=0-7,v>0do not imply a = 3.

Does the answer change in b) or d) if v is a natural number?

If -y =p(-7 and 7 is a successor ordinal, then a = .

If k is a positive integer and o = 8*, then o = .

If € is a limit ordinal, then

8) sup,ce(a+n) = a -+

b) sup,c(a-n) =a-&.
Are the analogous relations true if we change the order of the terms in
the sums and products?

If a < 3, then the equation o + £ = 3 is uniquely solvable for £. Is the
same true for the equation £ + a = g7

If 0 < «, then for any 3 there are unique ¢ and £ < a such that 8 = a-{+&.
If @ > 0 is an arbitrary ordinal and f is sufficiently large, then a4 8 = S.
If o + 8 = 8+ « for all ordinals 3, then o = 0.

Every ordinal can be written in a unique manner in the form 3+ n where
[ is a limit ordinal or zero and n is a natural number.

The limit ordinals are the ones that have the form w- 3, 5 > 1.

A positive ordinal « is a limit ordinal if and only if n-a = « for all positive
integer n.

Let n be finite and « a limit ordinal. Then (o +n)-f=a-F+nif §is
a successor ordinal, and (a +n) -8 =a«-Fif §is 0 or a limit ordinal.

If £ > 1,n are natural numbers and « is a limit ordinal, then (a - n)* =

a’“-n.

Given a > 0, what are those natural numbers n such that a can be written
as o = n - (3 for some ordinal (37

In each case find all ordinals « that satisfy the given equation.

a) a+l=1+a«

b) atw=w+a«a

C) - w=w-«

d)a+tw+l)=w+1)+a
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e) a-(w+l)=(w+1) «

If n is a positive integer, then Z§<w E=wn 1,

For every « there are only finitely many distinct « such that a = £+ with
some £. Is the analogous statement true for the representation a = 4 &7

For every a # 0 there are only finitely many ~ such that o = £ - v with
some &. Is the analogous statement true for the representation o =~y - £7

Let m be a positive integer. A successor ordinal can be represented as a
product with m factors only in finitely many ways.

The equation &2 + w = ¢2 has no solution for ¢ and (.
Give infinitely many & and ¢ such that ¢ is infinite, and &2 4 w? = 2.
Solve a? - 2 = 32 for o and f3.

For every natural number & there is an infinite sequence of ordinals that
form an arithmetic progression and in which each term is a kth power.

Give ordinals a and  with the property that fornon =2,3,...1is a™-g"
or A" - ™ an nth power.

The sum w+ 142+ - -- does not change if we alter the position of finitely
many terms in it.

One can get infinitely many different ordinals from the sum 14+2+3+- - -+w
by changing the position of finitely many terms in it.

For every n > 1 give a sum g + oy + - - - of positive ordinals from which
one can get exactly n different sums by taking a permutation of the terms
(possibly infinitely many) in the sum.

The sum of the n + 1 ordinals 1,2,...,2" ! w in all possible orders take
2™ different values.

Let g(n) be the maximum number of different ordinals that can be ob-
tained from n ordinals by taking their sums in all possible n! different
orders. Then
1 ' =
nll)ngog(n)/n 0.
For every n give n ordinals such that all products of them taken in all
possible n! orders are different.

Let « be a limit ordinal, and call a set A C « of ordinals closed in « if the
least upper bound of any increasing transfinite subsequence of A is in A
or is equal to a. Then A is closed in « if and only if it is a closed subset
of the topological space (a, T), where the topology T is generated by the
intervals {¢§ : £ <7}, {€ : T <& < a}, 7 < «a (this topology is called
the interval topology on «).

It is also true that A is closed in « if and only if the supremum of every
subset B C A is in A or is equal to a.
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41.

42.

43.

44.

45.

46.

47.

48.

With the notation of the preceding problem a function f : a — « is
continuous in the interval topology if and only if f(sup A) = supgc 4 f(§)
for any set A C o with sup A < a.

If A C « is of cardinality s, then its closure in the interval topology is
also of cardinality k.

If {ac}tecw, is a transfinite sequence of countable ordinals converging in
the topology on w; to a ¢ € wy, then there is a v < w; such that az = a¢
for all £, > v.

Assume that f : w; X w; — w has the property that for @ < wy, n < w
the set {8 < a : f(B,a) < n} is finite. Then all the sets

Zi(a,n) = {ﬂ<o¢:there are =0y < (1 < < By = «,
with f(8i, Bit1) < n}

are also finite.

There is a function f : w; X w; — w such that for a < wy, n < w the

set {8 < a: f(B,a) < n} is finite and for any g < a1 < --- we have

supy <, flag, apr1) = w.

Two players, I and II, play the following game of length w. At round i first

I chooses a countable ordinal «; at least as large as the previous ordinal

chosen by him, then II selects a finite subset S; of «;. After w many steps

IT wins if SgUS;U--- = sup({ai 1< w})

(a) II has a winning strategy.

(b) II even has a winning strategy that chooses S; only depending on
i, ;_1, and ay.

Two players, I and II, alternatively select countable ordinals. After w steps
they consider the set of all selected ordinals, and II wins if it is an initial
segment, otherwise I wins.

(a) There is a winning strategy for II.

(b) There is no such winning strategy if the choice of II depends only on
the set of ordinals selected before (by the two players).

(¢) Even such a strategy exists if II is allowed to select finitely many
ordinals in every step.

Let x be an infinite cardinal and let two players alternately choose sets
Ky D K7 D - - of cardinality x. Then no matter how the first player plays,
the second one can always achieve N2 (K, = 0.
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Ordinal arithmetic

This chapter can be regarded as the “infinite analogue” of classical number
theory. It contains problems on the arithmetic properties of ordinals such as
divisibility, representation in a base, decomposition, primeness, etc.

A special role is played by the so-called normal representation (Problem

16) which is representation in base w. In fact, many problems simplify con-
siderably if the ordinals are written in normal form.

In this chapter «, 3, ... always denote ordinals.
If «- B = 7, then we say that « () is a left (right) divisor of 7, and also

that v is a right (left) multiple of « (3).

1.

If A is any set of nonzero ordinals, then there is a largest ordinal + that
divides every element of A from the left (this 7 is called the greatest
common left divisor of A). Every ordinal that divides every element of A
from the left also divides y from the left.

2. « is a limit ordinal if and only if w divides « from the left.

« is divisible from the left by w+2 and by w+ 3 if and only if it is divisible
from the left by w?.

. « is divisible from the right by 2 and 3 if and only if it is divisible from

the right by 6. Is the same true for divisibility from the left?

. « is divisible from the right by w + 2 and by w + 3 if and only if it is

divisible from the right by w + 6.

Every ordinal « has only a finite number of right divisors. Is the same
true of left divisors? What if « is a successor ordinal?

If @ and 3 are right divisors of v > 1, then either
a) « divides 8 from the right, or
b) B divides « from the right, or

c) a=E&+p, B =E+q, where £ is a limit ordinal or 0, and p, ¢ are positive
natural numbers.
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In case c) if [p, ¢ is the smallest common multiple of p and ¢, then £+ [p, ¢]
is the smallest common left multiple of o and 3, and £ + [p, ¢] also divides
~ from the right.

Any set of positive ordinals has a greatest common right divisor, and this
greatest common right divisor is divisible from the right by any common
right divisor.

Any set of positive ordinals has a least common (positive) right multiple,
and this least common right multiple divides every common right multiple
from the left.

Exhibit two ordinals that do not have a common (nonzero) left multiple.

Define ordinal exponentiation by transfinite recursion in the following way:
7% =1, v+t = 42 .~ and for limit ordinal o let ¥* be the supremum of
the ordinals v7, n < a. For v > 1 the following are true:

(i) 777 =17,

(i) ()" =77,

(iii) if a < B then 4 < AP,

(iv) a <y~

Consider the set @,  of all mappings f : & — « for which all but finitely
many elements are mapped to 0, and for f,g € ®n,, f # glet f < gif

f(&) < g(&) for the largest £ < « for which f(§) # g(&). Then (Pq -, <) is
well ordered, and its order type is v<.

For any integer n > 1 we have

a) v’ =w”,

b) (w+n)¥ =w”.

If « is a limit ordinal, then 1% + 2% = 3.
The following are true:

a) 2¥ = w,

b) if « is countable, then so is 2%,

c¢) for any cardinal K = w, we have 2¥° = k,

d) if « is infinite, then the cardinality of 2% is equal to the cardinality of
a’

e) every ordinal can be written in a unique manner in the form
28n 4 98n-1 +,,,+2507 (9.1)

where §y < &1... < &,.
What is the form (9.1) of the ordinal w* -6 +w? - 7+ w + 97

If v > 2, then every ordinal can be written in a unique way in the form

Y A A 0,
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where §y < & < ... <&,,and 1 <n; <~vyforalll1 <j<n.
This form is called the representation of the given ordinal in base . The
representation of an ordinal « in base w is called the normal form of «.

If

a=way +-- 4w a, (9.2)
o <& <--- <&, ag,aq-...,a, € N is the normal expansion of «, then
a < w1 and for any wét! < 3 we have o + 3 = 3.

Find the normal form of the sum and product of two ordinals given in
normal form.

If the normal form (9.2) of o has (n+1) components, then for m =1,2,...
the normal form of o has (n+ 1) components if « is a limit ordinal and
it has mn + 1 components if « is a successor ordinal.

If the normal form of « is (9.2), then every 0 < 3 < w® is a left divisor
of a, and besides these there are only finitely many left divisors of a.

Given « > 0, what are those natural numbers k such that « can be written
as a = 3 - k for some ordinal 37

Given an ordinal o, what is 3 5 07
If w* = AU B, then either A or B is of order type w®.

For every « there is a natural number N such that if « is decomposed as
a=AgU---U Ay into N + 1 disjoint sets, then there is a j such that
Uix;A; has order type a.

If k is an infinite cardinal, then every ordinal « of cardinality at most &
can be decomposed as o« = Ay U Ay U --- such that every A, is of order
type smaller than <.

Call an ordinal o > 0 (additively) indecomposable if it cannot be written
as a sum of two smaller ordinals. Give the first three infinite indecompos-
able ordinals.

For every ordinal there is a bigger indecomposable ordinal. Also, for every
countable ordinal there is a bigger indecomposable countable ordinal.

If « is arbitrary, and -y is the smallest ordinal for which there is a 3 such
that a = 3+, then ~ is indecomposable.

« is indecomposable if and only if it does not have a right divisor that is
a successor ordinal bigger than 1.

« is indecomposable if and only if £ + a = « for every £ < a.

The supremum of indecomposable ordinals is indecomposable.

If « is indecomposable, then so is every 8- «a, 8 > 0.

If « is indecomposable, then « is divisible from the left by all 1 < 3 < a.
The smallest indecomposable ordinal bigger than av > 1 is « - w.

Every positive ordinal can be represented in a unique manner as a sum of
a finite sequence of nonincreasing indecomposable ordinals.
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Let a = 31 4+ B2 + - - - + B, be the decomposition of « from the preceding
problem. Then o = 8 + ~ for some 3,7 # 0 if and only if there are a 1 <
m < n such that v = B+ Bpmy1+- -+ 8y and = B1+ B2+ +PBm—1+9,
where § is an arbitrary ordinal smaller than (,,.

The indecomposable ordinals are precisely the ordinals of the form w®.

Call an ordinal o > 1 prime if it cannot be written as the product of two
smaller ordinals. Give the first three infinite prime ordinals.

a > 1is prime if and only if a = 3 -7, v > 1 imply v = a.

If o is an indecomposable ordinal, then « + 1 is prime.

An infinite successor ordinal is prime if and only if it is of the form w®+1.
A limit ordinal is prime if and only if it is of the form W=,

Every ordinal has at most one infinite right divisor that is prime.

Every successor ordinal has at most one infinite left divisor that is prime.
However, a limit ordinal may have infinitely many infinite left prime di-
visors.

Every ordinal > 1 is the product of finitely many prime ordinals. In
general, this representation is not unique even if we require that no factor
can be omitted without changing the product.

Every a > 1 has a unique representation
a=ai - Qp-by-cr-bybscsbsia,

where a; > ... > a,, are limit primes, cq,...,cs are infinite successor
primes, and by, ...,bs11 > 1 are natural numbers (some of the terms may
be missing).

Call two positive ordinals a and § additively commutative if a4+ = +a.
If « is additively commutative with both 3 and ~y, then 8 and ~ are also
additively commutative.

For every positive ordinal « there are only countably many ordinals with
which « is additively commutative.

Let n,m be given positive integers. Two ordinals « and (§ are additively
commutative if and only if a - n and g - m are additively commutative.
Two ordinals a and 3 are additively commutative if and only if there are
positive integers n, m such that a-n =3 -m.

Two ordinals a and 3 are additively commutative if and only if there are
natural numbers n, m and an ordinal £ such that a =& -n, =& - m.
For any « the ordinals that additively commute with « are of the form
B-n,n=12 ... where 3 is the smallest ordinal additively commutative
with a.
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If the normal form of & > 0 is (9.2), then the ordinals additively commu-
tative with o are the ones with normal form

wﬁ"-c—i—wg"‘l-an_l---—l—wgo-ao

where c is an arbitrary positive natural number.

The sum of n nonzero ordinals aq, ..., a, is independent of their order if
and only if there are positive integers mq,...,m, and an ordinal £ such
that o =& -my, aea =& -ma, ..., apy =& - My

Let g(n) be the maximum number of different ordinals that can be ob-
tained from n ordinals by taking their sums in all possible n! different
orders.

(a) For each n

— k—1 _
g(n) = max (k2" +1)g(n — k).

(b) (1) = 1, g(2) = 2, g(3) = 5, g(4) = 13, g(5) = 33, g(6) = 81,
g(7) = 193, g(8) = 449, g(9) = 332, g(10) = 33 - 81, g(11) = 812,
g(12) = 81-193, g(13) = 1932, g(14) = 332 - 81, g(15) = 33 - 812.

(c) For m > 3 we have g(5m) = 33-81™1 g(5m+1) = 81™, g(5m+2) =
193-81™7 1 g(5m+3) = 1932-.81™~2 and g(5m +4) = 1933 . 81™ 3.

(d) For n > 21 we have g(n) = 81g(n — 5).

Call two ordinals @ > 1 and 8 > 1 multiplicatively commutative if - 3 =

0B+ a. If v > 1 is multiplicatively commutative with the ordinals 8 and -,

then  and v are also multiplicatively commutative.

No successor ordinal bigger than 1 is multiplicatively commutative with
any limit ordinal, and no finite ordinal bigger than 1 is multiplicatively
commutative with any infinite ordinal.

For every ordinal o > 1 there are only countably many ordinals that are
multiplicatively commutative with .

Let m,n be positive integers. Two ordinals « and § are multiplicatively
commutative if and only if o™ and ™ are multiplicatively commutative.

Two infinite ordinals «, § are multiplicatively commutative if and only if
there are natural numbers n, m such that o™ = ™.

Two limit ordinals a < (8 are multiplicatively commutative if and only
if there is a @ and positive integers p,r such that § = w?" - a, and the
highest power of w in the normal representations of a is w??.

If « is an infinite successor ordinal and £ > 1 is the smallest ordinal multi-
plicatively commutative with «, then every ordinal that is multiplicatively
commutative with « is of the form £™ with n =0,1....

Two infinite successor ordinals o and 3 are multiplicatively commutative

if and only if there is an ordinal £ and natural numbers n, m with which
a=¢E" and g =&
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The ordinals w? + w and w? + w? are multiplicatively commutative, but
there is no ordinal ¢ and natural numbers n, m with which @ = £™ and
8 = &™ would be true.

The product of n ordinals ay, ..., a,, a; > 2 is independent of their order

if and only if there are positive integers myq,...,m, for which o™ =
am2 — e .. — amn

2 n
For every n give n ordinals such that all products of them taken in all
possible n! orders are different.

There are no different infinite ordinals that are simultaneously additively
and multiplicatively commutative.

For infinite « the following statements are pairwise equivalent:
a) if ¢ <aand § < a, then -0 < a,

b) if 1 <¢{<athen - a=a,

c) a= w*” for some .

Call an ordinal « epsilon-ordinal, if w®* = «. Find the smallest epsilon-
ordinal.

For every ordinal there is a larger epsilon-ordinal and for every countable
ordinal there is a larger countable epsilon-ordinal.

If « is an epsilon-ordinal, then

(i) E+a=aforé<a,

(i) {ra=aforl <¢<a,

(iii) ¥ =afor2 <& <a.

If 8 > w and g% = «, then « is an epsilon-ordinal.

« is an epsilon-ordinal if and only if w < « and 57 < o whenever 3,v < a.

For infinite ordinals a < # we have o’ = % if and only if a is a limit
ordinal and 8 = v - «, where v > « is an epsilon ordinal.

Define the product H5 <p Q¢ of a transfinite sequence {ag}¢<p of ordinals,
and discuss its properties!

If ag+ a1 +- - - is a sum of a sequence of ordinals of type w, then by taking
a permutation of (possibly infinitely many of) the terms in the sum, one
can get only finitely many different ordinals.

If ag+aq+- - - is a sum of a sequence of ordinals of type w, then by deleting
finitely many terms and taking a permutation of (possibly infinitely many
of) the remaining terms in the sum, one can get only finitely many different
ordinals.

Given a positive integer n give a sum «ag + a3 + --- of a sequence of
infinite ordinals of type w such that one can get exactly n different values
by taking a permutation of the terms in the sum.
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If ag-aq - - - is a product of a sequence of ordinals of type w, then by taking
a permutation of (possibly infinitely many of) the terms in the product,
one can get only finitely many different ordinals.

If g - - - is a product of a sequence of ordinals of type w, then by deleting
finitely many terms and taking a permutation of (possibly infinitely many
of) the remaining terms in the product, one can get only finitely many
different ordinals.

Given a positive integer n give a product ag - a; --- of a sequence of
infinite ordinals of type w such that one can get exactly n different values
by taking a permutation of the terms in the product.

Permuting finitely many terms in a sum f<w OB (but keeping the per-
muted sum of type w + 1), one may get infinitely many different ordinals.

If v is a countable ordinal and {ag}s<y is a sequence of ordinals, then
there are only countably many different sums of the form Zﬁ <y Qn(B)s
where 7 : v — ~ is any mapping.

Permuting finitely many terms in a product [] 5<w OB (but keeping the
permuted sum of type w + 1), one may get infinitely many different ordi-
nals.

If v is a countable ordinal and {ag}s<y is a sequence of ordinals, then
there are only countably many different products of the form [] By X (B)s
where 7 : v — 7 is any mapping.

Write I'(a) =[], & Calculate I'(w), I'(w + 1), I'(w - 2), and I(w?).
Find all operations F from the ordinals to the ordinals that are continuous
in the interval topology and that satisfy the equation F(a+ 8) = F(a) +
F(B) for all a and S.

Is there a not identically zero operation F from the ordinals to the ordinals
that is continuous in the interval topology and that satisfies the equation
Fla+p) =F(B)+ F(a) for all a and 5?7

Find all operations F from the ordinals to the ordinals that are continuous

in the interval topology and that satisfy the equation F(a + §) = F(«) -
F(B) for all « and S.

Is there a not identically zero and not identically 1 operation F from the
ordinals to the ordinals that is continuous in the interval topology and
that satisfies the equation F(a + 3) = F(B) - F(«) for all o and 57

Define the Hessenberg sum (or natural sum) a @ S of ordinals «, § with
normal form

Oé=w6"'-an+---+w6°~ao, ﬁzwén-bn—i-“-—i-wéo-bo (9.3)
(with possibly a; =0 or b; = 0) as

a® B =w(an+by) + - w - (ag+ bo).
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a is an associative and commutative operation.

(a) &

(b) <y, thena®f<ady.

(¢) For a given o how many solutions does the equation  ® y = « have?

(d) Is Fq ( ) = a® z continuous?

(e) oy +a, <a1 @D a,. When does the equality hold?

) a1 @ ®a, <max{ag,...,a,} - (n+1).

a1 @ -+ D ay, is the largest ordinal that occurs as the order type of A; U
--UA,, where A1,..., A, are subsets of some ordered set of order types

Qai, ..., g, respectively.

If F(a, ) is a commutative operation on the ordinals which is strictly
increasing in either variable, then F(«, 3) > a @ (8 holds for all «, 5.

The “superbase” form of a natural number in base b is obtained by writing

the number in base b, and all exponents and exponents of exponents,

etc., in base b. For example, if b = 2, then 141 = 27 + 23 +22 + 1 =
92°+241 4 92+1 4 92 4 1 and the latter form is its “superbase” 2 form.

Pick a natural number nq, and for each i = 1,2, ... perform the following

two operations to define the numbers ny; and no;_1:

(i) write ng;—7 in “superbase” form in base i + 1, and while keeping all
coefficients, replace the base by 7+ 2. This gives a number that we call
no;.

(11) set Nn2i4+1 = N2y — 1.

If no;+1 = 0, then we stop, otherwise repeat these operations. For example,

if n1 = 23, then its “superbase” 2 form is 23 = 22 £ 22 4241, so

33 + 3%+ 3+ 1 = 7625597485018, n3 = 7625597485017. Since
ng = 33 + 33 + 3, and here we change the base 3 to base 4, we have
ng = 44" p sy 4, which is the following 155-digit number:

1340780792994259709957402499820584612747936582059239
3377723561443721764030073546976801874298166903427690
031858186486050853753882811946569946433649006084356.

(a) No matter what n; is, there is an ¢ such that n; = 0.

(b) The same conclusion holds if in (i) the actual base is changed to any
larger base (i.e., when the bases are not 2,3,... but some numbers
by < by < .. )
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Cardinals

Cardinals express the size of sets. Saying that two sets are equivalent (are
of equal size) is the same as saying that their cardinality is the same. The
cardinality of the set A is denoted by |A|, and it can be defined as the smallest
ordinal equivalent to A: |A| = min{a : a ~ A}.

We set |A| < |B] if A is equivalent to a subset of B but not vice versa. It is
easy to see that this is the same as |A| being smaller than |B| in the “smaller”
relation (i.e., in €) among ordinals. If k;, i € I are cardinals, then their sum
Zie ; ki is defined as the cardinality of U;crA;, where A; are disjoint sets of
cardinality #;, and their product J],.; #; is defined as the cardinality of the
product set [[,.; A; (recall that this is the same as the set of choice functions
f I — Uier Ay, f(i) € A; for all 7). Finally, we set |A|/P! as the cardinality
of the set BA (which is the set of functions f : B — A from B into A).

This chapter contains problems related to cardinal operations. The fun-
damental theorem of cardinal arithmetic (Problem 2) says that for infinite
cardinals k, A we have kK + A = kA = max{k, A}. Quite often this makes ques-
tions on cardinal addition and multiplication trivial. The situation is com-
pletely different with cardinal exponentiation; it is not trivial at all, and is
one of the subtlest question of set theory with problems leading quite often
to independence results. For this reason we shall barely touch upon cardinal
exponentiation in this book.

An important property of some cardinals is their regularity: k = cf(k). It
is equivalent to the fact that x cannot be reached by (i.e., not the supremum
of) less than x smaller ordinals. Another equivalent formulation is that a set
of cardinality  is not the union of fewer than k sets of cardinality smaller
than x (see Problems 9, 10). Some properties hold only for regular cardinals,
and quite frequently proofs are simpler for regular cardinals than for singular
(=nonregular) ones.

The finite cardinals are just the natural numbers. Infinite cardinals are
listed in an endless “transfinite sequence” wq,ws,...,Wq, ..., numbered by
ordinals a.. Here wy = w is the smallest infinite cardinal, and this numbering
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is done so that 3 < o implies wg < wq. If K = wq, then wy1 is the successor
cardinal to & (i.e., the smallest cardinal larger than x), and is denoted by xT.
It is always a regular cardinal.

For historical reasons we also write X, instead of w, (note that w, has
two faces; it is an ordinal and also a cardinal, and we use the aleph notation
when we emphasize the cardinal aspect).

CH, the continuum hypothesis (i.e., that there is no cardinal between w
and c) can be expressed as ¢ = N; or as 2% = X;. The generalized continuum
hypothesis (GCH) stipulates that for all @ we have 2%« = X, ;. This is also
independent of the axioms of set theory (cf. the introduction to Chapter 4).

1. What is the cardinal ag - a; - - - if the a;’s are positive integers?

2. (Fundamental theorem of cardinal arithmetic) For every infinite cardinal
k we have k? = k.

3. If at least one of k > 0 and A > 0 is infinite, then

K+ A = kXA = max{k, \}.

4. If X is of cardinality k > N, then the following sets are of cardinality «:
a) set of finite sequences of elements of X,
b) set of those functions that map a finite subset of X into X.

5. Let X be a set of infinite cardinality , and call a set Y C X “small” if
there is a decomposition of X into subsets of cardinality x each of which
intersects Y in at most one point. Then X is the union of two of its “small”
subsets.

6. The supremum of any set of cardinals (considered as a set of ordinals) is
again a cardinal.

7. If p1 + p2 = Z£<a A¢, then there are cardinals )\g?), 1 =1,2, £ < a such
that p; = Z§<a )\g), i=1,2, and for all £ we have \¢ = )\él) + )\éQ).

8. If « is the cofinality of an ordered set, then « is a regular cardinal.

9. If k is an infinite cardinal, then cf(x) coincides with the smallest ordinal
a for which there is a transfinite sequence {k¢}e<q of cardinals smaller
than x with the property £ =3, _, re.

10. An infinite cardinal is regular if and only if £ is not the sum of fewer than
k cardinals each of which is less than k.

11. A successor cardinal is regular.
12. Which are the smallest three singular (i.e., not regular) infinite cardinals?

13. cf(R,) = N, if « is a successor ordinal, and cf(R,) = cf(a) if « is a limit
ordinal.
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Let n be a natural number. The cardinality of a set H is at most X,, if
and only if "*2H(= H™*?) can be represented in the form A; U--- U
A 42, where Ay is finite “in the direction of the kth coordinate”, i.e., if
hi,... hk—1,hKs1,...hyyo are arbitrary elements from H, then there are
only finitely many h € H such that (hy,...,hx—1,h, hgt1,... hnio) € Ag.

The cardinality of a set H is at most R, if and only if ""2H (= H"*?)
can be represented in the form A; U--- U A, 42, where the cardinality
of A “in the direction of the kth coordinate” is smaller than X, i.e., if
hi,...,hk—1,hgt1, ... hnio are arbitrary elements from H, then there are
fewer than R, elements h € H such that

(hi,.o s hg—1,hy hpgr, . hnyo) € Hy.

(Cantor’s inequality) For any x we have 2% > k.
(Konig’s inequality) If p; < k; for all ¢ € I, then

Z'Di <H/€Z—.

el el

If the set of cardinals {k¢}ecp, 0 < ke < K is cofinal with x, then
H£<9 Ke > K.
If x is infinite, K =3¢ _ ¢ (,,) ke Where K > K¢ > 1, then

H Ke = keE(R),

g<ct(k)

If £ is infinite, then x°f(%) > k.
If A > 2 and & is infinite, then cf(\*) > k.

(Bernstein—Hausdorff-Tarski equality) Let & be an infinite cardinal and A
a cardinal with 0 < A < cf(k). Then

2= (zr)-

If o is a limit ordinal, {k¢ }e<q is a strictly increasing sequence of cardinals
and k = )., ke, then for all 0 <A < cf(a) we have KN = Y t<a /@2‘.

If A is singular and there is a cardinal x such that for some p < A for
every cardinal 7 between p and A we have 27 = x, then 2* = k, as well.

If there is an ordinal v such that 2%« = XN, holds for every infinite
cardinal N, then + is finite.

The operation £ — £f(") on cardinals determines

(a) the operation k — 2",
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(b) the operation (k, \) — &>
If n is finite, then for A > 1
(a) Nngn = Né\z Notn-

(b) N = 22RN,,.

When does

I Rn=2%

n<w

hold?

I Re =5

n<w

If for all n < w we have 2% < R, then 2% = R0,

If p > w is a given cardinal, then there are infinitely many cardinals « for
which k” = k, and there are infinitely many for which & > k.

There are arbitrarily large cardinals A with ANo < ARt

For an infinite cardinal x let u be the minimal cardinal with 2* > x. Then
{k* : X < p} is finite.

For an infinite cardinal x let p = p, be the smallest cardinal such that
kP > k. Then p,, is a regular cardinal. What is p,,? And p,,_ 7

The smallest k for which 2% > ¢ holds is regular.

Let ko = Np, and for every natural number n let k,41 = R, . Then
K = sup,, kK, is the smallest cardinal with the property x = N,.

There are infinitely many cardinals s such that the set of cardinals smaller
than « is of cardinality & (i.e., K = R,;). If we call such cardinals « "large”,
then are there cardinals k such that the set of "large” cardinals smaller
than k is of cardinality 7

Under GCH (generalized continuum hypothesis) find all cardinals x for
which kM0 < g% < kY2 hold.

Assuming GCH evaluate [[;_,, Ng.

Under GCH determine k.



11

Partially ordered sets

Let A be a set and < a binary relation on A. (A, <) is called a partially ordered
set if

o < irreflezive: a £ a for any a € A,

e < transitive: a < b and b < ¢ imply a < c.

Thus, the difference with ordered sets is that here we do not assume tri-
chotomy (comparability of elements).

In a partially ordered set (A, <) two elements a, b are called comparable if
(exactly) one of a = b, a < b or b < a holds, otherwise they are incomparable.
An ordered subset of a partially ordered set is called a chain and a set of
pairwise incomparable elements an antichain.

The main problem that we treat in this chapter is how information on
the size of chains and antichains can be related to the structure of the set in
question.

1. In an infinite partially ordered set there is an infinite chain or an infinite
antichain.

2. If in a partially ordered set all chains have at most | < co elements and
all antichains have at most & < oo elements, where k, [ are finite numbers,
then the set has at most kl elements.

3. If in a partially ordered set all chains have at most k < co elements, then
the set is the union of k antichains.

4. If in a partially ordered set all antichains have at most k < oo elements,
then the set is the union of k chains.

5. There is a partially ordered set in which all chains are finite, still the set
is not the union of countably many antichains.

6. There is a partially ordered set in which all antichains are finite, still the
set is not the union of countably many chains.
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Chapter 11 : Partially ordered sets Problems

. If in a partially ordered set all chains are finite and all antichains are
countable, then the set is countable.

. If in a partially ordered set all antichains are finite and all chains are
countable, then the set is countable.

. There is a partially ordered set of cardinality continuum in which all chains
and all antichains are countable.

If in a partially ordered set all chains and all antichains have at most x
elements, then the set is of cardinality at most 2~.

If k is an infinite cardinal, then there is a partially ordered set of cardi-
nality 2% in which all chains and all antichains have at most x elements.

For every cardinal k there is a partially ordered set (P, <) in which every
interval [z,y] = {z : ® < z < y} is finite, yet P is not the union of x
antichains.

If (P, <) is a partially ordered set, call two elements strongly incompatible
if they have no common lower bound. Let ¢(P, <) be the supremum of |S]|
where S C P is a strong antichain, that is, a set of pairwise strongly
incompatible elements.

(a) If ¢(P, <) is an infinite cardinal that is not weakly inaccessible, i.e., it
is not a regular limit cardinal, then ¢(P, <) is actually a maximum.

(b) If k is a regular limit cardinal, then there is a partially ordered set
(P, <) such that ¢(P, <) = k yet there is no strong antichain of cardi-
nality k.

If (A, <) is a partially ordered set, then there exists a cofinal subset B C A
such that (B, <) is well founded (i.e., in every nonempty subset there is
a minimal element).

If there is no maximal element in the partially ordered set (P, <), then
there are two disjoint cofinal subsets of (P, <).

There is a partially ordered set (P, <) which is the union of countably
many centered sets but not the union of countably many filters. (A subset
@ C P is centered if for any pi,...,p, € Q there is some ¢ < p1,...,Pn
in P. A subset F' C P is a filter, if for any py,...,p, € F there is some
q=pi,...,pn with g € F.)

For two real functions f # g let f < g if f(z) < g(x) for all z € R. In this
partially ordered set there is an ordered subset of cardinality bigger than
continuum. No such subset can be well ordered by <.

The following problems use two orderings on the set “w of all functions
f:iw—owlet f<gif fln) < gn) for all large n, and f < g if
g(n) — f(n) = oo as n — 0.

Each of (“w, <) and (“w, <) has an order-preserving mapping into the
other, but they are not isomorphic.
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For any countable subset {f}r of “w there is an f larger than any fj
with respect to <.

(Yw, <) includes a subset of order type w.
(Yw, <) includes a subset of order type A™ for each m =1,2,....

If 6 is an order type and (“w, <) includes a subset similar to 6, then it
includes such a subset consisting of functions that are smaller than the
identity function.

If 01,05 are order types and (“w, <) includes subsets similar to #; and
0>, respectively, then it includes subsets similar to 67 + 02 and 6y - 6o,
respectively. It also includes a subset similar to 67, where 67 is the reverse
type to 6.

If 0;, i € T are order types where (I, <) is an ordered set, and (“w, <)
includes subsets similar 6; and also a subset similar to (I, <), then it
includes subsets similar to }2,c ;) 0;. In particular, (“w, <) includes a
set of order type « for every a < ws.

If ¢ < ws is a limit ordinal and

Jo<fi<-<fa<"<Gga =91 < g0, a <,

then there is an f with f, < f < g, for every a < ¢.

There exist functions
fo<fi<-<fa<-<Gga =91 < go, a < wi,

such that there is no function f with f, < f < g, for every a < wy.
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Transfinite enumeration

This chapter deals with a fundamental technique based on the well-ordering
theorem. Most of the problems in this chapter require the construction of some
objects sometimes with quite surprising properties (like Problem 7: there is a
set A C R? intersecting every line in exactly two points). The objects cannot
be given at once, but are obtained by a transfinite recursive process. The idea
is to have a well ordering of the underlying structure (in the aforementioned
example a well-ordering of the lines on R? into a transfinite sequence {£4 } o <c
of type ¢) and based on that the object is constructed one by one (in the
example constructing an increasing sequence {Aa}a<c of sets such that A,
has at most two points on any line, and it has exactly two points on ¢,,).

Of similar spirit is the transfinite construction of some closure sets such
as the set of Borel sets, the set of Baire functions, or the algebraic closures of
fields.

This transfinite enumeration technique will be routinely used in later chap-
ters.

1. If A;, i € I is an arbitrary family of sets, then there are pairwise disjoint
sets B; C A; such that U;e;B; = Ujer 4;.

2. If there are given k > Ny sets X¢ each of cardinality ~, then there are
pairwise disjoint subsets Y¢ C X¢ each of cardinality ». Further, we can
even have | X¢ \ Y¢| = & for all £ < k.

3. If there are given k > Ng sets X¢, £ < Kk each of cardinality &, then
there are pairwise disjoint sets Yy, o < x such that for all a,& < & the
intersection Y, N X¢ is of cardinality .

4. Let k be an infinite cardinal, X a set of cardinality x, and F a family of
cardinality at most x of mappings with domain X. Then there is a family
H of cardinality 2% of subsets of X with the property that if Hy, Ho € H
are two different sets and f € F is arbitrary, then f[H;] # Ho.

5. If X is an infinite set of cardinality x, then there is an almost disjoint
family H of cardinality bigger than s of subsets of X each of cardinality
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% (the intersection of any two members of H is of cardinality smaller than
K).

There is a family { N, }a<w, of subsets of N such that for o < 8 < w; the
set Ng \ N, is finite, but the set N, \ Ng is infinite.

There is a subset A of R?, that has exactly two points on every line.

Suppose that to every line £ on the plane a cardinal 2 < m, < c is assigned.
Then there is a subset A of the plane such that |A N ¢| = my, holds for
every /.

If Ly and Ly are two disjoint sets of lines lying on the plane, then the
plane can be divided into two sets A; U A5 in such a way that every line in
Ly resp. Loy intersects Aj resp. As in fewer than continuum many points.
R can be decomposed into continuum many pairwise disjoint sets of power
continuum, such that each of these sets intersects every nonempty perfect
set.

R can be decomposed into continuum many pairwise disjoint and non-
measurable sets.

R can be decomposed into continuum many pairwise disjoint sets each of
the second category.

There is a subset A of R? that has at most two points on every line,
but A is not of measure zero (with respect to two-dimensional Lebesgue
measure).

There is a second category subset A of R? that has at most two points on
every line.

There is a set A C R such that every x € R has exactly one representation
x =a+bwith a,b € A.

If A C R is an arbitrary set, then there is a function f : A — A that
assumes every value only countably many times and for which f(a) < a
for all @ € A, except for the smallest element of A (if there is one).

Every real function is the sum of two 1-to-1 functions.

There is a real function that is not monotone on any set of cardinality
continuum.

There is a real function F' such that for all continuous real functions f
the sum F' + f assumes all values y € R in every interval.

There is a real function f such that if {x,}72 is an arbitrary sequence
of distinct real numbers and {y, }>2, is an arbitrary real sequence, then
there is an z € R such that for all n we have f(x + z,,) = yn.

For X C R" let X be the set of all limit points of X, and starting from
Xy = X form the sets

x. = [ X5 if o =pg+1,
| Ne<aXe if @ is a limit ordinal.
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Then there is a countable ordinal # such that X, = Xy for all a > 6, and
the set X \ Xjy is countable. Furthermore Xy is empty or it is perfect.

Every closed set in R"™ is the union of a perfect set and a countable set.

Starting from an arbitrary set X and a family H of subsets of X form
the families H,, of sets in the following way: Ho = H; for every ordinal «
let Ho+1 be the family of sets that can be obtained as a countable union
of sets in H, or that are the complements (with respect to X) of some
sets in H,; and for a limit ordinal o set Ho = Ug<oHpg. Then H,,, = H,
for every a > wy, and H,, is the o-algebra generated by H (this is the
intersection of all o-algebras including H, and is the smallest o-algebra
including H).

The o-algebra generated by at most continuum many sets is of power at
most continuum.

The family of Borel sets in R is the smallest family of sets containing the
open sets and closed under countable intersection and countable disjoint
union.

Starting from the set C[0, 1] of continuous functions on the interval [0, 1]
form the following families B, of functions: By = C|0,1]; for every «
let B,+1 be the set of those functions that can be obtained as pointwise
limits of a sequence of functions from B,; and for a limit ordinal « let
Bo = Ug<aBs. Then B, = B, for all a > wy, and B,,, is the smallest set
of functions that is closed for pointwise limits and that includes C[0,1]
(this is the set of so-called Baire functions on [0, 1]).

Let (A,---) be an algebraic structure with at most p finitary operations.
Then the subalgebra in A generated by a subset of x(# 0) elements has
cardinality at most max{k, p,Ro} (the subalgebra generated by a set X
of elements is the intersection of all subalgebras that include X).

If F is any field of cardinality x, then there is an algebraically closed field
F C F* of cardinality at most max{x,Ro} (a field

F*=(F",+,-,0,1)
is called algebraically closed if for any polynomial a,, -z +---4+a1 -z +ag

with a; € F* there is an a € F* such that a,, -a" +---+ a1 -a+ap = 0).

Every ordered set of cardinality « is similar to a subset of the lexicograph-
ically ordered set {0, 1}.

Every ordered set is a subset of an ordered set no two different initial
segments of which are similar.
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Euclidean spaces

The problems in this section exhibit some interesting sets or interesting prop-
erties of sets in Euclidean n space or in their Hilbert space generalizations.
Sometimes the set is given by an explicit construction, at other times by the
transfinite enumeration technique of the preceding chapter.

1.

If U is a family of open subsets of R"™ that is well ordered with respect to
inclusion, then U is countable.

. Call a set A C R™ an algebraic variety if there is a non-identically zero

polynomial P(x1,...,x,) of n variables such that A is its zero set: A =
{(a1,...,an) : P(ay,...,a,) = 0}. Then R™ cannot be covered by less
than continuum many algebraic varieties.

There is a set A C R? of power continuum such that if we connect the
different points of A by a segment, then all these segments are disjoint
(except perhaps for their endpoints).

. From any uncountable subset of R (n = 1,2,...) one can select uncount-

ably many points such that all the distances between these points are
different.

. In {5 there are continuum many points such that all distances between

them are rational (hence from this set one cannot select uncountably many
points such that all the distances between the selected points are different).
If all the distances between the points of a set H C ¢ are the same, then
H is countable.

If 45 is decomposed into countably many sets, then one of them includes
an infinite subset A such that all the distances between the points in A
are the same.

There are continuum many points in /5 of which every triangle is acute.

The plane can be colored with countably many colors such that no two
points in rational distance get the same color.
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R" can be colored with countably many colors such that no two points in
rational distance get the same color.

The plane can be decomposed into countably many pieces none containing
the three nodes of an equilateral triangle.

Call a set A C R? a “circle” if there is a point P € R? such that each
half-line emanating from P intersects A in one point. The plane can be
written as a countable union of “circles”.

R? can be decomposed into a disjoint union of circles of radius 1.

R? can be decomposed into a disjoint union of lines no two of which are
parallel.

If A, B are any two intervals on the real line (of positive length), then
there are disjoint decompositions A = (J{4; : i = 0,1,...} and B =
U{B; :¢=0,1,...} such that B; is a translated copy of A;.



14

Zorn’s lemma

In this chapter we investigate Zorn’s lemma, a powerful tool to prove results
for infinite structures. Assume (P, <) is a partially ordered set. A chain L C P
is a subset in which any two elements are comparable, i.e., for x,y € L either
r <y ory <z holds. Zorn’s lemma states that, if in a partially ordered set
(P, <) every chain L has an upper bound (an element p € P such that z <p
holds for x € L), then (P, <) has a maximal element, that is, some element
p € P with the property that for no x € P does p < x hold.

Zorn’s lemma is equivalent to the axiom of choice as well as to the well-
ordering theorem (see Problem 5), in particular it is independent of the other
standard axioms of set theory. Still, as is the case with the axiom of choice,
in everyday mathematics it is accepted, and it provides a convenient way to
establish certain maximal objects. This chapter contains ample examples for
that.

. Deduce Zorn’s lemma from the well-ordering theorem.
. Prove that Zorn’s lemma implies the axiom of choice.
. Give a direct deduction of the well-ordering theorem from Zorn’s lemma.

. Give a direct deduction of Zorn’s lemma from the axiom of choice.

Tt o= W N =

. The axiom of choice, the well-ordering theorem, and Zorn’s lemma are
pairwise equivalent.

6. With the help of Zorn’s lemma, prove the following.

(a) The set RT of positive real numbers is the disjoint union of two
nonempty sets, each closed under addition.

(b) In a ring with unity, every proper ideal can be extended to a maximal
ideal.

) Every filter can be extended to an ultrafilter.

—
o

(d) Every vector space has a basis. In fact, every linearly independent
system of vectors can be extended to a basis.
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(e) Every vector space has a basis. In fact, every generating system of
vectors includes a basis.

(f) For Abelian groups the group D D A is called the divisible hull of A if
it is divisible and for every x € D there is some natural number n that
nx € A. If Dy, Do are divisible hulls of A, then they are isomorphic
over A: there is an isomorphism ¢ : Dy — Dy which is the identity on

A.
(g) Every field can be embedded into an algebraically closed field.
(h) Every algebraically closed field has a transcendence basis.

(i) Assume F is a field in which 0 is not the sum of nonzero square
elements. Then F' is orderable, that is, there is an ordering < on F in
which x < y implies that x + z < y + z holds for every z, and = < y,
z > 0 imply that zz < yz.

(k) If G is an Abelian group and A is a divisible subgroup, then A is a
direct summand of G.

(1) Every connected graph includes a spanning tree.

(m) If (V, X) is a graph with chromatic number x then there is a decom-
position of V into k independent (=edgeless) sets such that between
any two there goes an edge.

(n) If X is a compact topological space and + is an associative operation
on X which is right semi-continuous (i.e., the mapping x — p + x is
continuous for every p € X), then + has a fixed point, that is, an
element p € X, that p+p =p.

. Let S be a set, F C P(S) a family of subsets such that every z € S is

contained in only finitely many elements of F and for every finite X C §
some G C F constitutes an exact cover of X (i.e., every x € X is contained
in one and only one element of G). Then there is an exact cover G C F of

S.

. (a) For any partially ordered set (P, <) there is an ordered set (P, <’) on

the same ground set that extends (P, <), i.e., x < y implies z <’ y.

(b) Prove that actually x < y holds if and only if x <’ y for every such
extension.

(c) If, in part (a), (P, <) is well-founded, then (P, <’) can be made well
ordered.

(d) Why does part (b) imply part (a) ?

. (Alexander subbase theorem) Assume that X is a topological space with

a subbase S with the finite cover property, i.e., if the union of some sub-
family 8’ C S covers X, then some finitely many members of S’ cover X,
as well. Then X is compact.

(Tychonoff’s theorem) The topological product of compact spaces is com-
pact.
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Hamel bases

In this chapter we consider Hamel bases, i.e., bases of the vector space of the
reals (R) over the field of the rationals (Q). To elaborate, such a basis is a set
B = {b; : i € I} such that every real x can be uniquely written in the form
T = Xobg + -+ + Apb, where Ag, ..., A, are nonzero rationals and by,...,b,
are distinct elements of B.

Hamel bases can be used in many intriguing constructions involving the
reals. This chapter lists some problems on Hamel bases, as well as on their
applications.

Let us call a set H C R rationally independent if it is an independent set
in the vector space R over the field Q, and let us call H a generating subset
if the linear hull of H (over Q) is the whole R.

1. If H C R is rationally independent, then there is a Hamel basis including
H.

If H C R is a generating set, then it includes a Hamel basis.
Every Hamel basis has cardinality c.

There are 2¢ distinct Hamel bases.

There is an everywhere-dense Hamel basis.

There is a nowhere-dense, measure zero Hamel basis.

There is a Hamel basis of full outer measure.

A Hamel basis, if measurable, is of measure zero.

© 0N T W

A Hamel basis cannot be an analytic set.

H
e

If the continuum hypothesis is true, then R\ {0} is the union of countably
many Hamel bases.

. (Cont’d) If R\ {0} is the union of countably many Hamel bases, then the
continuum hypothesis holds.

—_
—_
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If the continuum hypothesis is true, then there is a Hamel basis B =
{b; : i € I} such that the set BT of real numbers x written in the form
x =Y {\ib; : i € I} with nonnegative coefficients is a measure zero set.

Describe, in terms of Hamel bases, all solutions of the functional equations
a) f(x+vy) = f(z)+ f(y) (additive functions, Cauchy functions);

A/—\

b) f(x+y) = f(x)f(y);

(©) flzy) = f(2)f(y);

(d) f(ﬂ) f(w)+f(v)

(e) flx+y) = f(x ) + f( ) + ¢ with some fixed constant c;
(£) f(z+y) =g(x)+ h(y);

(¢) f(x+y)=af(x)+bf(y) with some fixed constants a, b.

If the real numbers «, 8 are not commensurable, then for any A, B € R
there is a function f : R — R for which f(z +y) = f(z) + f(y) always
holds and f(a) = A, f(B8) =B

The function F(x) = x (for € R) is the sum of two periodic functions.
(Cont’d) The function F(x) = 2% (for z € R) is the sum of three periodic
functions but not of two.

(Cont’d) Let k > 1 be a natural number. The function F(z) = z* (for
x € R) is the sum of (k + 1) periodic functions but not the sum of k
periodic functions.

There exists A C R such that there are countably infinitely many subsets
of R congruent to A.

There is a set A C R different from @) and R such that for all z € R only
finitely many of the sets A, A+ x, A+ 2z, A+ 3z,... are different.

There exists a set A C R with both A, R\ A everywhere dense, which
has the property that if a is a real number, then either A C A + a or
A+aCA.

There exists a partition of the set R\ Q of irrational numbers into two
sets, both closed under addition.

There exists a partition of the set Rt = {z € R : & > 0} of positive real
numbers into two nonempty sets, both closed under addition.

We are given 17 real numbers with the property that if we remove any
one of them then the remaining 16 numbers can be rearranged into two
8-element groups with equal sums. Prove that the numbers are equal.

R is the union of countably many sets, none of which including a (non-
trivial) 3-element arithmetic progression.
If a rectangle can be decomposed into the union of finitely many rectangles

each having commeasurable sides, then the original rectangle also has
commeasurable sides.
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26. The set of reals carries an ordering < such that there are no elements

x <y < z, forming a 3-element arithmetic progression (that is, y = #£2).

27. There is an addition preserving bijection between R and C.
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The continuum hypothesis

The continuum hypothesis (CH) claims that every infinite subset of the reals
is equivalent either to N or to R. It is independent of the standard axioms
of set theory (see the introduction to Chapter 4), and in general it is not
assumed when one deals with set theory or problems related to set theory.

Since the continuum hypothesis says something about the set of the reals, it
is no wonder that it has many equivalent formulations involving real functions
or sets in Euclidean spaces. This chapter lists several of these reformulations.
Also, in the presence of CH the set of reals “looks differently” than otherwise,
and this is reflected in the existence of sets (such as Lusin sets or Sierpinski
sets) with various properties. The problems below contain several examples of
this phenomenon. CH coupled with the enumeration technique of Chapter 12
is particularly powerful, for in a construction only countably many previously
constructed objects have to be taken care of.

1. (Sierpinski’s decomposition) CH is equivalent to the statement that the
plane is the union of two sets, A and B, such that A intersects every
horizontal line and B intersects every vertical line in a countable set.

2. CH holds if and only if the plane is the union of the graphs of countably
many x — y and y — x functions.

3. CH is equivalent to the existence of a decomposition R? = A; U Ay U A3
such that if L is a line in the direction of the z;-axis then A; N L is finite.

4. For no natural number m exists a decomposition R? = A; U A5 U A3 such
that if L is a line in the direction of the z;-axis then |A; N L| < m.

5. ¢ < N, if and only if there is a decomposition R"*2 = AjUAyU---UA, 4o
such that if L is a line in the direction of the z;-axis then A; N L is finite.

6. CH holds if and only if there is a surjection from R onto R x R of the
form x — (fi(x), fa(x)) with the property that for every = € R either
fi(x) or fi(z) exists.

7. CH holds if and only if R is the union of an increasing chain of countable
sets.
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CH holds if and only if there is a function f : R — P(R) with f(z) count-
able for every z € R and such that f[X] = R holds for every uncountable
set X C R.

. CH holds if and only if there exist functions fy, f1,...: R — R such that

if a € R then for all but countably many = € R the set A, , = {n <w:
fn(x) = a} is infinite.

CH holds if and only if there exist functions fy, f1,...: R — R such that
if a = {ap, a1,...} is an arbitrary real sequence then for all but countably
many € R the set A, . = {n <w: f,(z) = a,} is infinite.

CH holds if and only if there exist an uncountable family F of real se-
quences with the property that if {ag, aj, ...} is an arbitrary real sequence
then for all but countably many {y,} € F there are infinitely many n with
Yn = An.

CH holds if and only if there exist functions fy, f1,...: R — R with the
property that if X C R is uncountable then f,[X] = R holds for all but
finitely many n < w.

CH holds if and only if there is a family {4, : @ < w;} of infinite subsets
of w such that if X C w is infinite then there is some a < wy with A, \ X
finite.

CH holds if and only if there is a family H = {A; : ¢ € I} of subsets of
R with |I| = ¢, |A;] = Ng such that if B C R is infinite then for all but
countably many i we have A; N B # ().

CH holds if and only if R can be decomposed as R = AU B into uncount-
able sets in such a way that for every real a the intersection (A +a) N B
is countable.

CH holds if and only if the plane can be decomposed into countably many
parts none containing 4 distinct points a, b, ¢, and d such that dist(a, b) =
dist(c,d) (“dist” is the Euclidean distance).

CH holds if and only if R can be colored by countably many colors such
that the equation z + y = u + v has no solution with different z, y, u, v of
the same color.

If the continuum hypothesis holds then there is a function f : R — R
such that for every x € R we have

]}big%max(f(m— h), f(x + h)) = occ.

CH holds if and only if there exists an uncountable family F of entire
functions (on the complex plane C) such that for every a € C the set
{f(a) : f € F} is countable.

(a) If CH holds, then there is a set A of reals of cardinality continuum
such that A intersects every set of first category in a countable set
(such a set is called a Lusin set).
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(b) Every Lusin set is of measure zero.

CH is equivalent to the statement that there is a Lusin set and every
subset of R of cardinality < c is of first category.

(a) If CH holds, then there is a set A of reals of cardinality continuum
such that A intersects every set of measure zero in a countable set
(such a set is called a Sierpinski set).

(b) Every Sierpinski set is of first category.

CH is equivalent to the statement that there is a Sierpinski set and every
subset of R of cardinality < c is of measure zero.

If CH holds and A C [0, 1]? is a measurable set of measure one, then there
exist sets B,C C [0,1] of outer measure one with B x C C A. (Note
that there is an A C [0,1]? of measure one such that if B,C C [0,1] are
measurable sets with B x C' C A, then they are of measure zero.)

If CH holds, then there is an uncountable set A C R such that if G O Q
is an open set then A\ G is countable (A is concentrated around Q).

If CH holds, then there is an uncountable A C R such that any uncount-
able B C A is dense in some open interval.

If CH holds, then there is an uncountable densely ordered set (A, <) such
that any nowhere dense set (in the interval topology) in (4, <) is count-
able.

If CH holds, then there is an uncountable set A C R such that if g9, €1, . ..
are arbitrary positive reals then there is a cover Iy U I; U --- of A such
that I,, is an interval of length &,,.

If CH holds, then there is a permutation 7 : R — R of the reals such that
A C R is of first category if and only if w[A] is of measure zero.
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Ultrafilters on w

If X is a ground set, then a family F of subsets of X is called a filter if

e 0g7,
e A Be Fimpliess ANB € F,
e AcFand AC Bimply B € F.

A filter F is called principal or trivial it F = {A C X : Ay C A} for some
Ay C X.

A filter that is not a proper subset of another filter is called an ultrafilter.

The elements of an ultrafilter F can be considered as “large” subsets of
X, and if the set of elements of X for which a property holds belongs to F,
then we consider the property to hold for almost all elements of X.

Ultrafilters play important roles in algebra and logic; in particular, the
ultraproduct construction is based on them. They also appear in several so-
lutions in this book.

A dual concept to filter is the concept of an ideal. If X is a ground set,
then a family Z of subsets of X is called an ideal if

o X&T,
o A BeZimpliess AUBeZ
o AcZand BC Aimply BeT.

An ideal that is not a proper subset of another ideal is called a prime ideal.

It is clear that F is a filter (ultrafilter) if and only if {X \ F' : F € F}is
an ideal (prime ideal).

This chapter contains various problems on, and properties of ultrafilters
on the set of natural numbers. Problem 19 gives an application in analysis,
it verifies the existence of Banach limits—a limit concept that extends the
standard notion of limit to all real sequences.

1. A filter F on w is an ultrafilter if and only if for every A C w exactly one
of Aor X\ A belongs to F.
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Chapter 17 : Ultrafilters on w Problems

Every filter on w is included in an ultrafilter.
There are 2¢ ultrafilters on w.

Ifiy, ..., U, are nonprincipal ultrafilters on w, then there is some infinite,
co-infinite A e U1 N ... NU,.

. If U is an ultrafilter on w and 0 = ng < ny < --- are arbitrary natural

numbers, then there exists an A € U with AN [n;,n;41) = 0 for infinitely
many ¢ < w.

If U is an ultrafilter on w, then U contains a set A C w of lower density
Zero.

There is an ultrafilter & on w such that every A € U has positive upper
density.

Is there a translation invariant ultrafilter on w? Is there a translation
invariant ultrafilter on Q7

Let U be a nonprincipal ultrafilter on w. Two players consecutively say
natural numbers 0 < ny < ny < --- with player I beginning. Player I wins
if and only if the set [0, n9)U[n1,n2)U- - - is in U. Show that neither player
has a winning strategy.

(CH) There is nonprincipal ultrafilter & on w such that if Ag 2 A; D
Ay D --- are elements of U, then there is an element B of U such that
B\ A, is finite for every n. (Such an ultrafilter is called a p-point.)

(CH) There is a nonprincipal ultrafilter ¢/ on w such that if f : [w]" —
{1,2,...,n} is a coloring of all r-element subsets of w with finitely many
colors, then there is a monochromatic element of U/. (Such an ultrafilter
is called Ramsey ultrafilter).

Assume that (A4, <) is a countable ordered set and I is a Ramsey ultrafilter
on A. Then there is an element B € U which is a set of type either w or

w*.

Let U be a Ramsey ultrafilter on w and let f : w — w be arbitrary. Then
either f is essentially constant (i.e., {n < w : f(n) = k} € U for some
k < w), or f is essentially one-to-one (i.e., f‘A is one-to-one on a set
Aell).

Let U be a Ramsey ultrafilter on w and ng < ny < - - - arbitrary numbers.
Then there is a set A € U with |[AN [n;,ni41)] =1foralli=0,1,....

Let U be a Ramsey ultrafilter on w, {a,} a positive sequence converging
to 0 and € > 0 arbitrary. Then there is an A € U with

Zan < €.

neA

There are an ultrafilter i on w and a positive sequence {a,} converging
to 0, such that if A € ¢ then ), a, = co.
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17.

18.

19.

20.

21.

22.

There is an ultrafilter i on w that is not generated by less than continuum
many elements, i.e., if F is a family of subsets of U of cardinality smaller
than continuum, then there is an element A € U such that F ¢ A for
FekF.

Associate with every A C w the real number x4 = 0, agay ... where ; = 1
if and only if i € A. This way to every subset U of P(w) we associate a
subset X, of [0,1]. Show that if U/ is a nonprincipal ultrafilter on w, then
Xy cannot be a Lebesgue measurable set.

If D is a nonprincipal ultrafilter and {z,, : n < w} is a sequence of reals,
then set limp x,, = r if and only if {n : p < 2, < ¢} € D holds whenever
p < r < g. If this is the case we say that {z,,} has a D-limit.

(a) Every bounded sequence has a unique D-limit.

The D-limit of a convergent sequence coincides with its ordinary limit.

limp cx,, = climp x,,.

)

)

(d) limp(zy, + yn) = limp z, + limp y,.

) [limsupy, | < sup, [2a].

) If the sequences {z,} and {y,} have the property that x,, — y, — 0,

then limp x,, = limp y,.

(g) Iflimp , = a and f is a real function continuous at the point a, then

(h) If r € R is a limit point of the set {x, : n < w} then there exists a
nonprincipal ultrafilter D such that limp x,, = r.

(i) Set limp x,, = oo if and only if {n : p < x,} € D holds whenever p <
oo, and define limp z,, = —oo analogously. Then every real sequence
has a (possibly infinite) D-limit.

Show that there is a function f : P(N) — [0,1] such that f(A) = d(A)
whenever the set A C N has density d(A), and f is finitely additive, i.e.,
f(AUB) = f(A)+ f(B) when A, B are disjoint.
Let there be an infinite sequence of switches, Sp, S, ... each having three
positions {0,1,2}, and a light also with three states {Lo, L1, L2}. They
are connected in such a way that if the positions of all switches are si-
multaneously changed then the state of the light also changes. Let us also
suppose that if all the switches are in the ¢th position then the light is
also in the L, state. Show that there is a (possibly principal) ultrafilter ¢/
that determines the state of the light in the sense that it is L; precisely
when

{7 : S; is in the ith position} € U.

Suppose that in an election there are n > 3 candidates and a set of voters
I, each of whom makes a ranking of the candidates. There are two rules
for the outcome:
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Chapter 17 : Ultrafilters on w Problems

e if all the voters enter the same ranking, then this is the outcome,

e if a candidate a precedes candidate b in the outcome depends only on
their order on the different ranking lists of the individual voters (and
it does not depend on where a and b are on those lists, i.e., on how
the voters ranked other candidates).

Then there is an ultrafilter F on I such that the outcome is an order « if

and only if the set F}; of those voters ¢ € I whose ranking is m belongs to

F. In particular, if I is finite, then in every such voting scheme there is a

dictator whose ranking gives the outcome.
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Families of sets

The problems in this chapter discuss various combinatorial properties of fam-
ilies of sets and functions.

1.

For every cardinal £ > w there is a family A¢,, £ < k, n < k™ of subsets
of k1 such that for fixed & the sets A¢ ,, n < k™ are disjoint, and for each
n < kT the set k1 \ UgcrAg,y is of cardinality < x*. (Such a family is
called an Ulam matrix. The matrix is of size k x kT, the kT elements in
a row are disjoint, and yet the union of the x elements in every column is
kT save a set of size < k™).

. For every cardinal x > w there is a family F of k1 almost disjoint subsets

of k of cardinality &, that is, for A, B € F, A # B we have |A| = |B| =&
but |AN B < k.

If X is an infinite set of cardinality &, then there are 2% subsets A, C X
such that if 1 # 72, then each of the sets A, \ A,,, A,, \ 4,,, and
A, NA,, is of cardinality .

For every cardinal x > w there are k¥ subsets of x so that selecting any
two of them, one includes the other.

. If X is an infinite set of cardinality k, then there is a family F of cardinality

2% of subsets of A such that no member of F is a proper subset of another
member of F (such a family is called an antichain).

Let kK > w be a cardinal. For every S, the set [S]" is the union of 2*
antichains.

If k is an infinite cardinal, then there are 2% sets A., B,, a < 2% of
cardinality s such that A, N Bg # 0 if and only if a # .

Let x be an infinite cardinal and A;, B;, i € I a family of sets with the
property |A;|, |B;| < k and A;NB; # 0 if and only if ¢ # j. Then |I]| < 2".
There are two disjoint families F,G C P(N) of subsets of N such that
every infinite subset A C N includes an element of F and of G.
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Chapter 18 : Families of sets Problems

For any infinite set X there are two disjoint families F,G C P(X) of
countably infinite subsets of X such that every infinite subset A C X
includes an element of F and of G.

Call a family F of subsets of a set S independent if the following statement
is true: if Xq,..., X, are different members of F, €1,...,&, < 2, then

Xi'n-nXer #0

where for a set X we put X! = X, X" =85\ X.

For every k > w there is an independent family of cardinality 2" of subsets
of k.

For every k > w there are 22" yltrafilters on k.

Let A be an infinite set of cardinality x. Then there is a family F of
cardinality 2” of functions f : A — w with the property that if f1,..., f, €
F are finitely many different functions from F, then there is an a € A
where the functions f1,..., f, take different values: f;(a) # f;(a) if 1 <
1<j<n.

Let A be an infinite set of cardinality 2%. Then there is a family G of
cardinality x of functions fj : A — k such that for an arbitrary function
f : A — k and for an arbitrary finite set A’ C A there is a ¢ € G such
that g agrees with f on A'.

Let x be infinite. If 7;, i < 2% are 2 topological spaces each of which
has a dense subset of cardinality at most x, then the same is true of their
product.

Let F be a countable family of infinite sets with |ANB| =1 for A, B € F,
A # B. Then there is a set X with 1 < |X N A| <2 for every 4 € F.

Let F be a countable family of infinite sets with |[ANB| < 2 for A, B € F,
A # B. Then there are two sets X, Y such that for every A € F either
[ANX|=1or |[ANY|=1.

Prove that for every 8; < x < R, there is a family F C []X° of cardinality
# such that for every X € [x]M° there is some Y € F with X C Y. Prove
that no such family exists for Kk = X,,.

If k, p are infinite cardinals, then there is an almost disjoint family of u-
element sets which is not s-colorable. That is, there is H C [V]* for some
set V with |HNH'| < pfor HLH' € H, H # H', such that if F: V — &
is a coloring then some member of A is monocolored.
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The Banach—Tarski paradox

This chapter deals with a surprising consequence of the axiom of choice,
namely the so-called Banach—Tarski paradox claiming that any two balls
(with possibly different radii) in the space can be decomposed into each
other, i.e., if B; and By are such balls then there are disjoint decomposi-
tions By = E1U---UE,, Bo = F1 U---UF,, such that each F; is congruent
to F;. Actually, any two bounded sets in R with nonempty interior can be
decomposed into each other.

A “common sense” argument against such a decomposition runs as follows:
take a nontrivial finitely additive and isometry invariant measure p on all
subsets of R3 (think of y as a “volume” associated with each set). Then the y-
measure of B is different from the py-measure of B if their radii are different,
hence the aforementioned decomposition of By into Bs is impossible, since
measure is preserved under isometry. Of course, this argument fails if there is
no such measure, and the Banach—Tarski paradox shows precisely that such
a measure does not exist in R3. Hidden behind the Banach-Tarski paradox is
the axiom of choice appearing, for example, in the solution of Problem 17,(c).

Let us also note that in R and R? there are finitely additive isometry
invariant measures (see Chapter 28), so in R and R? a Banach-Tarski type
paradox cannot be established. The difference between R, R?, and R? (and
of course every R" with n > 3) is that the isometry groups of R and R? are
relatively simple, while that of R? includes a free subgroup generated by two
appropriate rotations.

This chapter contains various problems regarding decompositions (via dif-
ferent kinds of transformations on the parts) culminating in Problem 17 con-
taining the Banach—Tarski paradox. We consider the equidecomposability of
subsets of some set X, where sets are decomposed into the union of finitely
many subsets and are transformed by the elements of @, a family of X — X
bijections, containing the identity, closed under composition and taking in-
verse (i.e., @ is a group with respect to composition). If A, B C X, then A
is equidecomposable to B wvia @, in symbol A ~g B, if there are partitions
A=A1U---UA,, B=ByU---UB,, such that B; = f;[4;] for some f; € .
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If there is no danger of confusion we simply write A ~ B instead of A ~g B.
A < Bif A~ B’ holds for some B' C B. {Ay,...,A:} is a p-cover of A (is
a < p-cover of A) if Ay,...,A; C A and every element of A is in exactly p
of the A;’s (and every element of A is in < p of the 4;’s). If A, B C X, then
pA ~ ¢B denotes that there is a p-cover {Aj,..., A:} of A such that for ap-
propriate f1,..., f: € &, the sets f1[A1],..., f:]As] constitute a g-cover of B.
If, on the other hand, f1[A1],..., fi[A¢] is just a < g-cover of B, then we write
pA =< qB. A C X is paradozical if A ~ 2A. Usually it is “obvious” what & is,
still, in most cases, we indicate it. If X = S™ (the n-dimensional unit sphere)
then & is the set of rotations around its center; if X = R™, then @ is the set
of the congruences; if X is a group, then @ is the set of left multiplications:
& ={f,:x € X} where f,(y) = zy.

1. ~ is an equivalence relation.
2. If A< Band B=< A, then A ~ B.
3. If pA < ¢B and ¢B = rC, then pA < rC holds as well (p, ¢, r are nonzero
natural numbers).
4. If pA < ¢B, ¢B = pA hold for some natural numbers p, ¢, then pA ~ ¢B.
5. If pA ~ ¢B and ¢B ~ rC, then pA ~ rC holds as well (p, ¢, r are nonzero
natural numbers).
6. If kpA =< kgB holds for some natural numbers k, p, g, k > 1, then pA < ¢B.
Therefore, kpA ~ kqB implies pA ~ ¢B.
7. The following are equivalent.
(a) (n+1)A < nA for some natural number n;
(b) A is paradoxical;
(¢) A can be decomposed as A = A" U A” with A’ ~ A" ~ A;
(d) For every k > 2, A can be decomposed as A = A; U --- U Ay with
Ay~ Ay~ v Ay ~ A
(e) pA ~ qA holds whenever p, ¢ are positive natural numbers.
8. If A is paradoxical and A <= B =< nA holds for some natural number n,
then B is paradoxical as well.
9. (a) There exists a countable, paradoxical planar set.
(b) There exists a bounded paradoxical set on the plane.
10. If A C 82, |A| < c then S? ~ 82\ A (via rotations).
11. [0,1] ~ (0, 1] (with translations).
12. Q@ ~ Q\ I, where Q is the unit square, I is one of its (closed) sides (via
translations).

13. If P is a (closed) planar polygon, F is its boundary, then P ~ P\ F (via
translations).

14. If P, @ are planar polygons, equidecomposable in the geometrical sense,
then they are equidecomposable (via planar congruences).
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15.
16.

17.

18.

Assume that E ~ Z holds (via translations) for some E C Z. What is E?

(a) No nonempty subset of Z™ is paradoxical (via translations).

(b) No nonempty subset of an Abelian group is paradoxical (via multipli-
cation by group elements).

(¢) No nonempty subset of R is paradoxical (via congruences).

(a) For some A C Fy, natural number n, RgA < Fy» = nA. (F» is the free
group generated by 2 elements.) Notice that this gives that A, therefore
F5 is paradoxical.

(b) There are two independent rotations around the center of S2.

(c) S? is paradoxical (via rotations).

(d) If A, B C S? both have inner points, then A ~ B (via rotations).

(e) B3, the unit ball of R? is paradoxical (via congruences).

(f) (Banach—Tarski paradox) If A, B C R? are bounded sets with inner
points, then A ~ B (via congruences).

If A,B C R? are bounded sets with inner points and ¢ > 0, then A is
equidecomposable into B via e-contractions, that is, there are partitions
A=AU---UA, and B = By U---U B, and bijections f; : A; — B;
such that for z, y € A; one has d(fi(z), fi(y)) < ed(z,y) (d(x,y) is the
distance of z and y).
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Stationary sets in w;

This chapter deals with two basic notions of infinite combinatorics, namely
with the club (closed and unbounded) sets and with stationary sets in wy.
First some definitions. We say that a sequence {«,}22, of ordinals from
wy converges to a if a,, < « for all n and for every 8 < « there is an N such
that o, > B for n > N. Note that then necessarily a < w;. It is easy to see
that this is the same as convergence in the order topology on w; (generated by
sets of the form {a : a < S} and {& : a > (}). A subset A C wy is called

e closed if av,, — o and each «,, is in A then a € A,
o unbounded if given any § < wy thereisa f < a € A,

o club set if it is closed and unbounded.

A set is closed precisely if it is closed in the order topology, and a closed set
is unbounded precisely if it is not compact in this topology.

A set S C w is stationary if it has a nonempty intersection with every
club set. Otherwise, it is a nonstationary set.

Closed sets play the role of “full measure” sets among subsets of wq, while
stationary sets play the role of “sets of positive measure”. Club sets are very
“thick”, the intersection of any countable family of club sets is still a club
set, while stationary sets are still sufficiently “thick” in the sense that if some
property holds for the elements of a stationary set then we consider it to hold
for many elements (like elements in a set of positive measure). The analogy
with measure theory stops here: there is an uncountable family of disjoint
stationary sets.

A function f: A — w; is a regressive function if f(x) < x holds for every
x € A\ {0}. The basic connection between stationary sets and regressive
functions is Fodor’s theorem (Problem 9): if f is regressive function on a
stationary set, then it is constant on a stationary subset.

1. When is a cofinite subset of w; a club?
2. Assume that A C B C wj.
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Chapter 20 : Stationary sets in w; Problems

(a) Does the stationarity of A imply the stationarity of B?
(b) Does the clubness of A imply the clubness of B?
(¢) Does the nonstationarity of B imply the nonstationarity of A?

. The intersection of countably many club sets is a club set again.

. The union of countably many nonstationary sets is nonstationary.

. If S is stationary, C is closed, unbounded, then S N C is stationary.
. If C, are club sets for a < wq, then their diagonal intersection

V{Ch:a<wl={a<w :f<a—acCs}

is also a club set.

I f o jw]SY = wy is a function, then the set

C(f)y={a<w:if B1,...,0, < athen f(f1,...,0,) < a}

is a closed, unbounded set.

. If C C w; is a club set, then there is a function f : [w1]<“ — wj such that

c(fH\{oycc.

. A set is closed, unbounded if and only if it is the range of a strictly

increasing, continuous w; — w; function.

If f,g: w1 — wy are strictly increasing continuous functions, then for club
many o < wi, f(a) = g(a) holds.

The set of countable epsilon numbers, i.e.,
{e<w:e=w}

is a club set.

Assume that f : w; — w; is a regressive function. Then some value is
assumed uncountably many times.

Assume S C w is a stationary set and f : S — w; is a regressive function.
Then some value is assumed uncountably many times.

If N C w; is nonstationary, then there is a regressive function f : N — w;
that assumes every value countably many times.

If N C w; is nonstationary, then there is a regressive function f : N — wy
that assumes every value at most twice.

(Fodor’s theorem) If S C w; is a stationary set and f : S — w is a
regressive function, then some value is assumed on a stationary set.

If S C w is a stationary set and F'(a) C « is a finite set for a € S, then
for some finite set s the set {& € S : F(a) = s} is stationary.

A slot machine returns Ry quarters when a quarter is inserted. Still, no
matter what strategy she follows, if somebody starts with a single coin
(and plays through a transfinite series of steps), after countably many
steps she loses all her money.
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There are two disjoint stationary sets.
If f:w; — R is monotonic, then it is constant from a point onward.
If f:w; — R is continuous, then it is constant from a point onward.

w1, endowed with the order topology, is not metrizable.

(a) If & < wy, then a x w1 is a normal topological space.
(b) w1 X wy is a normal topological space.
(w1 + 1) X wy is not a normal topological space.

Assume that we are given N; disjoint nonstationary sets. Prove that there
are Ny of them with nonstationary union.

Two players, I and II, play by alternatively selecting elements of a de-
creasing sequence Ay 2O A; D --- of stationary subsets of w;. Player 11
wins if and only if (V{4; : ¢ < w} has at most one element. Show that II
has a winning strategy.

Assume that there are Ny stationary sets with pairwise nonstationary in-
tersection. Show that there are Ny stationary sets with pairwise countable
intersection.

(CH) Assume that we are given Rg closed, unbounded subsets of wy. Prove
that the intersection of some ¥; of them is a closed, unbounded set.

If there are Ny functions from w; into w such that any two differ on a
closed, unbounded set then there are X5 such functions such that any two
are eventually different.

There exists a regressive function f : w; — w; such that for every limit
ordinal @ < w; there is an increasing sequence «,,, n < w, converging to
a with f(an41) = ay, for all n.
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Stationary sets in larger cardinals

Now we consider the analogues of questions discussed in the preceding chapter
but for larger cardinals. In general, the discussion will be given in a regular
cardinal (instead of wy), but we shall also indicate how everything works in
any ordinal of cofinality larger then w. We shall copy the treatment for wq
only to the extent that is necessary; several new features will emerge in the
problems. For example, Problem 20 proves the deep result of Solovay: any
stationary set in x can be decomposed into k disjoint stationary sets.

In this chapter, unless otherwise stated, k is always an uncountable regular
cardinal.

We say that a transfinite sequence {a, : 7 < p} of elements of k converges
to some a < k if @, < « for all 7 < p and for every 8 < o thereisa v < p
such that o, > 0 whenever 7 > v. A set C' C & is called

e closed if whenever a transfinite sequence {a, : 7 < u} of elements of C
converges to some « < K then a € C|

o unbounded if for any 8 < k there is an a € C with g < a < &,

e a club setif it is closed and unbounded.

It is true again that a set C' C & is closed if and only if it is closed in the order
topology on k, and a closed set is unbounded precisely if it is not compact in
this topology.

If something holds for every element of a club set, we sometimes use the
lingo almost everywhere, or for almost every, in short, a.e.

A set S C k is stationary if it has a nonempty intersection with every
closed, unbounded set. Otherwise, it is nonstationary. For A C k a function
f+A— kis regressive if f(x) < x holds for every z € A, x # 0.

1. The intersection of less than x many club sets is a club set again.

2. If C C k is a club set, then for a.e. « the intersection C' N « is a cofinal
set in « of order type «
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Chapter 21 : Stationary sets in larger cardinals Problems

I f 2 [R]SY — [K]<" is a function then the set

C(f)y={a<k:if B1,...,0n < a then f(B1,...,0,) Ca}

is a closed, unbounded set. In the other direction, if C' C k is a club set
then there is a function f : k — k such that C'(f) \ {0} C C.

. Let A be an algebraic structure on the set A of cardinality x, with fewer

than x finitary operations, and let {a, : v < K} be an enumeration of A.
Then for almost all a < & the set {a, : v < a} is a substructure of A.

. If C, are club sets for a < k then their diagonal intersection

V{Co:a<kl={a<k:f<a— acCs}

is also a club set.

. The union of less than x many nonstationary sets is nonstationary.
. If S is stationary, C' is closed, unbounded, then S N C' is stationary.
. If p < K is regular, then S = {& < K : cf (@) = p} is stationary. Is it a

club set? What if the condition cf (o) = p is relaxed to cf (o)) < p or to
cf (o) > u?

. (Fodor’s theorem, pressing down lemma) If S C k is a stationary set

and f: S — k is a regressive function, then some value is assumed on a
stationary set.

Assume that g < & is such that if 7 < & then 7# < k (for example, if kK =
(2)%). Let S C {k : cf (o) = uT} be a stationary set and f(a) € [a]S#
for a € S. Then f is constant on a stationary set.

If Ay (o < k) are nonstationary, then so is [J{Aq \ (@ + 1) : a < k}.
Let {A, : @ < k} be disjoint nonstationary sets in x. Then A = ({4, :
a < K} is stationary if and only if B = {min(4,) : a < k} is.

Out of k disjoint nonstationary sets the union of some & is nonstationary.

If A, B are subsets of k define A < B if A\ B is nonstationary. Set A < B
if A< B but B < A is not true. (This gives a Boolean algebra if we
identify two sets when their symmetric difference is nonstationary.) Prove
that every family of at most x sets has a least upper bound.

In Problems 15-19 we extend these notions to subsets of limit ordinals.
If o is a limit ordinal, X C « is unbounded if it contains arbitrarily large
elements below «. It is closed if it contains its limit points smaller than a.
For cf (o) > w, S C « is stationary if it intersects every closed, unbounded
subset of a. If cf (&) = w, then we declare o (and all subsets thereof)
nonstationary.

(a) Every stationary set is unbounded.

(b) cf («) is the minimal cardinality/ordinal of the closed, unbounded sets
in a.
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16.

17.

18.

19.

20.

21.

22.

(¢) If ¢f (o) = w then there are two disjoint closed, unbounded sets in «.

(d) Ifef (o) > w then the intersection of less than cf («) closed, unbounded
sets is a closed, unbounded set.

(e) If cf (&) = w then X C « intersects every closed, unbounded set if
and only if X includes some end segment of a.

Assume that k£ = cf (o) > w. Let C C « be a closed, unbounded set of

order type x with increasing enumeration C' = {cy : v < K}.

(a) If D is closed, unbounded in « then {c, : v € D} is closed, unbounded
in a.

(b) If D is closed, unbounded in « then {7 : ¢, € D} is closed, unbounded
in k.

(c) X C a is stationary if and only if {y: ¢, € X} is stationary in .

(a) If cf (o) < a, then there exists a regressive f : a\ {0} — « such that
F71(&) is bounded for every £ < a.

(b) If S C « is stationary, f : S — « is regressive, then there is a station-
ary S’ C S such that f is bounded on S’

If C C k is closed, unbounded, then for a.e. & < x the set C' N« is a club
set in a.

If S, T C k are stationary sets, define S < T if for almost every o € T,

S N« is stationary in «. Then

(a) S < S never holds;

(b) < is transitive;

(¢) < is well founded.

(Solovay’s theorem) If S C & is a stationary set, then it is the union of &

disjoint stationary sets. Prove this theorem through the following steps.

Assume that S is a counterexample.

(a) Every stationary subset of S is also a counterexample.

(b) If f : S — K is regressive, then it is essentially bounded, i.e., there
are an ordinal v < k and a closed, unbounded set C' C & such that
f(a) <~y holdsfora e CNS.

(¢) Almost every element of S is a regular cardinal.

(d) There is a closed, unbounded set D C & such that if « € D N S then
« is an uncountable, regular cardinal and S N « is stationary in «.

(e) Conclude by showing that no set D as in (d) exists.

There is a function f : kK — k such that if X C x has a club subset, then

fIX] = &

If S C k is stationary, then there is a family F of 2" stationary subsets of

S such that A\ B, B\ A are stationary if A, B are distinct elements of
F.
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24.
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Assume that k, p are regular cardinals, x > uT, p > w. There exists a
family {Cy, : o < k,cf (@) = p} such that C,, is closed, unbounded in «
and for every closed unbounded subset E C k, there is some C, C E.

Assume that K > ws is a regular cardinal. Then there exists a family
{Cq : a < K, cf (o) = w} such that C, is a cofinal subset of « of type w
and for every closed, unbounded subset E of «, there is some C, C F.
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Canonical functions

In this chapter for a regular uncountable cardinal x we introduce a family of
w1 functions that possess various canonicity properties. In some sense they
are the first k1 functions from & into the ordinals, this makes it possible to
use them for various diverse results in set theory.

For x > w regular we construct the canonical functions hy : kK — K for
a < kT as follows. ho(y) = 0 for v < k. har1(7) = ha(y) +1 (v < K).
If @« < wkT is limit with g = cf (&) < & then fix a sequence {a, : 7 < u}
converging to o and set

ha(y) = sup {ha, (v) : 7 < p}

for v < k.
Finally, if cf (o) =  and {«a, : 7 < Kk} converges to «, then let

ha(y) =sup {ha, (7) : 7 <~}.

Notice that the values of the functions h,(y) depend on the above se-
quences converging to «, as well.

1. Describe h,, for a < k- 2.
2. If B < a < kT, then hg(y) < ho(7) holds for a.e. ~.

3. If {fo : @ < KT} is a system of k — r functions such that for 3 < a < xT,
f8(7) < fa(7) holds for a.e. v, then for every a < k™, fo(v) > ha(v)
holds almost everywhere.

4. If f() < ha(7) holds on a stationary set for some function f : k — &,
then there is a § < « such that f(y) < hg(y) holds for stationary many
.

5. If f() < ha(7) holds on a stationary set, then f(y) = hg(7y) holds on a
stationary set for some § < a.
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Assume that {f, : @ < k*} is a family of K — x functions that

a) fo(y) =0a.e;
b) fs(7) < fa(y) for ae. v (B < a < xh);

c) if f(y) < fa(y) for stationarily many v then f(v) < f3(v) for station-
arily many ~, for some 3 < a.

Then fo(7) = ha(y) holds for a.e. +.

For every a < k7, hqo(y) < || holds for a.e. y. (Here |y|T is the cardinal
successor of |y].)

In Problems 8-13 we describe an alternative construction of canonical
functions. Fix, for every 0 < a < k™, a surjection g, : £ — a. Let fo(7)
be the order type of the set g, [7] (a subset of a). For aw = 0 set fo(y) =0

(v < K).

If ga, gl : £ — a are surjections, then the above derived functions f,, f/,
agree almost everywhere.

If 0 < B < a< k™ then for a.e. v < K, g3[7] = galy] N B holds.

If B < a then fg(y) < fa(7) holds a.e.

If f(v) < fa(7) holds on a stationary set for some function f : k — &,
then there is a § < « such that f(y) = fg(y) holds for stationary many
7.

fa(7) = ha(v) almost everywhere.

fo(v) < |7|* holds for every +.
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Infinite graphs

It frequently occurs in mathematics that a relation is visualized by drawing a
graph. If the underlying set is infinite, then we get an infinite graph. Formally,
a graph is a pair G = (V, X) where V is a set (the vertex set) and X C [V]?,
i.e., it is a subset of the two element sets of V' (the edge set). Sometimes we
just speak of X, therefore identifying the graph with its edge set. We say that
x and y are joined if {x,y} € X. The complement (V,X) of a graph (V, X)
is (V,[V]?\ X), that is, it has the same set of vertices and two vertices are
joined in (V, X) if and only if they are not joined in (V, X). The degree of a
vertex v is the number of edges emanating from v.

We call (V', X’) a subgraph of (V,X) if V' CV and X' C X. It is an
induced subgraph if

X' ={{=z,y} : z,ye V', {z,y} € X},

i.e., if two elements in V'’ are connected precisely if they are connected in
(V. X).

A subset A C V is independent if it contains no edges: X N [A]? = 0.

A subset X’ C X is a matching if every vertex is an endpoint of precisely
one edge in X'.

A path in a graph is a (finite, one-way or two-way infinite) sequence
{-..,Un,Unt1,...} of consecutively joined points (i.e., {vn,vn41} € V for all
n). A circuit is such a finite sequence with the same starting and ending point.

A forest is a graph with no circuits.

If (V, X), (W,Y) are graphs, a topological (V, X) is given by an injection
f:V — W and a function g that sends every edge e = {z,y} in X into a path
in (W,Y) connecting f(x) and f(y), the paths {g(e) : e € X} being vertex
disjoint except at their extremities.

A good coloring or sometimes a coloring of a graph (V, X') with a color set C
isamapping f : V — C such that f(z) # f(y) for {z,y} € X (i.e., the vertices
are colored in such a way that vertices that are joined get different colors).
The chromatic number Chr(X) of a graph (V, X) is the smallest cardinal k
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for which the graph can be colored by & colors. Therefore, a graph (V, X) has
a good coloring with & colors if and only if Chr(X) < &.

More generally, if F is a set system over a ground set S, then a good
coloring of F is a coloring of S in such a way that for no F' € F get all points
of F the same color (there is no monochromatic F).

One would expect that the chromatic number of a graph is large only if the
graph includes a large complete subgraph. Problem 24 shows it otherwise: the
chromatic number can be arbitrarily large even if the graph does not contain
three pairwise connected points. Still, a large chromatic number does imply
the existence of certain types of subgraphs, e.g., every uncountably chromatic
graph must include an infinite path, all circuits of even length and all odd
circuits of sufficiently large length (Problems 29, 30).

Let K,; denote the complete graph (i.e., any two different points are joined)
on a vertex set of cardinality . A graph (V, X) is called bipartite if the vertex
set can be decomposed as V' = V3 U V5 such that all edges go between V; and
Vo (in this case V5 and Vs are called the bipartition classes). K, » denotes
the complete bipartite graph with bipartition classes of cardinality x and A,
respectively.

We also make the following definition. Given a class F of graphs, a univer-
sal graph in F is a graph X € F such that every graph X € F is (isomorphic
to) a subgraph of Xo. If Xy € F is such that every X € F appears as an
induced subgraph in X then it is a strongly universal graph.

Many problems from this section are used elsewhere in the book. Problem
8 is particularly useful if one wants to deduce a conclusion for infinite sets
provided one knows it for all finite subsets. It states the compactness property
for graph coloring.

There are some more problems on infinite graphs in Chapter 24.

1. An infinite graph or its complement includes an infinite complete sub-
graph.

2. The pairs of w are colored with & < w colors. Then there is a partition of
w into k parts such that the ith part is a finite or one-way infinite path
in color i.

3. If X is a graph on kK > w vertices then either X or its complement includes
a topological K.

4. If the degree of every vertex in a graph is at most n < w, then the graph
can be colored with n + 1 colors.

5. If the degree of every vertex in a graph is at most £ > w, then the graph
can be colored with & colors.

6. If the vertex set of a graph has a well-ordering in which every vertex is
joined to fewer than k smaller vertices, then the graph is x-colorable.

7. Let K > w. If the vertex set of a graph has an ordering in which every
vertex is joined to fewer than s smaller vertices, then the graph is k-
colorable.
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(de Bruijn—Erdds theorem) If, for some n < w, every finite subgraph of
a graph X is n-colorable, then so is X.

. A graph is finitely chromatic if and only if every countable subgraph is

finitely chromatic.

Let X be a graph on some well-ordered set. Then X is finitely chromatic
if and only if every subset of order type w is finitely chromatic.
Construct a graph X on w? such that every subgraph of order type w; is
countably chromatic yet X is uncountably chromatic.

Given the graphs (V, X) and (W,Y") form their product X x Y as follows.
The vertex set is V' x W, and (z,y) is joined to (z’,y') if and only if
{z,2'} € X and {y,y'} € Y. If the chromatic number of (V,X) is the
finite k and the chromatic number of (W,Y) is infinite, then the chromatic
number of (V x W, X xY) is k.

(a) If the vertices of a graph (V, X) are partitioned as {V; : i € I'} and X,
is the subgraph induced by V; then Chr(X) < 3" Chr(X;).

(b) If the edges of a graph (V,X) are decomposed into the subgraphs
{X; :i € I}, then Chr(X) <[] Chr(X;).

Assume that X is a bipartite graph with bipartition classes A and B and

for every € A the set I'(x) of the neighbors of x is finite. Then there is a

matching of A into B in X if and only if for any finite subset {z1,..., 2%}
of A the set I'(x1) U---U '(x) has at least k elements.

Assume that p,q > 1 are natural numbers and X is a graph as in the
preceding problem. There is a function f : E — {0,1,...,p} on the edge

set E such that
Y fle)=p (ze€A),

e: rece
> fle)<q (yeB)

e: yce
if and only if the following condition holds: for any k-element finite subset
{x1,...,2} of A, the set I'(x1)U---UI'(x)) has at least pk/q elements.
A graph X is planar if and only if
(a) X includes no topological K5 or K3 3;
(b) X has only countably many vertices with degree at least 3;
(¢) X has at most continuum many vertices.
(A graph is planar if it can be drawn in the plane where the vertices are
represented by distinct points, the edges by noncrossing Jordan curves.)

A graph is spatial (it can be represented as in the previous problem but
in the 3-space) if and only if it has at most continuum many vertices.

For an infinite cardinal x the complete graph on k™ vertices is the union

of  forests but the complete graph on (k%)™ vertices is not.



98

19.

20.
21.
22.

23.
24.
25.

26.

27.

28.

29.

30.

31.
32.

33.

Chapter 23 : Infinite graphs Problems

The edge set of a graph can be decomposed into countably many bipartite
graphs if and only if the chromatic number of the graph is at most c.

There exists a strongly universal countable graph.
There is no universal countable K, -free graph.

There is no universal countable locally finite graph (that is, in which every
degree is finite).

There is no universal Ky,-free graph of cardinality c.
For every infinite cardinal x there is a k-chromatic, triangle-free graph.

Define a graph (w$, X) on the set w} in such a way that («,3,7) and
(o, 3,7") are connected if and only if « < B < o < v < @ <4 or
o < B <a<v <pB <~ Then A C w} spans a countable chromatic
subgraph if and only if its order type (in the lexicographic ordering) is
< wi)’.

If (V, X) is a graph on the ordered set (V, <) we define the following graph
(V',X"). The vertex set is V/ = X. We create the edges X' as follows.
The edge {z,y} with 2 < y is joined to the edge {z,t} with z < ¢ if and
only if either y = z or = ¢ holds.

(a) Chr(X’) < k if and only if Chr(X) < 2~.

(b) If (V, X) does not include odd circuits of length 3,5,...,2n — 1 then
(V’, X") does not include odd circuits of length 3,5,...,2n + 1.

(¢) For every natural number n and cardinal k there is a graph with
chromatic number greater than x, and not including odd circuits of
length 3,...,2n + 1.

There is an uncountably chromatic graph all whose subgraphs of cardi-
nality at most ¢ are countably chromatic.

If 2% = 2%1 = Ny, 282 = N3, then there is a graph with chromatic number
Ny with no induced subgraph of chromatic number N;.

Every uncountably chromatic graph includes K, x, for all finite n, the
complete bipartite graph with bipartition classes of size n, X1, respectively.
In particular, it includes circuits of length 4,6, .. ..

Every uncountably chromatic graph includes every sufficiently long odd
circuit.

Every uncountably chromatic graph includes an infinite path.

Assume that X is an Nj-chromatic graph on the vertex set V. Then V
can be decomposed into the union of X; disjoint subsets each spanning a
subgraph of chromatic number X;.

Assume that X is an uncountably chromatic graph on the vertex set V.

Then V' can be decomposed into the union of two (or even Ng) disjoint
subsets each spanning a subgraph of uncountable chromatic number.
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35.

36.
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38.

39.

The following graph (V, X) is uncountably chromatic. The vertex set is
V= {f : o — w injective, a < wl},

and two functions are joined if one of them extends the other.

If the set system H consists of finite sets with at least two elements and
|AN B| # 1 holds for A, B € H then H is 2-chromatic.

Assume that the set system H consists of countably infinite sets such that
|ANB| # 1 holds for A, B € H. Then H is w-chromatic but not necessarily
finitely chromatic.

Assume that H is a system of Ny three-element sets no two intersecting
in two elements. Then H is w-colorable.

Consider the graph G, , with vertex set S™ (the unit sphere of R"*!)
and two points are connected if their distance is bigger than «. Then
Chr(Gpa) > n+ 2 for all @ < 2, and Chr(Gp,o) = n+ 2 for a < 2
sufficiently close to 2.

For a < 1/2 let the vertices of the graph G be those measurable subsets
E C [0,1] which have measure «, and let two such subsets be connected
if they are disjoint. Then the chromatic number of G is Ng.
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Partition relations

In partition calculus transfinite generalizations are obtained for the (infinite)
Ramsey theorem: if 2 < k,r < w and the r-tuples of some infinite set are
colored with k colors, then there is an infinite subset, all whose r-element
subsets get the same color (Problem 2).

If X isaset and f: [X]" — I is a coloring (partition) of its r-tuples, then
Y C X is called homogeneous or monochromatic with respect to f if there is
an ¢ € I such that f({yl, e ,yr}) = ¢ holds for all {yi,...,y-} € [Y]". We
usually contract the notation f({yl, e ,yr}) to f(y1,...,yr). The partition
relation Kk — ()\); expresses that if the r-tuples of a set of cardinality x are
colored with p colors then there is a monochromatic subset of cardinality A
(Rado’s notation). If this statement fails, then we write & / (\),. With this
notation the infinite Ramsey theorem reads as w — (w)}, for r, k finite.

This branch of combinatorial set theory investigates how large homoge-
neous set can be guaranteed for a given coloring. The most important result
is the Erdés-Rado theorem stating that exp,. (k)™ — (k7)7"*! holds when &
is an infinite cardinal and 1 < r < w (Problem 25). Here exp, denotes the r-
fold iterated exponential function, i.e., expy(k) = Kk, exp; (k) = 2, expy(K) =
22" ., etc. These values are sharp.

In this chapter we consider this basic result and various generalizations
and variants. We present applications to point set topology, some problems of
this chapter will also be used elsewhere in the book.

A tournament is a directed graph in which between any two vertices there
is an edge in one and only one direction.

1.If 2 < k < w, then w — (w)2; i.e., if we color the edges of an infi-
nite complete graph with finitely many colors, then there is an infinite
monochromatic subgraph.

2. (Ramsey’s theorem) If 1 <r < w, 2 < k < w, then w — (w)}. That is, if

we color the r-tuples of an infinite set by finitely many colors, then there
is an infinite monochromatic set.
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. Every infinite partially ordered set includes either an infinite chain or an

infinite antichain (i.e., either an infinite ordered set or an infinite set of
pairwise incomparable elements).

. Every infinite ordered set includes either an infinite increasing or infinite

decreasing sequence.

. If X is an infinite planar set, then there is an infinite convex subset Y C X,

that is, no point in Y lies in the interior of a triangle formed by three other
elements of Y.

. Every infinite tournament includes an infinite transitive subtournament.

. If X is an infinite directed graph with at most one edge between any two

vertices, then either there is an infinite independent set, or there is an
infinite, transitively directed subgraph.

. The edges of a complete directed graph of cardinality continuum can be

colored by w colors so that there are no connected edges of the same color
(two edges are connected if the endpoint of one is the starting point of
the other).

. If f:[w]®> = w is a coloring such that for every i < w there is a finite set

A; with f(i,7) € A; (i < j <w), then there is an infinite set A C w which
is endhomogeneous, that is, in A, f(i,j) only depends on .

If f is a coloring of [w]? with no restriction on the colors, then there is an
infinite H C such that either

(a) H is homogeneous for f, or

(b) if x <y, 2’ <y are from H, then f(x,y) = f(2',y’) if and only if
r =1, or

(¢) if x <y, 2’ <y are from H, then f(z,y) = f(«/,y’) if and only if
y=1y or

(d) the values { f(z,y) : {z,y} € [H]?} are different.

Let f: w — w be a function with f(r) = oo (r — o). Assume that for

every 1 < r < oo H, colors [w]” with finitely many colors. Then there is

an infinite X C w such that H, on [X]" assumes at most f(r) values. The

statement fails if f(r) 4 oo.

There is a constant ¢ with the following property. If f : [w]? — 3 is a

coloring, then there is an infinite sequence ag < a1 < - - - with a,, < ¢” for

infinitely many n such that f assumes only two values on this sequence.

2

If x is an uncountable cardinal, then x — (k,Ng)?. That is, if f : [k]? —
{0,1}, then either there is a set of cardinality x monochromatic in color 0
or else there is an infinite set monochromatic in color 1. Show this when
K is

(a) regular,

(b) singular.
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For cardinals A > 2, kK > w order the k — A functions lexicographically.
There is no decreasing sequence of length x*. There is no increasing se-
quence of length max(x, \)™.

If (A, <) is an ordered set, |A| < 2%, then there is some f : [A]? — & with
no z <y < z such that f(x,y) = f(y, 2).

There is an uncountable tournament with no uncountable transitive sub-
tournament.

(Todorcevic) There is a function F : [w1]? — wi such that for every

uncountable X C w; F assumes every element of w; on [X]2.

If Kk > Ny is a cardinal, » > 1 a natural number and f is a coloring of the
(r+1)-tuples of (27)" with  colors, then there is a set X C (27)", | X| =
kT on which f is endhomogeneous, that is, for z; < -+ - < 2, <y < ¢/
from X, f(z1,...,2r,y) = f(z1,...,2r,y") holds.

If Kk > Ny is a cardinal, then (2"‘)+ — (/@‘*‘)i. That is, if the pairs of
(2")Jr are colored with s colors, then there is a homogeneous subset of
cardinality 7.

2
If Kk > Ny is a cardinal, then (2")+ — ((2")+,(/<V+)K) . That is, if

f 1 (2)" — &k, then either there is a homogeneous subset in color 0
of cardinality (2%)" or else there is a homogeneous subset in some color
0 < a < & of cardinality ™.

If k is an infinite cardinal and {fa < (2")+} is a sequence of ordinal-
valued functions defined on x, then there is a pointwise increasing subse-
quence of cardinality (2")+, that is, there is a set Z C (2"””)+, |Z| = (2")+

such that f,(§) < f3(£) holds for a < 8, o, 8 € Z, £ < k.

If X is a set then | X| < c if and only if there is an “antimetric” on X, i.e.,
a function d : X x X — [0,00) which is symmetric, d(z,y) = 0 exactly
when z = y, and for distinct z,y, z € X for some permutation z’, %', 2’ of
them d(z’, 2’) > d(2',y) + d(y’, z’) holds.

2% £ (kT)3. That is, if |[S| = 2%, then there is f : [S]> — {0,1} with no
monochromatic set of size k7.

2% 4 (3)2. That is, if |S| = 2%, then there is f : [S]? — s with no
monochromatic triangle.

(Erdés-Rado theorem) If x is an infinite cardinal, set expy(x) = & and
then by induction exp, (k) = 29P-(®) If k > N is a cardinal, then
exp,.(k)T — (kT)7F1. That is, if the (r+ 1)-tuples of exp,.(x)T are colored
with x colors, then there is a homogeneous subset of cardinality x*.

If k is an infinite cardinal, r < w, there is a function f : [expr(ﬁ)]r+1 — K

such that if 2o < x1 < -+ < Zpq1, then f(xo, ..., 2r41) # f(T1,. .., Try2),
specifically, exp,.(k) /4 (r + 2)7 L.
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27. Let £ be an infinite cardinal, |A] = k%, |B| = (kT)", and k finite. If
f: Ax B — Kk, then there exist A* C A, B’ C B, |A'| = |B’| = k such
that A’ x B’ is monochromatic.

28. If |A] = Ry, |B| = Ng, k is finite, f : A x B — k, then there exist A’ C A,
B’ C B, |A’| =|B’| =Yg such that A’ x B’ is monochromatic.

29. (Canonization) Assume A is a strong limit singular cardinal and S, a set
of cardinality A is partitioned as S = |J{S : & < pu} where p = cf ()
and each S, is of cardinality < \. Assume that f : [S]? — & with k < .
Then there is a set X C S, |X| = A, on which f is canonical in the sense
that if 2, y € X then f(x,y) is fully determined by «, 8 where o, 8 <
are those ordinals with z € S, y € S3.

30. If X is a strong limit singular cardinal with cf (\) = w, 3 < k < w, then
A — [A]7 holds, that is, if f : [A\]> — k then on some subset of cardinality
A f assumes at most two values.

31. For a set I of indices let the sets {A;,B; : i € I} be given with |A4;],
|Bi| <k and A; N Bj = 0 if and only if i = j. Then |I| < 2%.

32. If k > w is regular, then kK — (k,w + 1)2. That is, if f : [k]> — {0,1},
then either there is a set of order type x monochromatic in color 0 or else
there is a set of order type w + 1 monochromatic in color 1.

33. For k < w, w; — (w+ 1)7. That is, if we color [w1]? with k colors, then
there is a monochromatic set of order type w + 1.

34. If k < w and X denotes the order type of the reals, then A — (w + 1)
holds. That is, if f : [R]? — k, then there is a monochromatic set of order
type w + 1.

35. Assume that £ > w is a cardinal for which k — ()3 holds. Then « is
(a) regular,
(b) strong limit (i.e., if A < x then 2* < k),
(¢) not the least cardinal with (a) and (b).

36. Define, for k£ < w, by transfinite recursion on o < wj, the notion of
semihomogeneous coloring f : [S]? — k for every (S, <) of order type w®.
For a = 0, no condition is imposed. For o = §+1, f is semihomogeneous if
and only if there is a decomposition S = SoUS; U--- with Sy < S < -- -,
each S; having order type w?, f is semihomogeneous on every S;, and
gets the same value on all pairs between distinct S;’s. For « limit, f is
semihomogeneous if and only if there is a decomposition S = SoUS; U---
where Sy < S1 < ---, with S; of order type w® where ag < a3 < ---
converges to «, f is semihomogeneous on every S;, and gets the same
value on all pairs between distinct S;’s. Then given § < wq, k < w, there
exists a < wy, such that every semihomogeneous coloring of [w®]? with k
colors includes a homogeneous set of type S.
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37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

If V, a vector space over Q with |V| > Ny, is colored with countably
many colors, then there is a monochromatic solution of x +y = z+u with
pairwise distinct z, y, z, u.

If V, a vector space over Q with |V| > ¢ is colored with countably many
colors, then there is a monochromatic solution of x + y = z with z, y, 2
different from zero and each other. This is not true for |V| < c.

If (X, T) is a Hausdorff topological space with a dense set of cardinality
K, then | X| < 2%".

If (X, 7) is a Hausdorff topological space with |X| > 22" then there is a
discrete subspace of cardinality 1.

If (X, T) is a hereditarily Lindelof Hausdorff topological space, then | X| <
¢ (“hereditarily Lindel6f” means that every open cover of any subspace
includes a countable subcover).

If (X, T) is a first countable Hausdorff topological space with no uncount-
able system of pairwise disjoint, nonempty open sets, then | X| < ¢ (“first
countable” means that for every point in the space there is a countable
family {U; }i<. of neighborhoods of = such that every neighborhood of x
includes a Uj;).

If the elements of P (w) are colored with countably many colors, then there
is a monocolored nontrivial solution of X UY = Z.

There is a set S such that if the elements of P(S) are colored with
countably many colors, then there is a monocolored nontrivial solution
of XUY = Z with X, Y disjoint.

For every set S there is a coloring of P(S) with countably many colors
such that there do not exist pairwise disjoint Xy, X1,... C S with all
nonempty, finite subunions in the same color class.

For every infinite set S there is a coloring f : [S]® — {0,1} of the
countably infinite subsets of S with two colors that admits no infinite

homogeneous subset, i.e., K 4 (Rg)5° holds for any r.
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A-systems

Regarding the inclusion relation the simplest possible family is a family of
pairwise disjoint sets. Often, from a family of sets one would like to select
a subfamily with such a simple structure, however, with pairwise disjoint
sets this is not always possible. A possible remedy is the selection of a A-
system, where {A; : i € I'} is called a A-system (or a A-family) if the pairwise
intersections of the members is the same; A;NA; = S for some set S (for i # j
in I). Thus, a A-system has a simple structure: all sets in it have a common
core, and outside this common core the sets are disjoint.

In this chapter we consider the problem how large A-systems can be se-
lected from a given family of sets. As an application we shall obtain in Prob-
lem 5 that in no power of R (regarded as a topological space) can one find an
uncountable system of pairwise disjoint open sets.

1. An infinite family of n-element sets (n < w) includes an infinite A-
subfamily.

2. An uncountable family of finite sets includes an uncountable A-subfamily.

3. Let F be a family of finite sets, x = |F| a regular cardinal. Then F has a
A-subfamily of cardinality . This is not true if k is singular.

4. Is it true that every family F of finite sets with |F| = Ny is the union of
countably many A-subfamilies ?

5. Let A, B be arbitrary sets, let B be countable, and let F'(A, B) be the set
of all functions from a finite subset of A into B. Then among uncount-
ably many elements of F(A, B) there are two which possess a common
extension.

6. Consider the topological product of an arbitrary number of copies of R,
regarded as a topological space. In this space there are no uncountably
many pairwise disjoint nonempty open subsets.

7. If {Ay : @ < wi} is a family of finite sets, then {A, : @ € S} is a
A-subsystem for some stationary set S.
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8.

10.

11.

Chapter 25 : A-systems Problems

(a) Let F be a family of countable sets, |F| = ¢*. Then F has a A-
subfamily 7' C F with |F'| = ct.

(b) Let F be a family of sets of cardinality < u, with A = |F| regular and
with the property that £ < X implies * < A (for example, A\ = (2#)1).
Then F has a A-subfamily of cardinality A.

. For p infinite, there is a set system of cardinality 2, consisting of sets of

cardinality p, with no 3-element A-subsystem.

For a set I of indices the sets {A;, B; : ¢ € I} are given with |A4;|, |B;] < p
and A; N B; = () holds if and only if ¢ = j. Then [I| < 2V,

Assume that A > k > w and F is a family of cardinality A of sets of
cardinality < k. Then there is a subfamily F' C F of cardinality A such
that

U “anB)<a
A#BeF
assuming that either

(a) A is regular or
(b) GCH holds.
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Set mappings

In the following problems a set mapping is a function f : S — P(.S) for some
set S (or, in some cases, f : [S]" — P(S) for some set S and some finite
n > 2) usually with some restriction on the images. We shall always assume,
even if we do not explicitly mention it, that « ¢ f(x) (or, in the other case,
T1yeooyZn & fl21,...,25)). Given a set mapping f : S — P(S5) a free set is
some set X C S with o ¢ f(y) for z,y € X. (If f : [S]™ — P(S) then the
condition is that y ¢ f(z1,...,z,) for y,z1,...,z, € X).

A basic problem for set mappings is how large free set can be guaranteed
under a set mapping. In what follows we shall consider both positive and
negative results on this problem.

1. Assume that f: R — P(R) is a set mapping with « ¢ f(z). Then there
is a free set that is

(a) of the second category,
(b) of cardinality continuum.

2. There is a set mapping f : R — P(R) with f(z) bounded, but with no
2-element free set.

3. There is a set mapping f : R — P(R) with |f(z)| < ¢ and with no
2-element free sets.

4. If f: R — P(R) is a set mapping with f(z) nowhere dense, then there is
always an everywhere dense free set.

5. Assume that f : R — P(R) is a set mapping such that |f(z)| < c, f(x)
not everywhere dense in R. Then there is a 2-element free set. Is there a
3-element free set?

6. Assume that f: R — P(R) is a set mapping such that f(z) is always a
bounded set with outer measure at most 1. Then for every finite n there
is an n-element free set.



110

7.

10.

11.

12.

13.

Chapter 26 : Set mappings Problems

(CH) There is a set mapping f : R — P(R) such that for every real
number z € R the image f(z) is a sequence converging to x, yet there is
no uncountable free set.

. Assume u < k are infinite cardinals with x regular. Let f : k — [5]<* be

a set mapping. There is a free set of cardinality « if x is
(a) regular (S. Piccard),
(b) singular (A. Hajnal).

. Assume that f : § — P(S) is a set mapping with |f(z)| < k for some

natural number k. Then S is the union of at most 2k + 1 free sets.

Assume that f : S — P(S5) is a set mapping with |f(x)| < p for some
infinite cardinal p. Then S is the union of at most u free sets.

Assume that f : w; — P(wy) is a set mapping such that f(z) N f(y) is
finite for  # y. Then for every a < w; there is a free subset of type a.
Assume that f: [S]¥ — [S]<“ is a set mapping for some set S where k is
finite. If |S| > N, then there is a free set of size k + 1, but this is not true
if ‘Sl < Np.

If f:[S]? — [S]<¥ is a set mapping on a set S of cardinality X, then for
every n < w there is a free set of size n.
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Trees

In this chapter we consider the somewhat technical but important notion of
tree. We start with Koénig’s lemma, whose easy yet powerful statement can
be formulated as: if there will be infinitely many generations, then there is an
infinite dynasty. Then we proceed to higher equivalents, that is, to Aronszajn
trees and variants.

A tree (T, <) is a partially ordered set in which the set T, = {y : y < =}
of the elements smaller than « is well ordered for every x € T'. The order type
o(z) of T<,, denotes how high the element x is in the tree: those elements with
o(z) = « form the ath level T, of T. In order to be reader-friendly, we will
occasionally use the nonstandard but self-explanatory notation 7, = {y :
z<yh Tea =U{Ip: B < a}, Tsa = U{Is : a < B}, etc. The height, h(T')
of T, is the least @ with T, = 0. An a-branch of a tree (T, <) is an ordered
subset b C T, that intersects every level T3 (5 < ) (in exactly one point).

A tree (T, <) is normal if

(A) for every xz € T, T, contains elements arbitrary high below h(T');

(B) if x € T, then there exist distinct y,y" with z < y, x < ¢/, o(y) =
oly') = ofx) + 1;

(C) if a < h(T) is a limit ordinal, x # &’ € Ty, then T # Ty

If s < t, then we call t a successor of s, s a predecessor of t. If s < t or
t < s holds, then we call s, t comparable. If neither s < t nor ¢ < s holds, then
s, t are incomparable. If s < t and there are no further elements between s
and ¢ (i.e., they are on consecutive levels of the tree), then ¢ is an immediate
successor of s, s is an immediate predecessor of t.

If k is a cardinal, a tree (T, <) is a r-tree if h(T) = k and |T,| < & holds
for every a < k.

An Aronszajn tree is an wi-tree with no w;-branches, and in general, a k-
Aronszajn tree is a k-tree with no k-branches. If every k-tree has a k-branch,
that is, there are no k-Aronszajn trees, then x is said to have the tree property.

In a tree (T, <) a subset A C T is an antichain if it consists of pairwise
incomparable elements. An wi-tree is special if it is the union of countably
many antichains.
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A subset D C T of a tree is dense if for every x € T there is a y € D with
x = y. A subset D C T of a tree is open if x <y, x € D imply that y € D.

An wq-tree is a Suslin tree if there is no wi-branch or uncountable antichain
in it.

Squashing a tree: if (T, <) is a tree, then we can transform it into an ordered
set as follows. Let <, be an ordering on T,. If x,y are distinct elements of
T, then set x <jx y if and only if either x < y or T, is “lexicographically
smaller” than T<,. That is, if T<, = {pa(z) : @ < o(z)} where p,(z) is the
only element of T<, on T, and T<y = {pa(y) : @ < o(y)} is the corresponding
set for y, then p,(x) <4 pa(y) holds for the least a where p,(z) # pa(y).
Notice that if (T, <) is normal then it suffices to define <, on Ty and for
every element s of T' on the set of immediate successors of s.

A Specker type is the order type of an ordered set that does not embed w1,
wj, or an uncountable subset of the reals.

A Countryman type is the order type of an ordered set (S, <) if S x S is
the union of countably many chains under the partial order (z,y) < (2’,y’) if
and only if z <z’ and y <X ¥/.

A Suslin line is a nonseparable ordered set that is ccc, that is, it does
not include a countable dense subset and every family of pairwise disjoint
nonempty open intervals is countable.

There are two more notions of trees: in Chapter 31 what we call trees
are certain trees of height w and of course in graph theory the connected,
circuitless graphs are called trees.

1. (Konig’s lemma) w has the tree property, that is, if every level of an infinite
tree is finite, then there is an infinite branch.

2. There is a tree T of height w, with |T,,| = Nq for every n < w such that T
has no infinite branch.

3. If an infinite connected graph is locally finite (every vertex has finite
degree), then it includes an infinite path.

4. Suppose that H is an infinite set of finite 0—1 sequences closed under
restriction, that is, if a;---a, € H, then a;---a,, € H holds for every
m < n. Then there is an infinite 0-1 sequence all whose (finite) initial
segments belong to H.

5. Let A;, i < w be finite sets and let f;, € [[,_, A;i for k = 0,1,.... Then
there is an f € [];_,, Ai such that on any finite set S C w the function f
agrees with one of the fi’s (i.e., flg= fk‘S)'

6. An infinite bounded set of reals has a limit point.

7. Given the natural numbers r, k, and s there is a natural number n such
that if all -tuples of {0,1,...,n—1} are colored with & colors, then there is
a homogeneous subset increasingly enumerated as {a1,...,a,} withp > s
and also with p > ay.



Problems Chapter 27 : Trees 113

8.

10.

11.
12.
13.
14.
15.

16.

17.

18.

19.
20.

21.

A domino is a one-by-one square, where the four sides are colored. Given
a collection D of dominoes with finitely many different color types, we
want to tile the plane with them, i.e., to place a domino on each lattice
point with its center on the lattice point, in a horizontal-vertical position
such that the common sides of neighboring dominoes have the same color.

(a) If for every n < w an n X n square has a tiling from D, then so has
the plane.

(b) If the plane has a tiling from D, then it has from D’, where D’ is
obtained from D by omitting those types that contain only finitely
many pieces.

. The vertex set of a locally finite graph can be partitioned into two sets,

A and B such that if for v, a vertex, d4(v), dg(v) denote the number of
vertices joined to v in A, B, respectively, then d4(v) < dp(v) if v € A
and da(v) > dp(v) if v € B.

(a) If a; + -+ + a, is a sum of positive reals, then there are indices 0 =
k(0) < k(1) < -+ < k(r) = n such that S; > --- > S, holds for the
subsums S; = ag(i_1)41 + - + gy and S; < 2v/af +--- + a2,

(b) If > a; is a divergent series of positive terms and Y a? < oo, then
there are indices 0 = k(0) < k(1) < --- such that S; > --- > S, holds
for the subsums S; = ag(i—1)41 + -+ + ar()-

There is an Aronszajn-tree.

There is a special Aronszajn-tree.

Every special w;-tree is Aronszajn.

If (T, <) is a tree, then (T, <jex) is an ordered set.

If (T, <) is an Aronszajn-tree, then the order type of (T, <jex) is a Specker

type.

There exist functions {e, : @ < w;} such that each e, : @ — w is injective

and for 8 < o the functions eg and €| are identical at all but finitely

many points.

The tree T = {e, EE B < a < wi} (with the functions of the previous
problem) is an Aronszajn-tree, where g < ¢’ if and only if ¢’ properly
extends g.

Let e, from Problem 16, and set S = {e, : @ < w;y}, where < is the
lexicographic ordering. Then the order type of S is a Countryman type.
Every Countryman type is a Specker type.

An wi-tree (T, <) is special if and only if there is an order preserving
[T, <) —(Q,<).

Assume that (T, <) is an wy-tree with a function f : T\ Ty — T such that

f(t) < t and for every ¢ and for every element s € T the set f~1(s) is the
union of countably many antichains. Then (T, <) is special.
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22. If a normal w;-tree (T, <) has no uncountable antichain, then it is a Suslin
tree.

23. If (T, <) is a Suslin tree then for all but countably many =z € T, the set
T>, is uncountable.

24. If there is a Suslin tree, then there is a normal Suslin tree.
25. There is a Suslin tree if and only if there is a Suslin line.

26. If (T, <) is a Suslin tree, D C T is dense, open then D is co-countable in
T.

27. If (T, <) is a normal Suslin tree, Doy, D1,... C T are dense, open sets,
then Do N Dy N--- is also a dense, open set.

28. If (T, <) is a Suslin tree, A C T is uncountable then A is somewhere dense,
i.e., there is some t € T such that for every x = ¢ there is y = z, y € A.

29. If (T, <) is a normal Suslin tree, f : T — R preserves <, then f has
countable range. There is no such f that preserves <.

In Problems 30-31 we consider the topology of the tree (T, <) generated by
the open intervals, i.e., of the sets of the form (p,q) = {t € T : p <t < ¢}.
This amounts to declaring ¢t € T, isolated if & = 0 or successor, and if «
is limit then the sets of the form (s,t] (s < t) give a neighborhood base of
t.

30. If (T, <) is a normal Suslin tree, f : T" — R is continuous, then f has
countable range.

31. If (T, <) is a normal Suslin tree, then it is a normal topological space.

32. On a normal wy-tree (T, <) two players, I and II alternatively pick the
successive elements of the sequence ty < t; < --- with I choosing tg. I
wins if and only if there is an element of T above all of tg,1,.. ..

(a) T has no winning strategy.
(b) If (T, <) is special, IT has winning strategy.
(¢) If (T, <) is Suslin, IT has no winning strategy.
33. If k is regular, A < k, (T, <) is a k-tree with |T,| < X for @ < K then
(T, <) has a s-branch. This is not true if  is singular.

34. If, for some regular kK > w, there is a x-Aronszajn tree, then there is a
normal one.

35. If (T, <) is a k-tree for some regular cardinal «, then the following are
equivalent.

(a) (T, <) has a k-branch.
(b) (T, <1ex) includes a subset of order type k or £*.
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36.

37.

38.

39.

40.

41.

42.
43.

44.

There exists a xT-Aronszajn tree if [, holds, that is, for every limit
a < kT there is a closed, unbounded subset C,, C « of order type < &
such that if 3 < « is a limit point of Cy, then Cg = Cy, N B.

There exists a xT-Aronszajn tree if x is regular and 2# < k holds for
n < K.

k has the tree property if x is real measurable (see Chapter 28).

Assume that & is a singular cardinal such that for every A < k there is an
ultrafilter Dy on the subsets of £ such that if A € D then |A| = kT and
if Ay € Dy (a <) then (N, Aq € D). Then £ has the tree property.

If & — (k)3 then every ordered set of cardinality  includes either a well-
ordered or a reversely well-ordered subset of cardinality .

If every ordered set of cardinality x includes either a subset of order type
k or a subset of order type x*, then k is strongly inaccessible.

If k has the tree property, then & is regular.

If k is the smallest strong limit regular cardinal bigger than w, then x

does not have the tree property.

For an infinite cardinal x the following are equivalent.

(a) & — (k)3

(b) k= (k)% for any 0 < k and n < w,

(¢) k is strongly inaccessible and has the tree property,
)

(d) in any ordered set of cardinality x there is either a well-ordered or a
reversely well-ordered subset of cardinality k.
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The measure problem

It has always been an important problem to measure length, area, volume,
etc. In the 19th and 20th centuries various measure and integral concepts
(like Riemann and Lebesgue measures and integrals) were developed for these
purposes and they have proved adequate in most situations. However, it is
natural to ask what their limitations are, e.g., to what larger classes of sets
can the notion of Lebesgue measure be extended by preserving its well-known
properties. The standard proof for the existence of not Lebesgue measurable
set in R (using the axiom of choice!) shows that there is no nontrivial trans-
lation invariant o-additive measure on all subsets of R. It was S. Banach
who proved that in R and R? there is a finitely additive nontrivial isometry
invariant measure. If we go to R3, then the situation changes: by the Banach—
Tarski paradox (Chapter 19) a ball can be decomposed into two balls of the
same size; therefore, there is no nontrivial finitely additive isometry invariant
measure on all subsets of R™ with n > 3.

In this chapter we discuss the problem when we do not care for translation
invariance, but want to keep o-additivity or some kind of higher-order addi-
tivity. Let X be an infinite set. By the phrase “u is a measure on X” we mean
a measure p : P(X) — [0,1] on all subsets of X. Such a measure is called
nontrivial if 4(X) =1 and u({z}) = 0 for each x € X. Since we shall only be
interested in nontrivial measures, in what follows we shall always assume that
the measures in question are nontrivial (hence we exclude discrete measures,
which are completely additive). u is called k-additive if for any disjoint family
Y;, i € I of fewer than « sets (i.e., |[I| < k) we have pu(UierYs) = > ;o u(Y3).
The right-hand side is defined as the supremum of its finite partial sums, and,
as a consequence, on the right-hand side only countably many u(Y;) can be
positive. Instead of w-additivity we shall keep saying “finite additivity” and
instead of wy-additivity we say “o-additivity”.

It turns out (see Problems 8, 9) that the first cardinal x on which there is a
o-additive measure has also the stronger property that it carries a x-additive
measure as well. A cardinal k > w is called real measurable if there is a x-
additive [0, 1]-valued measure on k. It is called measurable if there is such a
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measure taking only the values 0 and 1. Real measurable but not measurable
cardinals are at most as large as the continuum (Problem 7), but measurable
cardinals are very large, their existence cannot be proven in ZFC (Zermelo—
Fraenkel axiom system with the axiom of choice). On the other hand, R.
Solovay proved in 1966 that if ZFC is consistent with the existence of a real
measurable cardinal, then

e ZFC is consistent with the existence of a measurable cardinal,
e ZFC is consistent with ¢ being real measurable,

e ZF is consistent with the statement that all subsets of R are Lebesgue-
measurable.

In the present chapter we discuss a few properties of measurable cardinals.
One of the main results in this subject is the existence of a normal ultrafilter
on any measurable cardinal (Problem 14), which has the easy consequence
that all measurable cardinals are weakly compact, that is, & — (k)3 holds for
them. A stronger Ramsey property will be established in Problem 16.

In analogy with k-additivity of measures let us call an ideal k-complete
if it is closed for < x unions and a filter k-complete if it is closed for < &
intersections. Recall that an ideal/filter on a ground set X is called a prime
ideal/ultrafilter if for all Y C X either Y or X \ Y belongs to it (and this
is equivalent to the maximality of the ideal/filter). A prime ideal Z C P(X)
is called nontrivial if it contains all singletons {z}, x € X, and an ultrafilter
F C P(X) is called nontrivial if it does not contain any of the {z}, z € X.

In the problems below all measures, prime ideals, and ultrafilters
will be assumed to be nontrivial.

1. On any infinite set there is a finitely additive nontrivial 0—1-valued mea-
sure.

2. Let X be an infinite set and k > w a cardinal. The following are equivalent:

e there is a k-additive 0—1-valued measure on X
e there is a xk-complete prime ideal on X;
e there is a k-complete ultrafilter on X.
3. There is no o-additive [0,1]-valued measure on wy (i.e., N; is not real
measurable).

4. If R is decomposed into a disjoint union of ¥y sets of Lebesgue measure
zero, then some of these sets have nonmeasurable union.

5. If k is real measurable, then it is a regular limit cardinal.

6. If there is a [0, 1]-valued o-additive measure p on [0, 1] then there is such
a @ extending the Lebesgue measure. Furthermore, if p is k-additive for
some k, then so is [.
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7.
8.

10.
11.

12.

13.

14.

15.
16.

If k > c is real measurable, then it is measurable.

If k is the smallest cardinal on which there is a o-additive [0, 1]-valued
measure, then k is real measurable.

If x is the smallest cardinal on which there is a o-additive 0—1-valued
measure, then x is measurable.

There is no o-additive 0—1-valued measure on R.
If k is measurable, then it is a strong limit regular cardinal.

If k > 0 is a regular cardinal, then a filter F on k is called a normal filter
if for every F' € F and every f : F' — k regressive function f there is an
a < k such that f~1(a) € F.

Let k be regular. An ultrafilter F on & is normal if and only if it is closed
for diagonal intersection (see Problem 21.5).

Let x be regular and F a normal ultrafilter on k. Then F is k-complete
if and only if no element of F is of cardinality smaller than k.

If x is measurable, then on s there is a k-complete normal ultrafilter.
Prove this via the following outline.

(a) Let u be a k-additive measure on &, and for f,g € "k set f = g if
f(a) = g(a) for a.e. a (i.e., the p-measure of the set of the excep-
tional « is 0). Then this is an equivalence relation, and between the
equivalence classes f and g of f and g set f < g if f(a) < g(a) a.e.
This is a well-ordering on the set of equivalence classes “x /_.

(b) Let Y be the set of those functions f € *k for which f~1(«) is of
measure 0 for all « € k, and let fy € Y be such that its equivalence
class is minimal in Y,_. Then F = {F : f;'[F] is of measure 1} is

a k-complete normal ultrafilter on k.
If k is measurable, then kK — (k)7 for any r < w and o < k.

If k is measurable, then £ — (k)5¢ for any o < &, i.e., if we color the
finite subsets of k by ¢ < k colors then there is a set A of cardinality
k that is homogeneous in the sense that for every fixed » < w all the r
tuples of A have the same color (cardinals with the property £ — (k)¢
for 0 < k are called Ramsey cardinals).

The following problems lead to the existence of finitely additive isometry
invariant measures on all subsets of R and R2. First we deal with the case
when the whole space has measure 1, and then with the case that extends
Jordan measure (in this case the measure necessarily is extended-valued,
i.e., it is infinite on the whole space). Such measures are called Banach
measures. Note that by the Banach—Tarski paradox (see Chapter 19) in
R? (and in R™ with n > 3) there is no such measure.
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The construction of finitely additive isometry invariant measures on all
subsets runs parallel with the construction of additive positive linear func-
tionals on the space of bounded functions, which is the analogue of inte-
gration. We shall also construct these so-called Banach integrals in R
and R? both in the normalized case (when the identically 1 function has
integral 1) and also in the case which extends the Riemann integral. Ac-
tually, Banach measures are obtained by taking the Banach integral of
characteristic functions.

Let B4 denote the set of all bounded real-valued functions on the set
A equipped with the supremum norm ||f|| = sup,c, |f(a)|. We call a
function I : B4y — R

e linear if for any fi1,fo € Ba, c1,c2 € R we have I(c1f1 + cafa) =
cil(f1) + c21(f2),

e nontrivial if I(1) = 1, where 1 denotes the identically 1 function,

e normed if it is nontrivial and [I(f)| < ||f] for all f € By,

e positive if it is nonnegative for nonnegative functions: I(f) > 0if f > 0.
Positivity is clearly equivalent to monotonicity: if f < g, then I(f) < I(g).
In what follows in statements (a)-(k) the adjective “normed” can be
replaced everywhere by “positive”, since a linear functional I for which
I(1) =1 is positive if and only if [I(f)| < || f]|-

If @ is a family of automorphisms of A, then we say that I is @-invariant
if I(f) = I(f,) for all f € B4 and ¢ € @, where f,(x) = f(¢(z)).

(a) There is a normed linear functional on By.

(b) There is a translation invariant normed linear functional I on By,
e, if g(n) = f(n+1), n € N, then I(f) = I(g) (such a functional is
called a Banach limit).

(¢) There is a translation invariant normed linear functional on Bz.

(d) For any finite n there is a translation invariant normed linear func-
tional on Bzn.

(e) If Aisan Abelian group and s, ..., s, € A are finitely many elements,
then there is a normed linear functional I on B4 that is invariant for
translation with any s; (i.e., if f;(x) = f(s; + z), then I(f;) = I(f)
forall 1 <j<n).

(f) If A is an Abelian group, then there is a translation invariant normed
linear functional on B4.

(g) If A is an Abelian group, then there is a finitely additive translation
invariant measure g on all subsets of A such that u(A) = 1. In par-
ticular, there is a finitely additive translation invariant measure p on

all subsets of R™ such that u(R"™) = 1.

(h) There is an isometry invariant normed linear functional on Bg.
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(i) There is a finitely additive isometry invariant measure p on all subsets
of R such that u(R) = 1.

(j) There is an isometry invariant normed linear functional on Bg:.

(k) There is a finitely additive isometry invariant measure p on all subsets
of R? such that p(R?) = 1.

In statements (1)—(p) we allow the measure to take infinite values, and in
these statements Bk, denotes the set of bounded functions on R" with
bounded support.

(1) There is a translation invariant positive linear functional on BY that
extends the Riemann integral.

(m) For every n there is a translation invariant positive linear functional
on B%n that extends the Riemann integral.

(n) There is a translation invariant finitely additive measure on all subsets
of R™ that extends the Jordan measure.

(o) For n = 1,2 there is an isometry invariant positive linear functional
on BY, that extends the Riemann integral (Banach integral).

(p) For n = 1,2 there is a finitely additive isometry invariant measure on
all subsets of R™ that extends the Jordan measure (Banach measure).
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Stationary sets in [A]<®

In this chapter we consider subsets of [\]<* where £ > w is regular and A > k.
X C [N\<" is called

e unbounded if for every P € [\]<" there exists some Q € X with P C @,

o closed if whenever a@ < k and {P3 : § < a} is an increasing transfinite
sequence of elements of X then (J{Ps: (< a} € X,

e a club set when it is both closed and unbounded.

If something is true for the elements of a closed, unbounded set, then we
say that it holds for almost every P € [A]<* (a.e. P). Similarly, if X C
[\]<*, then some property holds for almost every element of X if there is
a closed, unbounded set C' such that it holds for the elements of C' N X.
S C [A]<" is stationary if it intersects every closed, unbounded set. Otherwise,
it is monstationary.

As we shall see these notions extend the classical notion of club sets and
stationary sets. Most of the classical results from Chapters 20-21 have an
analogue in this setting, and the present generalization opens space for some
other questions as well.

We define x(P) = P Nk whenever it is < k, i.e., when P intersects £ in
an initial segment.

1. [A]<* is the union of k bounded sets.

2. The union of < k bounded sets is bounded again.

3. For every o < A the cone {P € [\]<" : « € P} is a closed, unbounded set.
In general, if @ € [A\]<", then {P € [A\]<® : Q C P} is a closed, unbounded
set.

4. Every stationary set is unbounded.

5. As all ordinals, specifically all ordinals < &, are identified with the initial
segment determined by them, x C [k]<" holds. A set A C & is stationary,
(or closed, unbounded) in the sense of k exactly if it is in the sense of
[H]</{.
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Chapter 29 : Stationary sets in [A]<" Problems

X C [A]<" is closed if and only if for every directed set Y C X of car-
dinality < &, [JY € X holds (Y is called directed if for any P, Py € Y
there is a P € Y such that P, U P, C P).

CIEf NS = [N]SR, then define C(f) = {P € [A\]<® : P is closed under f}.

(a) C(f) is a closed, unbounded set.
(b) If C is a closed, unbounded set, then C(f) \ {0} € C holds for an
appropriate f.

. The intersection of < k closed, unbounded sets is a closed, unbounded set

again.

. For a.e. P, kNP < k holds (that is, P intersects the interval £ in an

initial segment).

Given an algebraic structure with countably many operations (group, ring,
etc.) on A, a.e. P € [A]<" is a substructure.

Almost every P € [A]<" is the disjoint union of intervals of the type
[k a, k- a+ B) with g = k(P).

If {C, : « < A} are closed, unbounded sets, then so is their diagonal
intersection

VacxCo={PENF:ae P — PecC,}.

Assume that S C [A\]<" is stationary, f(P) € P holds for every P € S,
P # (). Then for some o < )\, f~1(a) is stationary.

Assume that S C [\]<" is stationary, f(P) € [P]<“ holds for every P € S.
Then for some s, f~1(s) is stationary.

If X C [\<F is a nonstationary set, then there exists a function f with
f(P) € [P]<* for every P € X such that f~!(s) is bounded for every
finite set s.

If C C & is a closed, unbounded set, then so is {P € [A\]<" : k(P) € C}.
If A is regular, C' C X is a closed, unbounded set, then

A={Pe[N~":sup(P)eC}

is again a closed, unbounded set.

If S C k is a stationary set, then so is {P € [A\]<" : k(P) € S}.

There is a stationary set in [wy] <Xt of cardinality Ns.

Every closed, unbounded set in [we]<®* is of maximal cardinality R5°.

Set Z = {P € [A]<" : k(P) = |P|}. (Remember the identification of
cardinals with ordinals!)

(a) Z is stationary.
(b) If S C Z is a stationary set, then it is the disjoint union of A stationary
sets.
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22.

23.

24.

Every stationary set in [A\|<" is the union of s disjoint stationary sets.
Prove this via the following steps. Let S be a counterexample.

(a) Every stationary S’ C S is also a counterexample.

(b) For almost every P € S, k(P) < |P| holds.

(¢) Assume that f(P) € P holds for every P € S, P # (). Then there is
some @ € [A]<* such that f(P) € Q holds for a. e. P € S.

(d) k is weakly inaccessible (a regular limit cardinal).

(e) If 8" C S is stationary, f(P) C P, |f(P)| < x(P) holds for P € S’
then there is some @ € [A]<" such that f(P) € @ holds for a. e.
Pes.

(f) For a. e. P € S, k(P) is weakly inaccessible.

(g) For a.e. P € S, SN [P]<*P) is stationary in [P]<*(").

(h)

(GCH) Set A = N,,, K = Ng. There is a stationary set S C [A]<* such that

every unbounded subset of S is stationary.

Get the desired contradiction.

For any nonempty set A call S C P(A) A-stationary if for every function

[ [A]<¥ — [A]=Y there is some B € S, B # () which is closed under f.

(a) S ={A}is A-stationary on A.

(b) If S is A-stationary on A, then A =JS.

(c) If A=\ > w is a cardinal, S C [\]<™t then S is A-stationary on X if
and only if it is stationary.

(d) If S is A-stationary, ) # B C A, then T = {PNB: P € S} is
B-stationary.

(e) If S is A-stationary, B DO A, then T = {P C B: PNA € S} is
B-stationary.

(f) If S is A-stationary, F'(P) € P holds for every P € S, P # (), then for
some z, the set F~!(z) is A-stationary.

o
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The axiom of choice

In this chapter we do not assume the axiom of choice.

We now enter a strange and interesting world. Strange, as our everyday
tools cannot be used; we no longer have the trivial rule for addition and
multiplication of two cardinals, and as some sets may not be well orderable,
we cannot always apply transfinite induction or recursion. Interesting, as we
are still able to prove some statements similar to the corresponding statements
under the axiom of choice, only it requires delicate arguments, and in some
cases we discover phenomena that can only hold if AC fails.

We can use the notion of a cardinal, in the naive sense, that is, without
the von Neumann identification of cardinals with ordinals. That is, we can
speak of the equality, sum, etc., of two cardinals.

AC, is the axiom of choice for countably many nonempty sets.

1. For no cardinal x does 2% = ¥, hold.

2. If ¢ is an ordinal, then there is a sequence (f, : w < a < ¢) such that
fa i@ X a— «is an injection.

3. If 0 < a < wo, then there is a surjection R — «.

4. There is a mapping from the set of reals onto a set of cardinality greater
than continuum if either

(a) every uncountable set of reals has a perfect subset, or
(b) every set of reals is measurable, or else
(c) (AC,) there are no two disjoint stationary subsets of wy.

5. Let C,, denote the axiom of choice for n-element sets. Then C,, implies
C,, if m is a multiple of n.

6. Cy implies Cy.
7. Co and Cg imply Cg.

8. If every set carries an ordering then C.,, (the axiom of choice for families
of finite sets) holds.
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9. Let k, A be cardinals, n a natural number, and assume that Kk +n = A+n
holds. Then x = A.

10. If kK > Ny, then Kk + Ry = k.
11. If Kk > 1, then kK + 1 < 2.
12. If k > Vg, then x + 2% = 2%,

13. Set k < A if and only if kK + A = A. This <« is transitive. Furthermore,
K < X holds if and only if Rox < A.

14. If k is of the form either x = N for some cardinal A or x = 2* for some
cardinal A > Ng, then k + k = k.

15. If a, b are cardinals and 2a = 2b, then a = b.

16. If & is an infinite cardinal then Ry < 22".

17. %y < 22%.

18. k- k < 22" holds for every cardinal .

19. (Hartogs’ lemma) If k is a cardinal then there is an ordinal H (k) with
|H(r)| < 22 such that |H(k)| £ &.

20. If k? = k holds for every infinite cardinal x then the axiom of choice is
true.

21. The generalized continuum hypothesis implies the axiom of choice. That
is, if for no infinite x exists a cardinal A with x < A < 2" then the AC
holds.

22. AC is implied by the following statement: if {A; : i € I} is a set of
nonempty sets, then there is a function that selects a nonempty finite
subset of each.

23. If every vector space has a basis, then the axiom of choice holds.
In the following problem, the chromatic number of graph G = (V, E) is
the minimal cardinality (if it exists) of the form |A| for which there is a
surjection f:V — A which is a good coloring, i.e., if x, y € V are joined,
then f(z) # f(y).

24. The axiom of choice is equivalent to the statement that every graph has
a chromatic number.

25. Hajnal’s set mapping theorem (Problem 26.8) implies the axiom of choice.
26. If R is the union of countably many countable sets, then so is w; and
cf (w1) = w.

27. ws is not the union of countably many countable sets.
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Well-founded sets and the axiom of foundation

In this chapter we investigate well-founded sets. These are partially ordered
sets where every nonempty subset has a least element (one with no predecessor
in the subset). These sets share many properties with the well-ordered sets.
We can, therefore, use some techniques developed for well-ordered sets, as
transfinite induction. In applications, e.g., in descriptive set theory, important
facts can be transformed into the existence (or nonexistence) of an infinite
decreasing chain in some specific partially ordered sets, which we call trees.
That these two properties are equivalent for any given partially ordered set
follows from the axiom of dependent choice (a weakening of the axiom of
choice), which says that if A is a nonempty set, R is a binary relation on A
with the property that for every element x € A there is some y € A such that
R(z,y) holds, then there is an infinite sequence xg, 1, ... of elements of A
such that R(zo, 1), R(x1,z2), ... hold.

The axiom of foundation (or regularity) says that if A is a nonempty
set, then there is some element z of it with £ N A = (. This claims that the
universe is well founded under € and that implies that it is possible to create
every set from the empty set by iterating the power set operation (cumulative
hierarchy).

In this chapter, we assume the axioms of choice and regularity, unless
indicated otherwise.

A class is a defined part of the universe which is not necessarily a set. If
a class is indeed not a set, then we call it a proper class. An operation is a
well-defined mapping on some part of the universe which is possibly not a
function, that is, it does not necessarily go between sets.

1. The following statements are equivalent:
(a) DC, the axiom of dependent choice;

(b) If the nonempty partially ordered set (P, <) has no minimal element,
then there is an infinite descending chain in (P, <),
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(¢) A partially ordered set is well founded iff there is no infinite descending
chain in it.
2. If (P,<) is a partially ordered set, then there is an order-preserving
ordinal-valued function f on P, that is, x < y implies f(z) < f(y) if
and only if (P, <) is well founded.

3. If (P, <) is a partially ordered set, then there exists a cofinal subset @ C P
such that (Q, <) is well founded.

4. Let (P, <) be a partially ordered set that does not include an infinite in-
creasing or decreasing sequence. Is it true that P is the union of countably
many antichains (an antichain is a set of pairwise incomparable elements)?

5. If (P, <) is a well-founded set, then there is a unique ordinal-valued func-
tion 7 (the rank function of (P, <)) with the properties

(a) if x <y, then r(z) < r(y),
(b) if @ = r(x) and 8 < «, then there exists some y < z with r(y) = 3.

For k a cardinal let FS(k) be the set of all finite strings of ordinals less than
k. We think the elements of FS(x) as finite functions from n to  for some
n < w and simply write s = s(0)s(1)---s(n — 1) (rather than using e.g.,
the ordered sequence notation). If s,¢ € FS(k) we set s < t if ¢t properly
extends s, and s<t if ¢ is a one-step extension of s. st is the juztaposition
of s and t; that is, if s = s(0)s(1)---s(n—1) t = t(0)¢(1) - - - ¢(m —1), then
st =s(0)s(1)---s(n—1)t0)t(1) - t(m — 1).

For Problems 6-10 we define a set T C FS(k) a tree if it is closed under
restriction, i.e., s < t € T implies that s € T. The nth level of T is
formed by those elements of length n. T is well founded if it does not
include an infinite branch, that is, if (T, >) is well founded in the original
sense. In this case, let R(T) be the ordinal assigned to the root (the empty
sequence) by Problem 5. (Notice that these trees are trees in the sense of
Chapter 27, only turned upside down.)

6. If T C FS(k) is a well-founded tree, then R(T) < x*. For every ordinal
a < k7 there is a well-founded tree T' C FS(x) with R(T) = a.

7. If T,T" are well-founded trees and R(T") < R(T”) then T' < T”, i.e., there
is a level and extension preserving (but not necessaily one-one) map from
T into T".

8. For any two trees, T and T” either T < T" or T < T holds.

9. Define the Kleene-Brouwer ordering <kp on FS(k) as follows. If s =
5(0)s(1)---s(n) and ¢t = ¢(0) - - - ¢(m), then s <kp t if and only if either
s properly extends t or s(i) < t(i) holds for the least ¢ where they differ.
This is an ordering on FS(k). A tree T C FS(k) is well founded if and
only if it is well ordered by <ks.
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10.

11.

12.
13.
14.

15.
16.
17.

18.

19.
20.

(Galvin’s tree game) Two players, W and B, play the following game.
They play on the isomorphic well-founded trees, Ty and Tg. At the be-
ginning both players have a pawn at the root of his/her own tree. At every
round first W makes a move with either pawn, i.e., moves it to one of the
immediate extensions of its current position, then B does the same with
one of the pawns. B may pass but W may not. The winner is whose pawn
first reaches a leaf (that is, queens).

(a) One of the players has a winning strategy.
(b) W has a winning strategy.

Exhibit two well-founded sets such that neither has an order-preserving
(not necessarily injective) mapping into the other.
A set (or possibly a class) A is transitive if x € A, y € x imply that y € A.

There is no set  with x € x.
There are no sets x, y with z € y and y € x.

For every natural number n, there is an n-element set A with the following
properties: if x,y € A, then either x € y, or x =y, or y € x, and if x € A,
y € x, then y € A. For a given n, can there be more than one such sets?

What are the transitive singletons?
The intersection and union of transitive sets are transitive.

Let A be a set. Define Ag = {A}, Apy1 =JA, forn=0,1,..., TC(A) =
AgUA; U- - - (the transitive closure of A). TC(A) is transitive and if A € B,
B is transitive, then TC(A4) C B.

(Cumulative hierarchy) Construct, by transfinite recursion, the following
sets. Vo = 0. Vay1 = P(V,). If a is a limit ordinal, then V, = J{V3: 8 <
at.

If a set « is an element of some V,, then z is a ranked set, and rk(z) (the
rank of z) is the least o with = € V.

(a) Every V,, is a transitive set.

Vs C V, holds for 8 < a.

rk(z) is always a successor ordinal.

If = is ranked and y € x, then y is also ranked and rk(y) < rk(z).
(e) If every element of x is ranked, then so is .

(f) The axiom of foundation holds if and only if every set is ranked.
Solve the equation X XY = X in sets X, Y.

If C is a proper class, then there is a surjection from C onto the class of
ordinals such that the inverse image of every ordinal is a

(a) set,
(b) proper class.
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21. Assume that C is a class, ~ is an equivalence relation on it. Then there
is an operation F defined on C such that F(z) = F(y) holds iff z ~ y is
true.

22. The axiom of choice is equivalent to the statement that every set can be
embedded into every proper class.

23. The following are equivalent.
(a) (The axiom of global choice) There is an operation F defined on all
nonempty sets, such that F(X) € X holds for every such set X.

(b) The universe has a well-ordering, that is, a relation < such that every
nonempty class has a <-least minimal element.

(¢) Moreover, < is set-like, that is, the predecessors of every set form a
set.

(d) If A, B are proper classes, then there is an injection of 4 into B.
(e) If A, B are proper classes, then there is a bijection between A and .
24. If k is an infinite cardinal, then H, = {z : |[TC(x)| < s} is a set (here
TC(x) is the transitive closure of z; see Problem 17).
25. (Mostowski’s collapsing lemma) Assume that M is a class, E is a binary
relation on M which is
(a) irreflexive, that is, x Ex holds for no z € M;
(b) extensional: if {z: zEz} = {z : 2Ey}, then z = y;
(c) well founded: there is no infinite E-decreasing chain, i.e., a sequence
{zp :n < w} with z, 41 Ex, for n =0,1,....

(d) set-like: for every z € M, {y: yEx} is a set.
Then there are a unique transitive class IV, and a unique isomorphism
m: (M,E)— (N, €).
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Solutions
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Operations on sets

1. If an element a is contained in exactly s > 1 of the sets Ay,..., A,, then
on the right-hand side this a is counted exactly

(1)) (5) ()

times, and this is 1 because the binomial theorem gives that

et () ()-() ()

To prove the second identity, set X = UA;, apply the first identity to the
sets A¥ = X \ A; and subtract the resulting equation from N = |X|, the
number of elements of X:

Ay N NA,| =N —|ATU - U A
=N-— Z|A*|+Z|A*0A*|— > AN AN AL -
i<j i<j<k
—Z — A ) =D N A N A+ D (N — AT NAT N Af) —
i<J <j<k
and since

LAY ATA - N AN = A UA; U U Ay,
) 7 k J

we are done.

2. Both the commutativity and the associativity of A can be directly verified.
It is also easy to see that N is distributive with respect the A:

AN(BAC)=(ANB)A(ANC).

In fact,
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e an element belongs to the left-hand side if and only if it belongs to A and
to exactly one of B and C,

e an element belongs to the right-hand side if and only if it belongs to A
and B or to A and C, but not to 4, B, and C,

and it is clear that these two statements are the same.

Thus, H is a ring. Clearly, AA() = A, so the empty set () plays the role
of zero for A. Furthermore, AAA = (), hence every set is its own additive
inverse.

3. The statement is clearly true for n = 2 and from here we can pro-
ceed by induction. Suppose we know its validity for some n. Writing B =
A1 AAA - AALAA, 1 as CAA, 1 with C = A AASA--- AA,,, we can see
that an element a belongs to B if and only if either it belongs to A, 41 and
not to C, or it belongs to C' and not to A,+1. In either case the induction
hypothesis gives that a € B if and only if it belongs to an odd number of the
Ai’S.

4. We apply the characterization given in Problem 3. If a belongs to s of the
A;’s, then it is counted on the right-hand side

(1)) 1) =g o

times, and this is 0 if s is even and 1 if s is odd.

5. Since A° = A | A, we can see that AUB=(A] B)°= (Al B) ] (Al B).
Using that AN B = (A°U B¢)¢, it follows that N can also be expressed via |.
Finally, A\ B = AN B“.

One can proceed similarly with |.

6. Consider part a). If a belongs to the left-hand side then there is an ig € I
such that a belongs to all the sets A;, ;, j € J;,. But then a belongs to every
Uier Ai,f)» 50 it belongs to the right-hand side as well.

Conversely, if a does not belong to the left-hand side, then for every i € T
there is j € J;, which we shall denote by fo(i), such that a € A; s, ;). But
then this fo is in [,.; Ji, hence a does not belong to the right-hand side.

The other identities can be verified in the same manner.

7. Let H(X; Aq,...,A,) be the collection of those sets that can be obtained
from Ajp,..., A, using the operations N, U, and -© (complementation with
respect to X). We have to show that

HXG Ay, Ay <22 (L1)

This is clearly true for n = 1, and we can proceed by induction. Thus, suppose
that (1.1) is true for an n. Note that H(X; Ay, ..., A,) is nothing else than the
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smallest set containing X; Ay,..., 4, that is closed under union, intersection,
and complementation. Therefore, it immediately follows that

H(X7A1a .. -aAnaATH-l) = {SUT}a

where on the right we take all possible unions with S € H(A,4+1;41 N
Apits oo AnNApr) and T € H(AS ;AT NAS ..., Ay NAS ). By the
induction hypothesis these latter sets have at most 22" elements, so there are
that many choices for S and T'. Thus, for SUT we have at most 22" -22" = 22"
choices, and this proves (1.1) with n replaced by (n + 1).

8. The hyperplanes x; = 1/2 divide the unit cube into 2™ pairwise disjoint
subcubes C1,...,Can of side length 1/2. Clearly, each of Cj,...,Can can be
obtained from the sets Ay using the operations N and -¢, and so taking the
union of any possible subcollection of C, . .., Caon (there are 22" different such
subcollections), one can construct 22" different sets from Ay, A, ..., Ay,.

9. Let H be the collection of all sets that can be obtained from A;, As, ..., A,
using the operations \, N, and U. Note that each such set is a subset of
Ay U---UA,. Let us also choose a set X that is strictly larger than A; U
---UA,, and consider the set H(X; A1,...,A,) from the solution of Problem
7. Note that since A\ B = AN B¢, we have H C H(X; Ay,...,A,). Thus,
if H e H, then H € H(X;A;,...,A,), and since this latter set is closed for
complementation, we also get H¢ € H(X; Aq,..., A,). Moreover, it is not
possible that H¢ € H, for then X would belong to H. Thus, for every H € H
there are two different sets (H and H¢) in H(X; A1, ..., A,), and so the first
statement is a consequence of Problem 7.

To show that the bound 22" ~! can be achieved, consider A1, ..., A,, from
Problem 8. It is easy to see that using U, N, and \, all but one of the cubes
C1,...,Con from the solution (namely the one with one vertex at the point
(0,0,...,0)) can be constructed, and we can form again the union of all pos-
sible subcollections of these 2 — 1 cubes to get 22" ~1 different sets.

10. If there is a solution to
(a) A;NX =B, 1e€1,

then we must have U;B; C X, and then it is easy to see that X' = U; B;
is also a solution. But then substituting this into the equations we can see
that we must have U;(A; N B;j) = B;, which holds if and only if B; C A, and
A; N Bj C B; for all 7 and j # i. Thus, the system is solvable if and only if
these two conditions are satisfied, and then one solution is X = U;B;. One
can always add elements from outside U;A; to X, so the solution is never
unique.

In a similar manner (or take the complement of all sides with respect to a
large set and reduce the problem to Problem (a))
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(b) A;UX = B;, 1el,

is solvable if and only if A; C B; and B; C A; U B; for all ¢ and j # . In this
case one solution is X = N;B;.
In dealing with
(C) Ai\X:Bi7 iel,

let Z be the union of all the sets A; and B;, and let Y = Z \ X. Then the
system takes the form

(C/) AZHY:BZ, iGI,

i.e., the one we have considered in (a).
In a similar manner, the system

can be reduced to the case (a) if we write X \ A; as (Z\ 4;) N X.
11. Let
B =4\ | J4
j<i
It is immediate that these sets are pairwise disjoint and U;B; C U;A;. Fur-

thermore, if for an a € U; A; the first index i with a € A; is ig, then clearly
a € B,,, so we actually we have UB; = U; A;.

12. If the C' and D with the prescribed properties exist, then clearly A; N B;
is finite for all ¢ and j.
Conversely, suppose that A; N B; is finite for all 4, j. The sets

s

B\ | 4,

0 j<i

C:G A\UUBj |, D=
=0

j<i i

are disjoint since 4; \ Uy <; Br and B; \ Uy <; Ax are disjoint for all 4, j. That
A; \ C is finite follows from the finiteness of 4; N B; for all j and hence for
all 7 <i. We get analogously that B; \ D are finite for all 7.

13. Let S C P(X) be the smallest family of sets including A and closed under
countable intersection and countable disjoint union (this is the intersection of
all such families). It is clear that .S is also closed under finite intersection and
finite disjoint union. Set

B={AeS : X\AecS}

By assumption A C B.
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If AABe B, then B\A=BN(X\A) €S, AUB=AU(B\A4)eS,
and X \ (AUB) = (X \ A)N (X \ B) € S. These latter two show that B
is closed under two-term union, and hence under finite union. Finally, since
A\B=AN(X\B)eS, X\(B\A) =(X\B)U(ANDB) € S, Bis also
closed under difference (B is a so-called algebra of sets).

If A, € B,n=0,1,..., then, as in the solution of Problem 11, we have

U= 4\ 4],
n=0 n=0 j<n

and this latter one is a countable disjoint union of elements of B, hence it
belongs to S. Furthermore,

X\(G An> - ﬁ(X\An)es.

n=0 n=0

These show that B is closed under countable union, hence it is a o-algebra
including A. Therefore, it includes the o-algebra A* generated by A. On the
other hand, B C S, and clearly S is a subset of the o-algebra A*, and these
show that B =38 = A*.

14. All the statements are immediate consequences of the definitions.

15. Clearly, two subsets of X are the same if and only if their characteristic
functions are the same. Furthermore, if g €%{0, 1} is arbitrary, then g = x4,
where A is the set of those x € X where g(x) = 1. Thus, A — x4 is a 1-to-1
correspondence.

The statements concerning the lim inf and lim sup sets immediately follow
from parts b) and c) of the preceding problem.

16. By the definition {A,}52; is convergent if and only if every element a
that is contained in infinitely many of the A;’s is contained in all but finitely
many of the them. This is the same as saying that there is no element a and
two infinite subsequences {m;} and {n;} of the natural numbers with a € A,,,
and a € A,,, and this is the same as the condition in the problem.

17. See the solution of the preceding problem.

18. Of the infinitely many sets A; either infinitely many contain 0, or infinitely

many do not contain 0. In the first case let A(()O), Ago)’ ... be the sequence of
those A;’s that contain 0, and in the second case let A(()O),Ago),... be the
sequence of those A;’s that do not contain 0. Now of A(()O),A(lo), ..., either

infinitely many contain 1, or infinitely many do not contain 1. In the first
case let A(()l),Agl), ... be the sequence of those AZ(-O)’S that contain 1, and in
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the second case let Aél), Agl), ... be the sequence of those AEO)’S that do not
contain 1. Proceeding similarly with the numbers 2,3,... we get infinitely
many infinite subsequences {AZ(-j ) 0,3 =0,1,... of the original sequence. It
is immediate (see also Problem 14) that the diagonal sequence {Agi)};’io is
convergent.

19. Let A; be the set of those real numbers the ith decimal digit (after the
decimal point) of which is 0 (warning: some rational numbers have two decimal
expansions, one finite and one infinite, e.g., 0.1 = 0.09999--- but in this
solution it does not matter which one we fix). We claim that there is no
convergent subsequence of {4;}32,. In fact, let 0 < ny < ng < --- be any
subsequence of the natural numbers, and consider the number

=1
=2 o

Jj=1

The ngjy1th decimal digit of this is 0, so = belongs to all the sets A, .
However, the ny;th decimal digit of z is 1, so x does not belong to any of the
sets Ay,;. Thus, z belongs to limsup; A,,,, but does not belong to liminf; A, ,
i.e., the subsequence {4, }32; is not convergent.

20. It is clear that C (proper subset) is irreflexive and transitive (but in general
not trichotomous, i.e., in general for A # B we do not have either A C B or
B C A), hence it is a partial ordering.

Conversely, let (A, <) be a partially ordered set, and consider the family
A of those subsets H, of A of the form H, = {b€ A : b < a}. It is clear that
a < b exactly if H, C Hp, hence (A, <) is isomorphic with (A, C).

21. Let (V, E) be a graph where V' denotes the set of vertices and F denotes the
set of edges. To every vertex x € V associate the subset E, of E that consists
of the edges that are adjacent to z. It is clear that F, and E, intersect if and
only if there is an edge between x and y, so z — E, U {x} is an appropriate
isomorphism.

22. Clearly, AA() = A, so the empty set () plays the role of zero for A. Fur-
thermore, AAA = (), so every set is its own additive inverse. All the other
ring properties follow from Problem 2.

23. Let (A4, +,-,0) be a ring in which every element is idempotent (a-a = a).
Then

a+a-b+b-a+b=a-a+a-b+b-a+b-b=(a+b) - (a+b)=a+b,

hence a-b+b-a = 0. Putting here b=a we get a+a=a-a+a-a =0 for
every a. Using this in the preceding formula we obtain
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a-b=a-b+(a-b+b-a)=(a-b+a-b)+b-a=b-a.

Thus, the ring is commutative, in which every element is its own additive
inverse.

Call a subring I C A a prime ideal if it is not the whole ring A and a € I,
b € A implies a - b € I (that is it is an ideal) and if @ - b € I implies that one
of a or b belongs to I. Let the set of prime ideals be X and to every element
a € A associate the set

H,={I€X : agl},

the set of prime ideals not containing a. We claim that the set H = {H,}aca
is closed for the operations N and A, and that a — H, is a ring isomorphism.

First we show that a — H, is a 1-to-1 mapping. Let a and b be two
different elements in A, and first assume that b - a = b. There is an ideal
containing b but not a, e.g., the set {c € A : b-c = ¢} is such an ideal. Now
it is easy to see that if M is a set of ideals ordered with respect to inclusion
such that every member of M contains b but does not contain a, then their
union also has this property. Thus, by Zorn’s lemma (see Chapter 14) there is
a maximal (with respect to inclusion) ideal I containing b but not containing
a. We claim that this is a prime ideal. In fact, if that was not the case then
we would have ¢, d & I with ¢-d € I. The ideal generated by I and ¢ consists
of all elements ¢ p + ¢ with p € A and ¢ € I (check the ideal properties for
the set of these elements). Thus, by the maximality of I, there are p; € A and
g1 € I such that a = ¢-p; + ¢1. In a similar fashion, there are p, € A and
g2 € I such that a = d - ps + ¢2. But then

a=a-a=(cpr+q) - (d-p2+q)=c-d-(p1-p2)+q-(d-p2+q2)+q2-(c-p1)

belongs to I, for all the products on the right-hand side are in I (they are the
products of elements of I with some elements of A). This contradiction shows
that, in fact, I is a prime ideal containing b but not a.

If a - b = a, then by the same argument there is a prime ideal containing
a but not b. Finally, if a - b # a,b, then (a-b) -a = a-b, and by what we have
just proven, then there is a prime ideal containing a - b but not a. But then
the prime property shows that I must contain b.

Thus, for different elements there are prime ideals containing exactly one
of them, so the mapping a — H, is 1-to-1.

It is clear that Hy = (), and

Hyp={I€X :a-bel}={IeX :a¢landbg I} =H,NH,.

It is also clear that if I is a prime ideal and @ € [ and b € [ or b € I and
a & I, then a +b ¢ I. Furthermore, if a € [ and b ¢ I, then a-b & I, but
(a-b)-(a+b) =a-b+a-b=01isin I, hence a+b must be in I. Thus, a+b & I
if and only if exactly one of @ and b is not in I. Hence Hyp = H,AHp, and
this completes the proof that the mapping a — H, is an isomorphism.
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24. The intersection of a finite set with any set and symmetric difference of
two finite sets is finite, hence 7 is a subring which is also an ideal. If H C X
is infinite, then we can write H as a disjoint union of two infinite sets H;
and H;. Thus, if H denotes the image of H under the ring homomorphism
H — H/Z, then Hy # () is different from H, and H; - H = Hy, and this proves
that H is not an atom.

25. All the lattice properties are easy to check. The distributivity is also true,
since AN(BUC)=(ANB)U(ANC)and AU(BNC)=(AUB)N(AUC)
(see also the general distributivity laws in Problem 6).

26. Let L be a distributive lattice with the operations A and V, and for b,a € L
set a < bif a Ab=a. It is easy to see that this is a partial ordering on L.

We call a subset I # () of L an ideal if it is closed for V, and it is also true
that if a € I and b < a, then b € I. Call an ideal I prime ideal if it is not the
whole L and a A b € I implies that either a or b belongs to I. We denote the
set of prime ideals by X, and for a € L set

H,={IeX :ad¢l}.

We claim that the family H = {H,}qcr of sets is closed under two-term
intersection and union, and that the mapping a — H, is an isomorphism from
L onto {H,}acr, considered as a lattice with N and U for operations.

First we show that a — H, is 1-to-1, and to this end it is sufficient to show
that for any two a # b in L there is a prime ideal I which contains exactly
one of a and b. First assume that a < b, and let S be the set of all ideals that
contain a but do not contain b. S is not empty, for {c € L : ¢ < a} is such
an ideal. It is easy to show that if M is an ordered subset of S with respect
to inclusion, then the union of the ideals in M is again in M, hence by Zorn’s
lemma (see Chapter 14) there is a maximal element I in S. We claim that
is a prime ideal. In fact, suppose to the contrary that cAd € I but ¢,d & I.
The ideal generated by the set I U {c} consists of those elements p € L for
which there is a ¢ € I with the property that p < ¢V ¢ (just check that the
set of all these elements form an ideal). Thus, by the maximality of I there
must be an e € I such that b < ¢V e. In a similar manner there is an f € [
such that b < dV f. But then b <c¢V (eV f) and b < dV (e V f), hence

b<[eV(evHIA[AV(eVl=(cAnd)V(eV [)el,

since both ¢ Ad € I and eV f € I. Thus, we must have b € I, which is not
the case, hence the claim that I is a prime ideal follows. This verifies that for
a < b there is a prime ideal containing a but not b.

If b < a, then the argument is similar. Finally, if neither a nor b is smaller
than the other one, then a A b is strictly smaller than a, hence, according to
what we have just proven, there is a prime ideal I that contains a A b but does
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not contain a. The primeness of I shows that we must then have b € I, and
the existence of I has been verified in this case as well.

The proof that H is closed for union and intersection and that a — H, is
an isomorphism is easy:

Hopp={I€X : anbgl}={I€X : a,bg I}
={IeX :ad¢I}n{leX : b¢g I} =H,N Hy,

and similarly,

Hypp={I€X :avVbgI}={IcX : ag¢lorb¢glI}
={IleX :ag¢l}U{leX : b¢gI}=H,UBH,.

27. For every H € H thereisa K € H with H- K =0and H+ K =1,
namely the complement X \ H of H with respect to X has this property. All
the other Boolean algebra properties are easy consequences of properties of
set operations.

28. Let (B, +,-,,0,1) be a Boolean algebra. Then (B, A, V) with V = 4+ and
A = - is a distributive lattice, hence it can be represented in the prime ideal
space X as in Problem 26. Following the notation of the proof of Problem 26
it is clear that Hy = () and H; = X. Thus, all that is left is to show that
H, = X\ H,. But this follows from the other properties that we know of the
mapping a — H,:

X=Hy=H,yg = H, UHy,

and
Q):HO:HG/\@’ :HamHa’;

hence H,» = X \ H, as was claimed.

29. P(X) is a Boolean algebra by Problem 27, and clearly the union U;c;H;
of any set of subsets H;, ¢« € I of X is a subset of X, which is the smallest
set U with U N H; = H; for all 4. In a similar fashion, N;c; H; is the infimum
of the sets H;, i € I. Thus, the completeness of P(X) as a Boolean algebra
follows. Complete distributivity was proved in Problem 6.

30. Let (A, +,-,/,0,1) be a complete and completely distributive Boolean al-
gebra. Let us denote the smallest majorant and the greatest minorant of a
subset B C A by VB and AB, respectively. It is clear that V{a,b} = a+b
and A{a,b} = a-b, and for two elements we shall use V and + and A and -
interchangeably.

We call an element x € A an atom if there is no a # 0,z with a -2 = a.
As in the solution to Problem 26, we set a < b if a - b = a. With this partial
ordering an element x is an atom if there is no element between 0 and z; i.e.,
if 0 < @ < x implies a = x.
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Let F = “{0,1} be the set of all functions from A to {0,1}, and for any
element a of A set a® = a and a' = a’. For any f € F consider the greatest
minorant ¢ of the elements af@ ie., we set

:L'f = /\ af(a).

a€A

This may be 0, but if it is not zero, then it is an atom. In fact, if ag # 0
and ag X xy, then ap = ag(ao), hence f(ap) = 0, and then ag < =y = ag, so
ag = xy, which shows that x¢ is, in fact, an atom. Let X be the set of all the
atoms x .

Assign to any element a € A the set

Hyo={z;e X : zy <a}.

We claim that a — H, is an isomorphism from (4, +,-,/,0,1) onto P(X).
By complete distributivity we have

l1=MNaVvd : ac A} = \/ /\af(a): \/xf,

feFacA feF

and so for every b € A we get (recall that a - b = inf{a,b} = a A b)

b=b-1=0b-(\/ zp)=\/ b-zy,

feF feF

and here on the right-hand side the nonzero elements b - x; are exactly the
atoms xy < b. Thus, every element in the algebra is the least upper bound of
the atoms below it. This shows that a — H, is a 1-to-1 mapping. Conversely,
if ¢ C X is a subset of the set of the atoms, and ¢ = VC, then for an z; we

have
Tf-c=xf- (\/C) :\/{xf-xg s xg € C},

and thisis 0 if xy ¢ C and is xy if x5 € C. Thus, a — H, is a mapping onto
P(X). It is also clear that z; < a-b if and only if 5 < a and z; < b, thus
H,, = H,N Hy. Furthermore, ¢y < aif and only if 25 A a’, so X\ H, = Hy.
Finally, zy < a+ b if and only if zy < a or zy < b (because if ¢ A a,b then
xy < a/,b, which implies ¢y A (¢’ - V') = a+ ), and so Hqyp, = H, U H,,.
Since Hy = ) and H; = X, we are done.

Naturally it is also true that the mapping a — H, preserves the greatest
minorant and the smallest majorant as well.

31. Let Hy be the smallest element of H (there is such, just apply the condition
to H* = H). Then for this we have Hy C f(Hj). Let

B={HeH : HC f(H)}.
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This set is not empty (Hy € H), and let F' be the smallest element in H that
contains all elements of B. We have H C F for all H € B, hence H C f(H) C
f(F) for all H € B, and by taking union we can see that F' C f(F'). On
applying f to both sides we get f(F) C f(f(F)), so f(F) is an element in B,
and hence f(F) C F. Thus, f(F) = F, and F is a fixed point.

* * *

32. Suppose to the contrary that, e.g., there is a subfamily H* of sets in H
such that there is no smallest element in H including all the sets in H*.

Let Ag € H* be arbitrary, and by transfinite recursion we select sets
Ae € H*, £ < « as follows. If Ag, € < n have already been selected, and
there is no smallest set in H that includes all A¢, £ < 7, then terminate the
construction, and set a = 7. If, however, there is a smallest set K, € H
including all the sets A¢, £ < 7, then K, cannot include all the sets in H*,
hence there is a set Ky eH” that is not included in K,. Now let A,, be the set
K,UK}. Tt is clear that this process terminates (in fewer than [H*|* steps), «
is a limit ordinal (otherwise H* would have a largest element), and {A¢}ecq
is a strictly increasing sequence of sets in H. The way we defined o shows
that if B is the set of all sets in H that include all A¢, § < o as a subset, then
there is no smallest set in B. If B is not empty, then we define a transfinite
sequence {Bg}e<p of elements of B. Let By € B be arbitrary, and if B, £ <
have already been defined for some ordinal 7, then let B, be an element of B
that is strictly included in all sets Be, £ < 7 if there is one, and if there is no
such set then we put 8 = n, and the process terminates. It is clear that this
process has to terminate in fewer than |B|T steps, and by the assumption on
B, 3 is a limit ordinal.

It is also clear that there cannot be any set H € H that includes all A,
¢ < o and is included in all Be, £ < 3, for such an H would belong to B, and
then it would be the smallest element of B. Thus, for all sets H either there
exists a smallest ooy < o such that A,,, € H, or there is a smallest Sy < 3
such that H € Bg,, .

Now we define a mapping f : H — H as follows. If ay is defined, then let
f(H) = Aoy, otherwise set f(H) = Bg,,. It is clear by the definition of the
ordinals ay and By that this f does not have a fixed point. Thus, if we can
show that f preserves C, then the statement in the problem follows from the
contradiction to the hypothesis in the problem.

Let H C K be two elements of H. If a g is defined, then ag is also defined,
and ag < ag, hence we have f(H) = Ao, C Any, = f(K). In a similar way,
if ay is not defined then ay is not defined and Ok < [y, so in this case
f(H) = Bg, C Bg, = f(K). The only remaining case is when ay is defined
but Sk is not, in which case we have f(H) = A,, C Bg, = f(B), because
every A is a subset of every B,,. This proves that f preserves C.
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33. Follow the solution of Problem 24, and let H be an infinite subset of X. It
is easy to prove that there is a family F of cardinality continuum of subsets
of H such that if Fy, Fy € F, then both Fy \ F» and Fy \ F; are infinite; e.g.,
this follows from Problem 4.41. It is now clear that if we take the images of
the sets in F under the ring homomorphism % — H/Z used in the solution of
Problem 24, then these images are all different and satisfy the condition that
for them b-a = b but b # 0.

34. Just follow the proofs of Problems 24 and 33, and use that if X is a set
of cardinality x, then there are 2" subsets of X any two differing in at least k
elements; see Problem 18.3.



2

Countability

1. Let the sets be Ag, A, .... We can assume that neither of these is empty,
and let A; = {a(()z), aﬁ”, ...} be an enumeration of the elements of A;. Then

?,0®, ), a®, ", o, ..

is an enumeration of the union.

2. It is enough to prove that the product of two countable sets is countable.
Let the sets be

A:{ao,al,...} and B:{bo,bl,...}.
Then the elements of the product can be enumerated as

(ap, bo), (ag, b1), (a1, bo), (a0, b2), (a1,b1), (az, bo), .. ..

3. The set of k element sequences of a set A is nothing else than the k-fold
product of A with itself. Apply Problem 2.

4. The set of finite sequences is the union of the sets of k-element sequences
for all k =0,1,.... Now the result follows from Problems 3 and 1.

5. Identify each polynomial with the sequence of its coeflicients (starting with
the nonzero highest coefficient), and then apply the preceding problem.

6. Recall that a complex number is called algebraic if it is the zero of a not
identically zero polynomial with integer coefficients. Each nonzero polynomial
has at most a finite number of zeros. Hence the set of all zeros of nonzero
polynomials with integer coefficients is countable by Problems 5 and 1.
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7. Suppose R is countable. Then (0,1) is also countable. Let xg,x1, ... be an

enumeration of the elements of (0, 1), and let z; = O.agi)ag) ... be the decimal
representation of z; (some reals have two decimal representations; in that case
choose either one). Now let b; = 4 if agl) # 4, and let b; = 6 if az(z) = 4. The
number x = 0.b1by... is in (0,1) and is different from any of the numbers
g, X1, ..., which is a contradiction since in this last sequence we have listed
all numbers in (0,1). That  # z; follows from the fact that the ith digits of
these numbers differ (which in itself does not prove that x # x; as is seen from
0.1000...=0.099999...), and x does not have 0 or 9 among its digits (if two
different decimal expansions represent the same number, then one of them
contains only 0’s and the other one contains only 9’s from a certain point on).

8. This follows from Problems 6 and 7.

9. a) Enumerate the rationals as 0, 1/1, —1/1, 1/2, 2/1, —=2/1, —1/2, 1/3,
2/2,3/1, —3/1, —2/2, —1/3,1/4, 2/3,3/2, ....

b) If S C A is a finite set, then let Hg be the set of mappings of S into B. If S
has k elements, then clearly Hg is equivalent to B¥, hence it is countable by
Problem 2. Now the set in the problem is the union of all the Hg’s for finite
subsets S of A, and there are at most countably many such S’s (see Problem
4). Hence the statement follows from Problem 1.

c) If A = {a;}32, is a convergent sequence consisting of natural numbers,
then there is a j such that a;, = a; for all k > j. If j is the smallest index with
this property, then associate with S the finite sequence S* = {ag, a1,...,q;}.
It is clear that S* uniquely determines S, hence the statement follows from
Problem 4.

10. For every a € N if a € A; for some 4 then select such an A, , and if a &€ A;
for some 4 then select such an A;-. It is clear that {A;,, 4;x : a € N} is an
appropriate subfamily.

11. Let m be the supremum of all those real numbers r for which AN (—oo,r)
is countable (if there is no such r, then let m = —o00). We cannot have m = oo,
since then A, as the union of the countable sets AN (—o0,k), k =0,1,2,...,
would itself be countable. It is also clear that AN (—oo, m) = U, AN (—o00, m—
1/n) is also countable.

In a similar fashion, let M be the infimum of all those real numbers r for
which AN(r, o) is countable. Then this M is bigger than —oo, and AN(M, co)
is countable. These imply that we cannot have m > M. But then any number
a € (m, M) has the desired property.

12. By Problem 4 the set N has at most countably many subsets consisting
of less than (K + 1) elements, so it is enough to prove that the set 7 of those
H € H that have at least (K + 1) elements is also countable. Let Bxy1 be
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the set of (K + 1) element subsets of N. As we have just mentioned, By 11
is countable. But every element H € T includes a set B € Bx1 as a subset,
and the condition on the family H € H implies that no B € Bg1 can be
contained in more than k such H. All these imply that 7 is countable (see
Problem 1), and we are done.

13. Every subinterval (a, b) in question can be identified with the pair (a,b) €
Q x Q. Hence the statement follows from Problems 2 and 9, a).

14. Select a rational point from every interval. Thus, there are at most as
many intervals as rational numbers.

The argument is the same for R”, since the points with rational coordi-
nates are dense and form a countable set.

15. Let A be a discrete set. Write a ball B, of radius r, around every point
x € A in such a way that B,  contains only the point z from A. Then the
balls B, /o are disjoint. Apply Problem 14.

16. Let G C R be open. For z,y € G let x ~ y if the interval [z,y] lies in
G. Tt is easy to see that this is an equivalence relation, and the equivalence
classes are open intervals. Since the different equivalence classes are disjoint,
and since by Problem 14 there are at most countably many of them, we are
done.

17. Every open disk with rational center (a,b) and rational radius r can be
identified with the triplet (a,b,r). Use now Problems 2 and 9, a). The argu-
ment is the same for R™.

18. Let G C R? be an open set, and let H be the collection of all disks with
rational center and rational radius that lie in G. We are going to show that
these disks cover G (see also Problem 17). For P € G let pp be the supremum
of all radii p < 1 for which the disk B,(P) with center at P and of radius p
is included in G, and select a rational number pp/3 < rp < 2pp/3. If S'is a
point with rational coordinates that lies closer to P than pp/3, then the ball
B, (S) belongs to H (use the triangle inequality) and clearly covers P.

19. Let H,, be the set of those circles in H that have radius > 1/n. Since
H is uncountable (see Problem 7) and H = U,H,, at least one of the sets
Hp, say Hp,, is uncountable. Let k£ be an integer, and let H,,, 1 be the set
of those circles in H,, that touch the real line in a point of the interval
((k = 1)/2n,k/2n]. Since UgezHng bk = Hn,, at least one of the sets, say
Hne ko is uncountable, hence this set contains infinitely many circles that lie
on the same side of the real axis. But it is easy to see that if two circles of
Hro ko lie on the same side of the real axis, then they intersect.

An alternative way is to select for each « € R a circle C; from #H touching
R at x and for each C,, select a point with rational coordinates inside C,. Then
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two of these selected points must be the same, and then the corresponding
circles intersect.

20. The answer is no: consider the family of circles C)., 1 < r < oo, where C,.
is the circle with center at the point (0,7) and of radius 2r — 1.

21. Let H, be the set of touching points where two circles of radius bigger
than 1/n touch each other. It is enough to prove that each H,, is countable.
Let us divide the plane into the squares

Qir={(z,y) : j/2n<z<(j+1)/2n, k/2n <y < (k+1)/2n}

with k,1 = 0,%1,£2, ... of side length 1/2n, and let H, ; » = H,NQ, ;. Simple
geometry shows that each H,, ;j can contain at most one point where two
circles of radius bigger than 1/n touch each other from the outside. Associate
with every other point P € H, ;  the region between the two circles of radius
bigger than 1/n that touch each from the inside at the point P. Then simple
inspection shows that these regions are pairwise disjoint, so by Problem 14
their number is countable. Thus, each H,, ; ;. is countable, and we can conclude
that H,, = U= o Hn,jky as a countable union of countable sets, is countable.
22. A letter T is a Y-set in the sense of the next problem, hence the statement
follows from the next problem.

23. Let H be a set of disjoint Y-sets on the plane, and let H, be the set of
those elements in #H that consist of segments that are longer than 1/n and
for which each angle formed by the segments is also bigger than 27 /n. It is
enough to show that each set H,, is countable. Let us divide the plane into
the squares

Qik ={(z,y) + §/2n <w <(G+1)/2n, k/2n <y < (k+1)/2n}

with k,1 = 0,£1,£2,... of side length 1/2n, and let #, ; be the set of
those Y-sets in H,, for which the common point (call it the vertex) of the
segments lies in Q) . Simple geometry shows that each @, can contain at
most finitely many vertices of Y-sets from H,, (actually at most 5n), hence
Hn = Uj%—_ooHn,jk, as a countable union of finite sets, is countable.

24. Let X = {z;}2, and Y = {y;}$2, be a separate enumeration of all the z-
and all y-coordinates of the points in A, and put a point (z;,yr) € A into B
if k& < 7, otherwise put it into C. Now if a vertical line cuts A then it must
be of the form = = x;, for some ip, and on this line there are at most ip + 1
points from B (namely only those (z;,,yx), k < ip points that lie in A). In a
similar manner, any horizontal line that intersects A is of the form y = y,,
and there are at most kg points of C on such a line.
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25. First we verify the sufficiency of the condition, so let A x A = BUC be an
appropriate decomposition. We have to show that then A must be countable.
In fact, suppose to the contrary that A is uncountable. Take a countably
infinite subset K C A. Then (A x K) N C is countable, since for each y € K
the number of (z,y) with (x,y) € C is finite. But for every x € A there is a
y € K such that (x,y) € C, because the number of those y for which (z,y) € B
is finite. Thus, (A x K) N C has to be uncountable. This contradiction shows
that, indeed, A is countable.

The necessity of the condition is easily established, namely if {xg, z1,...}
is an enumeration of the points of A, then B = {(z;,z;) : j < i} and
C = {(x;,x;) : i <j}is clearly an appropriate decomposition.

26. The set S of numbers of the form b — ¢ with b,¢ € A is countable (see
Problem 2), hence there are real numbers outside S. If a ¢ S, then (a+A)NA =
0.

27. Fix two different points R, S of A, and let Cg resp. Cs be the family of
all circles with rational radius and with center at R resp. S. The assumption
implies that any point of A lies on one of the circles in Cgr and also on one of
the circles in Cg, hence all points of A are among the points of intersection
of the pairs of circles Cr € Cr and Cg € Cg. There are only countably many
pairs (see Problems 2 and 9, a)) and each such pair has at most two common
points, hence the number of points in A is countable.

The answer to the last question is ‘YES’: there is such a set lying on the
circle, namely select an angle o # 0, and let A be the set of those points that
are obtained by counterclockwise rotating the point (1,0) about the origin
by angles na, n = 0,1,.... Using trigonometric identities it is easy to show
that if both sin(a/2) and cos(a/2) are rational numbers, then the distances
between points of A are rationals. That there is an 0 < o < 7/2 for which
both sin(a/2) and cos(a/2) are rational numbers follows from the existence
of Pythagorean triplets. The fact that by selecting « this way all the points of
A are different (hence A is infinite) lies somewhat deeper, and it follows from
the irrationality of a/7.

An alternative way of constructing an infinite set not lying on a straight
line but having all distances rational is to choose infinitely many different
Pythagorean triples (an,bn,c,), i€, an > b, > ¢, positive integers with
a2 = b2 + ¢ and no common factors, and consider the points (0, 1), (0,0),
(bn/cn,0), n=0,1,.... The only thing we have to check is the distance from
(0,1) to (bn/cn,0), but it is \/1 + (by/cn)? = an/cyn, a rational number.

28. The sequence {a,} with a,, = n(max;<, bgf)) does the job.

29. The sequence {s,} with s,, = 1 +max;<,, 553) does the job. [W. Sierpiriski,
Cardinal and Ordinal Numbers, Polish Sci. Publ., Warszawa, 1965, 111.6/1]
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30. Take those sequences that contain only finitely many nonzero elements.
Their number is countable (see Problem 9), and since we can match any initial
segment of any sequence with such a sequence, the property required in the
problem follows. [W. Sierpiniski, Cardinal and Ordinal Numbers, Polish Sci.
Publ., Warszawa, 1965, I11.6/2]

31. The answer is no: if {sn)}n 0, ¢ = 0,1,... are any sequences of natural
numbers, then there is a sequence {s,} of natural numbers with the property

that for some subsequence {sn’“)}n 0, 0 <ip <dg < i3 < --- it is true that
Sp # s for all n and k. In fact, if there are infinitely many ¢’s with 50) # 0,
then let sg = 0, and let Iy be the set of all i’s for Wthh 50) # 0. If, on the
other hand, there are only finitely many z b with 50 # 0, then let sp = 1,

and let Iy be the set of all i’s for which 30 = 0. In either case let ig be the
smallest element of 1.

Next we define s1, I, and 4;. Choose a natural number a; bigger than
sgi‘)). If there are infinitely many 7 € Iy with ng') # aq, then let s; = ay, and
let I; be the set of all i € Iy for which sgi) # ay. If, however, there are only
finitely many i’s with sgi) # aq, then let s1 = a; + 1, and let I; be the set of
all 7’s for which sgi) = a1. Now let i1 be the smallest element of I; larger than
20-

In defining s5, Is and is, choose a natural number as bigger than S(ZO)

and

(“) . If there are infinitely many ¢ € I; w1th 51) # ag, then let so = aq, and

1et I5 be the set of all i € I; for which 52 75 as. If, however, there are only

finitely many i’s with sgi) # ag, then let s = as+1 and let I3 be the set of all
1’s for which sg) = a9, and let iy be the smallest element of I5 that is larger
than both ig and i1. If we continue this process, then the construction shows

that s, # s.*) for all n and k.

32. We can inductively define the permutations 71, 7o, and 73. Let 71 (0) =0
and 72(0) and 73(0) be arbitrary two values for which (o) +7x,0) = o —70-

Now suppose that m(k), m2(k), and 75(k) have already been defined for
k < n. If n is divisible by 3, then let 71(n) be the smallest natural number
that is not of the form (k) for some k& < n. Note that for any s there is
a unique t such that rs + 7 = 2, — 77, (n), S0 We can select ma(n) = s and
m3(n) =t where s,t is such a pair that s is different from every ma(k), k < n,
and ¢ is different from every ms3(k), k < n.

If n is of the form 3]+ 1 then do the same, just select first m2(n) to be the
smallest natural number different from every mo(k), k < n, and then select
m1(n) and 7w3(n) according to the above process, and similarly if n is of the
form 30+ 2, then select first m3(n) to be the smallest natural number different
from every m3(k), k < m, and then select 71(n) and m2(n) according to the
above process. It is clear that this procedure produces three permutations of
N, and the equation z,, = 7, (n) + T'ry(n) + Ty (n) holds for all n.
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33. Consider as {z, } the sequence 1,0, 0,0, . ... Suppose that for two permuta-
tions 7 and e we had @y, = 1, () +7ry(n) for all n. Let 7 be the permutation
of the natural numbers for which .,y = —r, for all n. Then since z,, = 0
forn = 1,2,..., we have my(n) = womi(n) for all n = 1,2,3,..., and since
both 7y and 7 o 7y are permutations of N, it follows that we must also have
72(0) = 7o m(0). But this means that 7, () + 7r,0) = 0 # 1 = 20, which is
a contradiction.

34. First of all we prove that the number of elements in a finite Boolean algebra
is a power of 2, and two finite Boolean algebras having the same number of
elements are isomorphic. In fact, if (4,4,-,,0,1) is a finite Boolean algebra,
and S is the set of its atoms (i.e., the elements a € A with the property that
there is no b € A such a-b # 0,a), then it is easy to see that every element
is obtained by taking the sum of the elements in some subset C' of S, and for
different C’s we get different elements in the Boolean algebra. Thus in this
case, A has 2" elements. If (A*, +*,-*",0%,1*) is another Boolean algebra
with 2™ elements, then the set S* of its atoms is of cardinality n, and it is
easy to see that any 1-to-1 correspondence f : S — S* extends in a natural
way to an isomorphism from (A, +,-/,0,1) to (A*, +*,-*,", 0%, 1%).

Now let (A, +,-,,0,1) and (A* +*,-*,” 0%, 1*) be two countably infinite
Boolean algebras, and let A = {ag,a1,...} and A* = {a},a},...} be an enu-
meration of the different elements in them. We use a back-and-forth argu-
ment, and for simpler notation we shall write +,-,” instead of +*,-*,”. Let
Ao ={0,1} and Af = {0*,1*}, and by induction we define increasing subal-
gebras A, and A of some 2*» elements as follows. Suppose that A,,_; and
A _, have already been defined, and f,—1 : A1 — A} _; is an isomor-
phism between them. If n is even, then let a; € A\ A,,_1 be the element with
smallest index j, and let A, be the subalgebra generated by a; and A,_;.
We claim that there is an element af, € A*\ A _; such that the subalgebra
A? generated by a), and A} _; is isomorphic to 4,, and what is more, the
isomorphism f,_; can be extended to an isomorphism f,, of A,, onto A%. This
will prove the statement in the problem. In fact, if n is odd then first select
al, € A*\ A%_; to be the element with smallest index m, and let A% be the
subalgebra generated by a’, and A},_;, and to this select in a similar fashion
as above an a; € A\ A,_1 so that the subalgebra generated by a; and A,_1
is isomorphic to A}, and an isomorphism f,, can be obtained from an appro-
priate extension of f,_;. Repeating this process it is clear that U, A, = A,
UpAX = A*, and if we define f(a) = f,(a) with an n for which a € A,,, then
this is a correct definition, and f establishes an isomorphism from A to A*.

To simplify notation let us denote a; by a. Since a & A, _1, if s is an atom
of A, _1, then there are three possibilities: s-a =0, s-a # 0,s and s-a = s.
Let s1,89,..., 8k, , be the atoms of A, arranged in such an order that for
1<i<pwehaves;-a=0,for p<i<gqwehave s;-a # 0,s;, and for
q < i < kp—1 we have s; - a = s; (some of these index sets may be empty,
but we shall just discuss the general case). It is easy to see the atoms in A,
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which is the Boolean algebra generated by a and A,,_1, are the elements
/ !/
S1yevvsSpySptl " Qyer Sq AySpy1 " A yee.Sq Ay Sqily-rs Sk, ;-

In fact, if s is any of these elements, then consider the set B of all elements
b e A, for which s-b=0,s and s-b’ = 0, s. These elements form a subalgebra
that contains a and all of the s;’s, so B = A,,. Thus, all these s’s are atoms
in A,, and clearly the subalgebra generated by them contains A,_; as well
as a, hence there cannot be any other atom in A,.

Note that ¢ > p, for otherwise we would have a € A,,_1. Let s} = f,_1(s;)
be the corresponding atoms of A} _;. We claim that there is an element a* ¢
A _; such that for 1 <4 < p we have s} - a* = 0%, for p < ¢ < g we have
sf-a* # 0% sf, and for ¢ < ¢ < k,—1 we have s} - a* = s}. In fact, since we
assumed that the algebras are non-atomic, for every p < ¢ < ¢ there is an
element b € A* such that b} - s7 # 0%, s, and then

a*:b;+1'5;+1+"'+b;'52+5;+1+"'+sz

n—1

is appropriate. Thus, the atoms of the Boolean algebra generated by a* and
A}, are

* * * * * * */ * *! % *
317...,sp,sp+1-a yeooSqgr @ ,Sp+1'(l ,...sq~a ’S(H-l""’skn—l’

fn(s;) =sfforl <i<pandq<i<k,_1,andif we define f,,(s;-a) = sf-a*,
fn(si-a’) = s -a*', then it is easy to see that this defines an isomorphism of
A, onto A, which is an extension of f,_;.

35. In proving that a) implies b), let us assume that .4 has uncountably many
automorphisms ¢ € @ and let B C A be an arbitrary finite subset. Then the
restrictions of the automorphisms ¢ € @ to B cannot all be different (recall
that there are only countably many mappings from B into A; see Problem 9),
hence there are two distinct automorphisms ¢, and o that agree on B. But
then the non-identity automorphism ¢35 Lo 1 leaves all elements of B fixed,
and this proves property b).

Now let us assume that b) holds. Without loss of generality, we can assume
that the ground set A of the algebra is N. We set Ny = 0, ¢y = identity,
and inductively define the numbers N,, and the automorphisms ¢,, as follows.
Suppose that these are known for all indices not bigger than n. By assumption
there is a non-identity automorphism ¢, that is the identity on the set
[0, N,]. Let any1 be an element with ¢,11(ant+1) # ant1, and let Cp4q1 be
the set of the inverse images of a,+1 under the finitely many mappings @& o
-+~ 0", where e; = 0 or 1 independently of each other, and ¢ is p if e =1
and ¢° is the identity automorphism if ¢ = 0. We also set D,,+1 to be the set
of all the images of the elements j < N,, under the mappings @5 o - - - o @{*
where again €; = 0 or 1 independently of each other.

Let N,+1 be a number bigger than N, + 1, the elements of C,,;; and
Dpt1, ang1 and @pi1(an41). We claim that if €, €q, ... is any 0-1 sequence,
then the automorphism
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Per,ea,... :.”O@’Zno"'owil (21)

is well defined, and for different 0—1 sequences this defines a different automor-
phism of A. This will prove a), for this way we get as many automorphisms
as infinite 0—1 sequences, and the infinite 0-1 sequences form an uncountable
set (see the solution of Problem 7 or apply Problems 7 and 3.11).

Note that if B is an arbitrary finite subset of A, say B C [0, N,,], then for
all n > m the automorphisms

€ €1
2R 41

agree on B. In fact, the image B’ of B under
Sof;ln O-++0 spil

is part of D,,,+1 C D, 41, hence all the authomorphisms ¢, +1, n > m are the
identities on that image set B’. This proves that the right-hand side of (2.1) is
well defined and is a 1-to-1 homomorphism of A into itself. But it is actually
a mapping of A onto A, and hence it is an automorphism. Indeed, if a € A is
given, then let n, be so large that for n > n, we have ¢,,(a) = a, and choose
b in such a way that @§» o--- o' (b) = a (such a b exists, for 52 o--- o0}’
is an automorphism). It is clear that the image of b under the mapping (2.1)
is a.

Thus, we have found that each ¢, ., ... is an automorphism of A, and it is
left to show that for different 01 sequences we obtain different automorphisms
this way. In fact, let €1, €s,... and €], €5, ... be two different 0-1 sequences,
and let, say, e, = €], ..., € = €, but €,41 = 1 while €,,; = 0. If b,
is the element in A such that @& o --- 0 ¢’ (bpt1) = any1, then, by the
choice of the numbers a1, Npt1 and of the automorphisms ¢; with j >
n + 1, we have @, ¢, (bpt1) # ant1, while @6/175/27__4(1)”_5_1) = ap41, hence
the two automorphisms @, ¢, .. and ¢ o are different. [M. Makkai, see
G.J. Székely (editor), Contests in Higher Mathematics, Problem Books in
Mathematics, Springer-Verlag, 1996, pp. 74-75.]

36. The possible starting points of the rabbit are the lattice points (a,b),
a,b € Z, and the possible jumps are the vectors (p, q), p,q € Z (which means
that if at a certain time the rabbit is in a position (n,m), then in the next
minute it will be in (n + p,m + ¢q)). Thus, the motion of the rabbit can be
described by the quadruple (a,b, p,q), and the set of all such quadruples is
a countable set (see Problem 2). Let us enumerate all these possible motions
into a sequence {(a;, b;, p;, ¢;)}52,. If the motion of the rabbit is according to
the quadruple (a;, b;, pi, ¢;), then after k hours from the start the rabbit will
be in the position (a; + 60kp;, b; + 60kg;). Thus, if we test with a trap at the
1th hour the coordinate (a; + 60ip;, b; +60ig;), then we catch the rabbit. Since
we can do that for every ¢, we will eventually catch it.
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37. Let A = {a;}2,, and let a; = O.ozg )ag )oz2 ... be the decimal representa-
tion for a; (either one if there are two such representations). Let I select y; = 4

if agjj:) # 4, otherwise it selects y; = 6. Then whatever numbers x;, 2, ... the
player I selects, the number 0.z1y122y2 . .. does not coincide with any of the
a;’s so it is not in A (see also the proof of Problem 7).

38. I can force winning only if he lists only one digit infinitely many times.
In fact, suppose that he lists both the digits a and b infinitely many times.
Let A = {a;}2,, and let a; = 0. a(z) g)aéz) ... be the decimal representation
of a; (either one if there are two such representations). Then II can play in
the following way: he makes sure that y»; = a if a(j ) # a, otherwise he puts
y2; = b. It is easy to see that II can form such a permutatlon and then II
wins, for the number 0.y1ys ... does not coincide with any one of the a;’s, so
it is not in A.

Thus, I can have a winning strategy only if he selects some finitely many
digits x1, 1, ..., Tm,, and then on he always selects the same digit, say a (in
other words, for ¢ > mg he chooses x; = a). In this case II can still form any
permutations, and I wins only if all the (countably many) numbers

mo o0 mo mo

T; a a a T, —a
BTN P D Py Rl AP P o
i=1 Jj=1 i=1 i=1

where 1 < l,...,l,;,, < oo are arbitrary different integers, lie in A. Thus, I
can force winning only if there are a digit 0 < a < 9 and finitely many digits

21,%2,...,Tm, such that A contains all numbers of the form

mo
a T; —a . .
SHY Tt ISl g, LA LA,
=1

By letting here I; tend to infinity for all ¢ = 1,2,...,mg we get that A
must contain the number a/9 (recall that A is closed).

On the other hand, it is obvious that if A contains a number of the form
a/9,a=0,1,...,9, and I chooses the sequence

a,a, ...,

then he wins.
Thus, the answer to the problem is that I has a winning strategy if and
only if A contains one of the numbers 0,1/9,2/9,...,8/9.

39. This is a special case of Problem 8.48.
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40. Suppose first that H has cardinality at most x, and without loss of general-
ity we may assume H = k. It is clear that the representation H x H = BUC
with B = {({,n) : &n <k <&pand C={(n) : &n < k€<t
is such that B intersects every vertical line {(z,y) : z = £} in the set
{(&mn) :+ n < &}, which is of cardinality smaller than x, and similarly C
intersects every horizontal line in less than s points.

Conversely, suppose that H? = B U C, where B resp. C intersect every
vertical resp. horizontal lines in less than k points, and suppose that to the
contrary to what we have to prove, the cardinality of H is bigger than x. Take
a subset K C H of cardinality . Then (H x K)NC is of cardinality at most
Kk, since for each y € K the number of (x,y) € C is of cardinality smaller
than k. But for every x € H there is a y € K such that (x,y) € C, since
the number of those y for which (z,y) € B is of cardinality smaller than .
Thus, (H x K) N C has to be at least of the cardinality of H, i.e., it has to
be of cardinality bigger than k. This contradiction shows that, indeed, H is
of cardinality at most k.



3

Equivalence

1. By considering A x {0} and B x {1} instead of A and B, we may assume
that A and B are disjoint. Let x ~ y if  or y can be reached from the other
one by alternatively applying f and g finitely many times. Then this ~ is
an equivalence relation on AU B. Every equivalence class is a finite, one-way
infinite or two-way infinite path ...z, z;41,..., where ;41 = f(z;) ifz; € A
and xj41 = g(z;) if ; € B. Let us call the equivalence class C of type I if it
is a finite path (actually, a cycle), of type IL if it is a two-way infinite path, of
type III if it is a one-way infinite path that starts in A, and of type IV if it
is a one-way infinite path that starts in B. Note that if C' is of class I, II, or
II1, then the restriction of f to C'N A maps C' N A onto C'N B, and similarly,
if C' is of class IV, then the restriction of g to C'N B maps C' N B onto C' N A.
Thus, if U is the union of all equivalence classes of type I, II, and III, and
F: A — B is defined as F(z) = f(x) ifz € UN A and F(z) = g () if
x € A\ U, then this F is a 1-to-1 mapping of A onto B. Thus, the selection
Ay =U, Ay = A\U, B; = f[U], B, = B\ Bj is a decomposition that satisfies
the requirements. [G. Cantor, this proof is due to Gy. Konig |

2. See the preceding problem.

3.If f : A — Bis 1-to-1, and the range of f in B is B*, then let g(z) = f~!(z)
if x € B*, and otherwise let g(x) = ap where ay is a fixed element of A. Then
this ¢g is a mapping from B onto A.

Conversely, let g : B — A be a mapping of B onto A. The relation “x ~ y
if g(x) = g(y)” is an equivalence relation on B. Let h be a choice function on
the set of equivalence classes, i.e., if C' is an equivalence class, then h(C) is an
element of C. It is clear that the map f(z) = h(g~'[z]) is a 1-to-1 mapping
of A into B.

4. A includes an infinite sequence ag, a1, ... of different elements (just se-
lect the elements ag,a; ... from A one after another). Now B U {ag,as ...}
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is countable, so it is equivalent to {ag,a;...}. Let ¢ : BU {ag,a1...} —
{ag,a1 ...} be a 1-to-1 correspondence. Clearly, the mapping h(z) = g(x) if
x € BU{ag,a; ...} and h(z) = x otherwise is a 1-to-1 mapping of BU A onto
A.

5. The set A\ B cannot be countable, for then A would also be countable.
Thus, it is uncountable, and the previous problem shows that A = (A\ B)UB
is equivalent to A\ B.

6. Use the previous problem and the facts that the set of real numbers is
uncountable, while the set of rational numbers is countable.

7. Recall that the Cantor set is precisely the set of those z € [0,1] that
have a ternary expansion that does not contain the digit 1. Therefore, the
correspondence

(60, €1, ) — O.(2€Q)(261) ey

where the number on the right-hand side is given by its ternary expansion,
establishes an equivalence between the set of infinite 0-1 sequences and the
Cantor set.

8. a) f(n,m) =2"3".
b) f(x) =1/2 + 2(arctanx) /7.

c) In view of b), it is enough to give a 1-to-1 mapping from (0,1) into the
set of infinite 0-1 sequences. If x € (0,1), and its binary expansion is x =
0.a103 ... (fix any one if x has two binary expansions), then the mapping
x + (a1, ag,...) is clearly appropriate.

d) As in Problem 7, associate with an infinite 0-1 sequence €y, €y, ... the
number 0.(2¢9)(2¢;) ... in ternary form. (Warning: it would be wrong to as-
sociate with it the number 0.c¢peg ... in binary form, for then the sequences
1,0,0,0,... and 0,1,1,1,... would have the same image.)

e) With a sequence ng, ny, ... of natural numbers associate the 0-1 sequence,
in which ng + 1 zeros are followed by a single 1, then ny + 1 zeros are followed
by a 1, etc.

f) Let S = {x¢,x1,...} be a sequence of real numbers, and let
T; =4 aggagi.agj)aéj) ...
() _

be the binary representation of z;, where a’; = 0 except for a finite number

of the k’s (thus, we put infinitely many zeros in front of the standard binary

representation). Let also ozé] ) =1 if x; is positive, and otherwise a(()j ) = 0.

Now associate with S the sequence
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This is a 1-to-1 mapping.

The equivalence of the two sets in a)—f) immediately follows from the
equivalence theorem.

9. a) f(n) = (k,m), where the prime decomposition of n is of the form n =
2% .3m ... (here we allow k and m to be equal to 0).

b) f(n) = (—=1)*1/(m + 1), where n = 2% . 3t . 5m ...

c) If z is in the Cantor set, then it has a ternary representation ¢ = 0.az s . . .,
where each «; is 0 or 2. Let f(x) = 0.(a1/2)(a2/2) ..., where the number on
the right is understood in binary form.

d) With a 0-1 sequence aq, aa, ... associate 0.aqaq ... in binary form.

10. a) If (a,b) and (c,d) are bounded intervals, then let f(z) = ¢+ (d —
¢)(x —a)/(b — a). If, say, a is finite, b = oo and (c,d) is finite, then let
f(z) = c+2(d—c)(arctan(x —a)) /. The other cases can be similarly handled.

b) Let g(n,m) = (n+m)-(n+m+1)/2+n (this g is called the Godel pairing
function). It is easy to see that g is a 1-to-1 mapping of N x N onto N. In fact,
we have g(n,m) = k if and only if n + m is the unique nonnegative integer a
with a(a+1) <2k < (a+1)(a+2), and then n is equal to k —a(a+1)/2 and
misa—(k—ala+1)/2).

c) Associate with any subset A C X its characteristic function: x4(z) = 1
ifx € Aand xa(z) =01if z € X\ A. The mapping A — x4 is a 1-to-1
correspondence (bijection) between the elements of the power set P(X) and
*{o,1}.

d) If ag,aq,. .. is an infinite sequence of the numbers 0, 1,2, then let us write
in it instead of 1 the sequence 1,0, and instead of 2 the sequence 1,1. Then
we get an infinite 0-1 sequence, and it is easy to see that every infinite 0-1
sequence is obtained from a unique 0-1-2 sequence ag, aq, . . ..

e) Let € [0,1) and let © = 0O.ajas... be its decimal expansion, where
infinitely many of the a;’s is different from 9. Let us group consecutive 9’s in
the expansion with the first digit after them that is different from 9, and all
other digits form a single group, e.g., if z = 0.12979996659999793. .., then
the grouping is (indicating the groups by brackets)

x=0.(1)(2)(97)(9996)(6)(5)(99997)(93) . . .,
and let us call the blocks in this grouping by x1, z2, .. ., i.e.,

x = 0.(x1)(z2)(x3) - . .,
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where the harmless brackets are added only to show the grouping. Now let
f(z) = (y,2), where y = 0.(x1)(x3)(x5)... and z = 0.(x2)(x4)(xg) . ... Note
that this form of y and z is the one that we obtain after the aforedescribed
grouping, and conversely, if y = 0.(y1)(y2)(y3) ... and z = 0.(z1)(2z2)(23) ...
are given in grouped from, then so is = 0.(y1)(21)(y2)(22) . . ., this 2 belongs
to [0,1) and it is the unique number with f(z) = (y, z). [Gy. Konig |

11. a) Use the equivalence theorem and Problems 8, ¢) and d).

b) In view of parts ¢) and f) of Problem 8, R is equivalent to the set of
infinite real sequences (recall that in Problem 8 the given pairs of sets are
actually equivalent, as is stated in the last part of the problem). Hence the
claim follows from the equivalence theorem, for R is the set of real sequences
of length n.

¢) As it has just been said, this follows from the equivalence theorem if we
use parts ¢) and f) of Problem 8.

12. a) With a function f : BUC — A associate the pair (f‘B’ f‘C)'
b) With a g : C x B — A associate f : C =B A, where f(c)(b) = g((c,b)).
c) With a (g, h) €A xB associate f : C — A x B where f(c) = (g(c), h(c)).

13. For a) consider the imbedding z — {z} of X into P(X).

To verify b) we want to show that there is no mapping from X onto P(X)
(see Problem 3). Let f : X — P(X) be any mapping. We have to show that
fisnot onto P(X). Let A={a € X : a¢ f(a)}. We claim that A does not
have a preimage under f. In fact, suppose that is not the case, and f(ag) = A
with some ag € X. Then there are two possibilities:

1. ag € A, ie., ag € f(ap) which is not possible for then ag cannot be in
A by the definition of A,

2. ag ¢ A, which is again not possible, for then ag € f(ag), so ag should
belong to A.

Thus, in either case we have arrived at a contradiction, which means that
ap with the property f(ag) = A does not exist.



4

Continuum

1. Let ‘H be a family of lines in the plane such that H has fewer elements
than R. Consider the vertical lines x = r, 7 € R. Not all of them can belong
to H, say the line Iy : x = rp is not in H. But then every element of H
intersects the line [y in at most 1 point, so there are fewer than continuum
many intersections on lg, hence some points of [y are not covered by any line

in H.
2. See Problem 3.11, a).
3. This follows from Problems 2 and 3.8, f).

4. An z € [0,1] is in the Cantor set if and only if it can be represented in base
3asx =0.cq9 ... with a; = 0 or a; = 2. Thus, the Cantor set is equivalent
to the set of 0-2 sequences. Apply Problem 2.

5. Let A = {xo,21,...} be an enumeration of the elements in the set so that
we list each element exactly once. Clearly every subset X C A is uniquely
determined by the function f(j) =1if z; € X and f(j) =0 if z; ¢ X. Such
an f is nothing else than a 0-1 sequence, so we can apply Problem 2.

6. It is sufficient to show the claim for R. But R has at most as many countable
subsets as sequences, hence the claim follows from Problems 3 and 5.

7. Let B be the set of all balls in R™ with rational center and rational radius.
Then B is countable (see Problem 2.17), and every open set is a union of a
subset of B (Problem 2.18). Thus, by the preceding problem, there are at most
continuum many of them. It is also clear that there are at least as many open
sets as real numbers, so there are exactly continuum many open sets by the
equivalence theorem.
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The closed sets are the complements of the open ones, so their number is
also continuum.

8. Let {B; : i < w} be a countable base for the Hausdorff space X. The
mapping z — {i < w : ¢ € B;} is an injective mapping of X into P(w), a set
of size ¢, hence | X| < c.

9. Let (X, 7T) be an infinite topological space with the Hausdorff separation
property, i.e., any two points have disjoint neighborhoods. It is clear that
then any finitely many points can be simultaneously separated by disjoint
neighborhoods.

The solution is based on the following observation: let xg, . .., z, be differ-
ent points in X such that with some neighborhoods Gy, ..., G, of them there
is an infinite set A, that does not intersect any G;. Then there is a point
Tpt1 € An, aneighborhood G, 41 of it and an infinite subset A, 11 C A, such
that z; & Gpaq for all 0 < i < n and G, 11 N A1 = 0. In fact, select any
two points y1,y2 € A, and two disjoint neighborhoods Uy, Us for them. We
can also achieve that x; & Uy, Us for all 0 < ¢ < n. Then either U; N A4, is
finite, or A, \ Us is infinite. In any case, one of A,, \ Uy or A,, \ Us is infinite.
Suppose, e.g., that A, \ U; is infinite. Then the z,,11 = y1, Gny1 = Uy and
Ap+1 = A, \ Uy is an appropriate choice.

Now starting from the empty set, construct the above points and neigh-
borhoods for all n. Then clearly G, N {zg,x1,...} = {x,}, which shows that
if I, J C N are two different subsets of N, then U,c;G,, # UpecjGy. Thus, all
the open sets U, e Gy, I C N are different, and so there are at least continuum
many open sets in X by Problem 5.

10. Without loss of generality, we may assume A = N and B = R. The set of
functions f : N — R is the set of all sequences of real numbers. Now apply
Problem 3.

11. Any continuous f : R — R is uniquely determined by its restriction to Q.
Apply the preceding problem.

12. Tt is enough to prove that R x R x - - - is of cardinality continuum. But this
set is the same as VR, the set of infinite real sequences. Now apply Problem
3.

13. It is enough to show the claim for disjoint sets. Let the sets be A, v € I',
and let f, : A, — R be a 1-to-1 mapping. Then the union U,crA, can be
mapped into R x I' by the 1-to-1 mapping F(a) = (f,(a),7) if a« € A,. Now
apply the preceding problem, according to which R x I' is of cardinality at
most continuum.

14. a) Apply Problem 12.
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b) See Problem 3.

¢) A continuous curve v is y(t) = (11(t),72(¢)), t € (0,1), where 1,72 :
(0,1) — R are continuous functions. Apply Problems 11 and 12 (see also
Problem 3.10, a)).

d) Let f be a monotone real function, and let Sy be the set of its discontinuity
points. Then Sy is countable (see Problem 5.6). Now let X C R be countable,
and let M x be the collection of all monotone functions f with Sy C X. Every
f € Mx is uniquely determined by its restriction to the set X UQ, and there
are only continuum many functions f : X UQ — R (see Problem 10). Thus,
M is of cardinality at most continuum.

By Problem 6 there are at most continuum many possibilities for X. Thus,
by Problem 13 the union Ux M x, which is the set of monotone functions, is of
cardinality at most continuum. Since clearly there are at least as many mono-
tone functions as real numbers, the set of monotone functions is of cardinality
continuum by the equivalence theorem.

e) See the preceding proof, but apply Problem 5.4 instead of 5.6 in the proof.
f) See the solution to Problem d).

g) This problem cannot be solved along the lines of the preceding three prob-
lems. In fact, a lower semi-continuous function can have more than countably
many discontinuity points (consider, e.g., the characteristic function of the
complement of the Cantor set).

The key to the solution is the observation that a function f is lower semi-
continuous if and only if all its level sets of the form {z : f(z) > r} are
open. Furthermore, each f is determined by its level sets {z : f(z) > r} with
rational 7. Thus, there are at most as many lower semi-continuous functions
as sequences of open subsets of R, and since there are continuum many open
sets in R (see Problem 7), there are continuum many sequences of them (see
Problem 3).

h) Every permutation is a mapping from N into N, so there are at most
continuum many of them in view of Problem 10. To show that there at least
continuum many permutations, consider the transpositions m; = ((24)(2i+1))
that interchange 2i and (2¢ + 1), and leave everything else fixed. For any 0-1
sequence € := (€g, €1, ...) consider the permutation 7. that is the product of
all those 7;’s for which ¢; = 1. For different €’s we get different 7.’s hence, by
Problem 2, there are at least continuum many permutations of N.

i) An ordering of N is a subset of N x N, hence there are at most continuum
many of them in view of Problems 2.2 and 5. Now every permutation 7w of N
defines a well-ordering of N (set z < y if w(z) < 7(y)), so there are at least
continuum many well-orderings by the previous problem.

J) A closed additive subgroup is a closed set. Apply Problem 7 to deduce
that there are at most continuum many closed additive subgroups. But their
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number is exactly continuum by the equivalence theorem and by the fact that
all the sets {nz}32__, = € R are closed additive subgroups of R.

k) For z € (0,1) let f, € C[0,1] be the piecewise linear function on [0, 1] that
vanishes outside (0, z) and for which f(2/2) = 1 (thus, the curve of f starts
from the origin, goes straight to the point (2/2,1), from then to the point
(z,0), and follows the real line from then on). Since each set {Af.}rer, T €
(0,1) is a closed subspace of C|0, 1] that are different for different x € (0, 1),
there are at least continuum many closed subspaces in C[0, 1]. To show that
their number is exactly continuum, it is enough to prove that there are only
continuum many closed sets in C|0, 1], and by the proof of Problem 7 this will
be accomplished if we show a countable set B of open balls such that every
open set is a union of some balls in B. Clearly as B we can choose the set of
balls B,.(P) = {g : |g — P| < r} with rational radius r and with center at
P where P is a polynomial with rational coefficients (cf. Problem 2.5 and the
fact that Q ~ Z). This construction works by the Weierstrass approximation
theorem.

1) First of all we should make the clarification that functions in L?[0,1] are
considered the same if they agree almost everywhere. This makes L?[0,1] into
a set of power continuum. In fact, we know that L?[0,1] is isomorphic with
lo, the set of all real sequences (zo,z1,...) with ), r? < oo, and by Problem
3 there are at most continuum many such sequences.

Every bounded linear transformation is uniquely determined by its restric-
tion to a dense subset, hence, in view of Problem 10, it is enough to show a
countable dense subset in [5. But that is easy, just take the set of all sequences
(zo,1,...) such that z; = 0 for all ¢ > m with some m, and zy,...,z,_1 are
rational numbers (see Problem 2.4).

To show that there are at least continuum many bounded linear operators
on [y, just take the constant multiples of the identity operator.

15. Since R and R are equivalent, it is enough to show that R*> cannot be
represented as the union of countably many sets none of which is equivalent
to R. Let Ag, Aq,... be subsets of R*™ not equivalent to R. Let A% be the
projection of A; onto the jth coordinate axis, i.e., A; consists of those numbers
a € R for which there is an (zo, z1,...) € A; with 2; = a. Since A; is of power
less than continuum, it follows that A% cannot be equal to R. Thus, for each
J there is an a; € R\ A}. But then the sequence (ag, a1, ...) does not belong
to any of the sets Ag, A1,..., but it belongs to R*°, which means that, as we
have claimed, U, A,, cannot be the whole R*>. [W. Sierpiriski, Cardinal and
Ordinal Numbers, Polish Sci. Publ., Warszawa, 1965, , VI.7. Theorem 15]

16. Consider the lines I, := {(z,y) : z =n},n=0,1,..., and their union H.
If none of them intersects R?\ A in continuum many points then HN(R?\ A)
is of cardinality less than continuum by Problem 15. But this is not possible,
for each horizontal line intersects A in at most finitely many points, so each
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such line has to intersect H N (R?\ A). [P. Erdds, Proc. Amer. Math. Soc.,
1(1950), 127-141]

17. Since, according to Problem 15, countable union of subsets of R each of
cardinality less than continuum is again of cardinality less than continuum,
the proof of Problem 2.11 can be copied by replacing “uncountable” by “of
power continuum” everywhere. [W. Sierpiriski, Cardinal and Ordinal Num-
bers, Polish Sci. Publ., Warszawa, 1965, , VI.7/2]

18. The statement follows from the solution of Problem 2.35.

19. Let A be an infinite o-algebra. We are going to show that there is an infinite
family S of pairwise disjoint sets in 4. Since the union of any countable subset
of S is in A, and there are at least continuum many such unions/subsets (see
Problem 5), it follows that the cardinality of A is at least continuum.

Call a nonempty A € A an atom if it cannot be written as the union
of two nonempty disjoint sets in A. Two different atoms cannot have a
nonempty intersection, thus if there are infinitely many atoms, then their
collection can serve as S. If there are only finitely many atoms, then let them
be Ay, Ay,..., Ay, Since A is infinite, there must be an element B in A which
is not a union of some of these atoms, and then considering B\ (4gU---UA,;,)
instead of B, we can even assume that B is nonempty and does not include as
a subset any atom. Thus, B can be decomposed into nonempty disjoint sets
as B = By UC}. Here By has the same property as B, hence it can be written
as By = By U (s with disjoint and nonempty Bs and C3. Do the same thing
with Bs, etc. The sets Cp,Co, ... will be nonempty and pairwise disjoint, so
we can take as S their collection.

20. See Problem 12.24.

21. The set of Borel sets is the o-algebra generated by the open intervals (open
sets in R™). Thus, there are continuum many Borel sets by Problems 19, 20,
and 7.

A real function f is a Borel function if and only if all of its level sets
{z : f(x) > r} are Borel sets. Furthermore, each f is determined by its level
sets {z : f(x) > r} with rational r. Thus, there are at most as many Borel
functions as sequences of Borel sets, so there are at most continuum many of
them (see the solution to Problem 14, g)).

22. Every Baire function is a Borel function. Use the preceding problem.
23. See Problem 3.13.

24. Let a # b be two elements in A, and to a subset Y C X assign the function
fy which maps the elements in Y to a and the elements in X \ Y to b. For
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different Y’s these fy’s are different, so we have at least as many functions in
XA as subsets of X. Apply now Problem 23.

25. a) This is BR, apply Problem 24.

b) Let f : [0,1] — [0,1] be an arbitrary function. The mapping F(z) =
(z, f(x)), z € [0,1] can be extended to a 1-to-1 correspondence between R
and R2. Thus, there are at least as many 1-to-1 correspondences as functions
f:10,1] — [0,1], and we can apply Problem 24.

c) We use that if B is a basis of R considered as a linear space over Q (i.e.,
a Hamel basis), then B is of power continuum (see Problem 15.3). Now let
Y C B be arbitrary, and consider the set By consisting of all numbers z in
B\'Y and all 2z with « € Y. Clearly, this is again a basis, and we have as
many such bases as possible choices of Y, i.e., more than continuum many
(see Problem 23).

For more on Hamel bases, see Chapter 15. In particular, Problem 15.4 says
that there are 2° Hamel bases.

d) Let C be the Cantor set, and X C C. The characteristic function yx is
Riemann integrable. Since C is of power continuum (Problem 4), we get more
than continuum many such functions by taking all subsets of X (Problem 23).

e) Every subset of the Cantor set is Jordan measurable. Since C' is of power
continuum (Problem 4), we can apply Problem 23.

f) Let B be a basis of R considered as a linear space over Q (i.e., a Hamel
basis). Then B is of power continuum (see Problem 15.3). Now every X C B
generates an additive subgroup of R, and these subgroups are different for
different X’s. Apply Problem 23.

g) Let « € (0,1) be a number and f,(t) be the piecewise linear function that
vanishes outside (0,z) and takes the value 1 at ¢ = /2 (see the solution to
Problem 14, k)). It is easy to see that these functions are linearly independent,
and any subset Y C {f, : = € (0,1)} generates a linear subspace Cy which
are different for different Y’s. Thus, there are at least as many such subspaces
as subsets of {f; : = € (0,1)}, and since this set is of power continuum, we
can apply Problem 23.

h) Consider the set F = {f, : x € (0,1)} from the preceding solution. This
is a linearly independent subset of L2[0, 1], and any mapping F : F — R can
be uniquely extended to a linear functional on the (linear) subspace generated
by F, and then (non-uniquely) to a linear functional on L?[0,1]. Since there
are more than continuum many such F’s (Problem 24), we are done.

26. a) This set is of bigger cardinality than continuum. To prove that it is
enough to show that there is a closed set E of cardinality continuum which
does not contain a rational point. In fact, then for any subset X C F its
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characteristic function y x is continuous at every rational point, and there are
more than continuum many such characteristic functions by Problem 23.

To show the existence of E, let {r;}32, be an enumeration of the rational
numbers. Do now the Cantor construction with the following modification:
choose a closed interval I of length 1 that does not contain rg, then choose
two disjoint closed subintervals Iy and I of I of length < 1/2 such that neither
of them contains r1, then choose disjoint closed subintervals Iy, Ip1 C Iy, and
Io, 111 C I of length < 1/22 such that neither of them contains zs, etc. Let
Jp, be the union of all intervals at level n (e.g., Jo = Ioo U Ip1 U I1p U I11),
and set £ = N,.J,. This is a closed set and clearly £ N Q = (J. Since every
0-1 sequence € = (g, €1, . ..) defines a point . = Ny Iy, ...c,, , and these points
are different for different 0-1 sequences, E has continuum many points by
Problem 2.

b) This set is of power continuum. This follows from Problem 14, part f).

c¢) This set is of cardinality bigger than continuum. In fact, let B be a basis of
R considered as a linear space over Q (i.e., a Hamel basis). Then B is of power
continuum (see 15.3). But (see also the solution to Problem 15.13,(a))) every
mapping f : B — R can be extended to a linear functional (with scalar space
Q) on R, and clearly every linear functional satisfies the Cauchy equation.
Finally use Problem 24 to deduce that there are more than continuum many

fs.

27. Tt is enough to prove the result for a particular A of cardinality continuum.
Let A= N{0,1} be the set of infinite 0-1 sequences, and let A, be the set of
0-1 sequences of length m. Any mapping of g : A,,, — N generates a mapping
fg: A — N defined as

fo((eo,€1,...)) = g((eo, €1, .., €m—1))-

Now there are countably many ways to map A,, into N (see Problem 2.9,
b)), so if F is the set of all f;’s with all possible g : A4,, — N and all
possible m = 1,2, ..., then F is countable. This set F of functions satisfies the
requirements in the problem. Indeed, assume that we are given finitely many
different 0-1 sequences e; = {61‘,‘7‘}‘?0:0, 0<i<mn,andlet f(e;)) =a; € N

be given. Let m be so large that all the initial sequences egm) = {& ;”:_01,

0 < i < n are different. Let g : A,, — N be an arbitrary mapping for which
f(egm)) = a; is satisfied for all i = 0,1,...,n. Then for f, € F we have
fq(ei) = a;, as required.

28. Let A be of power continuum, and for every a € A let 7, be a separable
topological space. Let {x§-a) 520 be a countable dense set in 7,. Consider the
functions fj from the preceding problem and the corresponding elements Fj,
in the product space with Fi(a) = azgfi)(a) for all a. This is a countable set

in the product space, and using the definition of product topology and the
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definition of the functions f, it is easy to see that {Fj}32, is dense in the
product space.

29. First solution. For every x € (1/10,1) let
A, = {[102],[10%2], ..., [10%2],.. .}

where [] denotes the integral part. Note that if z € (1/10,1) then z = 0.« ..
with o # 0, hence the sequence [10z],[10%z], ... consists of positive integers
and it contains for every k = 0,1,2,... exactly one number from the range
10F < z < 10%*1! (i.e., its decimal form consists of exactly k + 1 digits). If x
and y are different elements of (1/10, 1), then their decimal expansions differ,
say the mth decimal digit in 2 and y are different. Then [10*x] # [10y] for
k > m, hence the two sets A, and A, have only finitely common elements.

Second solution. Let P be the set of prime numbers, and for an infinite
subset X = {po, p1,...} of P arranged in increasing order assign

Ax = {po,pop1, pop1p2; - - -}-

The prime factorization for integers is unique, hence if X’ C P is another
infinite subset of P different from X, then Ay and Axs have only finitely
many common terms. Since the number of different X’s is continuum (see
Problems 5 and 2.4), we are done.

Third solution. It is sufficient to show the result for Q rather than for N,
i.e., that there are continuum many sets A, C Q such that if v; # 7o, then
A, NA,, is a finite set. Now choose for every v € R a rational sequence A, =

{r,(:)}zo:o converging to . These A, sets clearly satisfy the requirements, for
two sequences converging to different limits can have only finitely many terms
in common.

Fourth solution. Instead of N work with the set of lattice points N x N on
the plane, and for m € R let A,, be the set of points (x,y) € N x N that
are of distance < 1 from the line y = ma. It is clear that A,, is infinite (it
has a point on every vertical line z =k, k =0,1,2,...) and for any two lines
y = mx and y = m/z there can be only a finite number of lattice points lying
of distance < 1 from both, i.e., A, N A, is finite.

[G. Fichtenholz and L. Kantorovich, Studia Math., 5(1934), 69-98]
30. See Problem 2.12.

31. Since R can be mapped onto (1,2) by a monotone increasing function,

it is enough to construct the sequences in question for = € (1,2). But the

sequences {355”)} with i) = [10"z] (where [-] denotes integral part) clearly
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satisfy the requirements (cf. the first solution to Problem 29). [W. Sierpiriski,
Cardinal and Ordinal Numbers, Polish Sci. Publ., Warszawa, 1965, , IV.14/8]

32. Let ‘H be an almost disjoint family of cardinality continuum of infinite
subsets of N. For any H € H let hfl < hff < ... be the listing of different
elements of H, and let s = 2" It is clear that the family {{s2} Y men
satisfies the requirements.

An alternative way is to consider the first solution to Problem 29.

33. Let ag,a1,...,ar be any sequence of length k of natural numbers. The
assumption implies that there is at most one {s)}°2, with s} = a,, for all
n = 0,1,...&. Thus, there are at most as many sequences {s)}2 ,, v € I'
as (k 4 1)-element sequences of the natural numbers, so I' is countable by
Problem 2.3.

34. Let ‘H be an almost disjoint family of cardinality continuum of infinite
subsets of N, and for each H € ‘H we set H* = U,cg Ay, where A, is the set
{k : 22" <k <22} It is clear that the family {H* : H € H} is almost
disjoint, and since each H* includes as its subset infinitely many A,’s, the
upper density of every H* is 1 (note that 22"/22n+1 — 0 asn — 00).

35. We shall show the k& = 3 case; the general case can be verified along
similar lines. Since N and N x N are equivalent, it is enough to show a family
of cardinality continuum of subsets of N x N such that the intersection of any
2 members of the family is infinite, but the intersection of any 3 members is
finite. For x € (1,2) set

Ay =Up2 {([10™2], k), (k, [10%2]) : 10" < k < 10"},

Note that if (u,v) € A, then there is an n with 10" < u,v < 10"*! and
one of u or v must be equal to [10™z]. It is clear that if z,y € (1,2), then
Az N A, contains all pairs ([10™z], [10"y]), n = 1,2,.... On the other hand, if
x,y,2z € (1,2) are all different, and n is sufficiently large, then the numbers
[10"x], [10™y], and [10™z] are all different, so A, N A, N A, cannot contain any
pair (u,v) with 10" < u,v < 10"**. This proves that A, N A, N A, is finite.

36. One of 0,1, 2, ... must be contained in uncountably many members of H,
say ag is in every H € Hy where Hg is an uncountable subfamily. Let Hy € H,
be any set in Ho, and let aJ,a?, ... be the listing of different elements of Hy
(one of them is ag). Since every H € H intersects Hy in an infinite set, there
must be an a; # ag among aJ,a?, ... that is contained in uncountably many
H € Hy, and the set of all such H be H;. Choose Hy € H; arbitrarily. By
the assumption the set Ho N H; is infinite, and let af,al,... be the listing
of different elements of Hy N H; (one-one of them is ag and aq). Then there
must be an ay # ag,a; among aj,ai, ... that is contained in uncountably
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many H € H;, and the set of all such H be Hs, etc. We can continue this
process indefinitely, and it is clear that the intersection Hy N HyN- - - contains
all elements ag, aq, .. ..

37. This immediately follows from Problem 43.

38. Let f(H) be a countable subset of H for every H € H. By condition, the
mapping H — f(H) is an injection of #H into the set of countable subsets
of R, which is a set of power continuum (see Problem 6). Thus, there are at
most continuum many sets in H.

39. See the solution to Problem 18.2.

40. Tt is again enough to use Q instead of N (see the second solution to
Problem 29), and then we can set for v € (0,1) A, = (0,7) N Q.

41. Consider the preceding solution, but set A, = [(0,7) U (1 ++,2)]NQ.

42. Instead of N we work again with Q (see the second solution to Problem
29). For every z € R let A, be a rational sequence converging to x, and let
B, =Q\ A,. It is clear that these sets satisfy the requirements.

43. Since (0, 1) is equivalent with R, it is enough to give A, for z € (0,1). Let
[y] denote the integral part of y, and for = € (0,1) let A,,(z) be the set of all
those integers 22" < k < 22" for which the [ma]th binary digit (counted
from the right) is 1, and set

Ar = U A ().

If z4,...,x, are different numbers, then there is an mg such that for m >
mg the numbers [ma1],..., [mzy,] are all different. For each such m a set of
the form Ay, (1) N+ -+ Ay, ()" consists of those numbers 22" < k < 22"
for which n different binary digits are prescribed (the [ma;]th binary digit is
€; for i =1,2,...,n), hence the number of elements in such a set is

22m+1 . 22771.
2n
Thus, if m > mg + 1 and 22" o N < 22m+2, then the number of elements
of the set A5l M--- A in the interval [0, N] is

N 22" L o@em) N 22" _ 92"
2n 2n
and this divided by N tends to 1/2" as N — oo.

+0(2%")

44. Let f(z,2) =0, and for « # y let f(z,y) = 14+ min(A,NBy) where A,, B,
are the sets from Problem 42. Since B,NA, = 0, the equality f(z,y) = f(y, 2)
can occur only for z =y = 2.



5}

Sets of reals and real functions

1. Let Ay and Aj be the set of those points a € A for which (a,a+3d,)NA =0
and (a — 04,a) N A = (), respectively. Notice that if a;,as € Aj, then the
intervals (a1, a1 + 0q,) and (ag, a2 + d4,) are disjoint. Hence A, is countable
by Problem 2.14. In a similar manner, A is also countable.

2. Let A C R be uncountable. By Problem 1 there is an ¢ € A such that
(a,a + ) N A is nonempty for all § > 0. Now let ag € A be a point with
a < ap < a+1, then a; € A a point with a < a1 < min(ag,a + 1/2), etc..
Clearly the sequence {a,} selected this way converges to a.

3. For R this follows from the preceding problem. For R™ apply, e.g., Problem
12 to an open cover U,ec 4G, of the discrete set A, where each G, contains only
the point a from A. Since this includes a countable subcover the countability
of A follows.

See also (the solution of) Problem 2.14.

4. Let f be right continuous, and let

oscg = limsup [f(y1) — f(y2)|
Y1,Yy2—x

be the oscillation of f at x. f is continuous at z if and only if osc, = 0. Thus,
if A,, = {x : oscy > 1/m}, then U, A,, is the set of discontinuity points
of f, and it is enough to prove that each set A,, is countable. Because of
the right continuity of f, for every z € R there is a d,,, > 0 such that for
y € (x, 2+ y,m) we have | f(y) — f(x)] < 1/2m. It follows that in (z, 2 + 0z m)
there cannot be any point from A,,. Thus, the countability of A,, follows from
Problem 1.

5. Follow the preceding solution, and let A} be the set of those points in
A, where f is continuous from the right, and in a similar manner let A be
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the set of those points in A,, where f is continuous from the left. Now the
preceding solution gives that both A;}, and A, are countable, hence the result
follows.

6. Let f be a monotone real function. Then f has a limit f(x — 0) from the
left and a limit f(x + 0) from the right at every point x € R, and an x
is a discontinuity point z if and ounly if f(z 4+ 0) > f(x — 0). Let us assign
the interval (f(z — 0), f(z 4+ 0)) to every discontinuity point x of f. These
intervals are disjoint: if 1 < o are distinct points and z; < x3 < x2, then
by monotonicity we have f(z1 +0) < f(x3) < f(x2—0), so (f(x1 —0), f(z1 +
0)) N (f(z2 —0), f(x2 +0)) = 0. Now the result follows from Problem 2.14.

7. Let f be a real function that has right and left derivatives, which we denote
by fi (x) and f’ (x), at every point x. Let rg,71,... be an enumeration of the
rational numbers, and for rp, <7y, let Ay, = {z : fl(x) > 70, fL(2) <7}
It is enough to show that each A, ,, is countable. In fact, then Uy, », Ay m is
also countable, and this is the set of those points in which the right derivative
is bigger than the left derivative. In a similar manner it follows that the set
where the left derivative is bigger than the right derivative is countable, and
these two statements prove the claim.

Let A, m. 1 be the set of those points x € A,, , for which it is true that if
x <y <az+1/k then

f(y;:i(x)_f;(m) <74n;74'm7
and if x — 1/k <y < z, then

fy) = flx) Tn = Tm

y—iﬁﬂ_f_(x) <T.

Since Ur Ay m .k = An,m, it is enough to show that each A,, ,, 1 is countable.

From the preceding inequalities and the definition of the set A,, ,,, it is clear
that if © € A,, 5, , and 0 < h < 1/k, then the expression (f(xz + h) — f(z))/h
is bigger than r, — (ry, — 7m)/2 = (rn, + ) /2, while (f(z) — f(z — h))/h is
smaller than 7y, + (1, —7m)/2 = (rn, +7m)/2. On applying this to the point x
and & — h we can see (use that f(x)— f(x —h) = f((x —h)+h) — f(x —h)))
that it is not possible to simultaneously have z,(x — h) € Ay m k. But this
means that for any x € A, ,, x the interval (z — 1/k,z) does not contain any
point of Ay, , k, and we can apply Problem 1 to deduce the countability of
An,m,k~

8. Use the preceding problem and the fact that a convex function has left and
right derivatives at every point.

9. Let f be a real function and let A be the set of maximum values of f. Thus,
a € A if there is a point z, € R and a positive §, such that f(z,) = a, and
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there is no larger value of f in the interval (x4 — 84, 24 + d4). Let A, be the
set of those a € A for which d, > 1/n. It is obvious from the definitions that
if a,b € A,, are different points, then the distance between x, and x; is at
least 1/n. Thus A, is a discrete set, and hence it is countable (see Problem
3). Since A = UA,,, the set A is also countable.

10. If a is a strict maximum point of f, then there is a d, > 0 such that for
every y € (a—0q,a+04), y # a the inequality f(y) < f(a) holds. If A,, is the
set of all such a’s for which d, > 1/n, then clearly for a,b € A,, we must have
|a — b > 1/n. Hence A,, is countable by Problem 3, and so is U, A,,, the set
of strict maximum points of f.

11. If f is continuous and non-constant, then, by the intermediate value the-
orem, its image covers a whole interval. Thus, in this case not every point in
the image can be a minimum or maximum value by Problem 9.

12. Let {Bj, j = 0,1,...} be the collection of open balls in R™ of rational
center and rational radii (cf. Problem 2.17). Represent each G, v € I" as a
union some of the Bj’s as in Problem 2.18: G, = Ujea Bj, where A, is a
subset of the natural numbers. Then

Je= U B

yer JE€EU er A,

hence if for each j € UyerA, we select a v; € I' such that j € A, , then

clearly
Ue= U &

~er jEU erA,

so the subfamily G, j € UyerA, covers whatever is covered by the family
Gy, vel.

13. There are two kinds of semi-open intervals, namely those of the form [a, b)
and of the form (a, b]. Let G, v € I be the set of those intervals in {G, }yer
that are of the first kind, and let G, v € I> be the set of those intervals
in {G4}yer that are of the second kind. It is clearly enough to prove the
claim separately for the families G, v € I1 and G, v € I and for the sets
Ey = Uyen, Gy and By = Uyer, G, respectively. Thus, we may assume that
all the intervals G, are of the first kind.

Let Int(Iy) be the interior of G.. On applying the previous problem (to
R), we can see that the union of these interiors can be covered by countably
many of them, thus we only have to show that the same is true of the set

F=|JG |\ | mntG,)

yel’ yel'
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It is clear that for every x € F there is a §, > 0 such that (x, 2+ ,) is part of
the interior of a G, hence in (z, x +J;) there is no point from F. By Problem
1 F is countable, and so if we select for each of its points a G, that covers it,
then we get a countable subcover of F'.

14. This problem can be reduced to the preceding one. In fact, every nonde-
generated interval can be written as a union of two semi-open intervals. Thus,
we write G, = G,1 UG, 2 with sets G 1 and G2 of semi-open intervals.
Now apply Problem 13 to each family G, v € I' and G2, v € I" with E as
their union, and then unite the so obtained two countable subcovers.

15. Let Y be the set of those y for which f~!(y) N H is uncountable. We have
to show that Y is of measure zero, and to this end it is enough to show that
if for M = 1,2,... we denote by Y, is the set of those points y for which
f~Y(y) N (H N[-M, M]) is uncountable, then Y} is of measure zero.

Let us pick for each y € Yy, a point ¢, € f~(y)N(HN[—M, M]) such that
t, is a limit point of the set f~*(y) N (H N [—~M, M]). By Problem 2 such a
t, exists. Since f is constant on f~1(y) N (H N [—M, M]), the differentiability
of f at t, implies that f’(t,) = 0. If T denotes the set of all these ¢,’s, then
Yu = f[Twm].

Let € > 0. For every x € Ty there is a 1 > §, > 0 such that if 0 < h < §,

then
@)= J@Eh)|
h <

The intervals I, = (x — 0,2 + d5), © € T cover Thy, so, by Problem 12, we
can select a countable subcover U = U2 I,.. Then U is open, Yy C f[U],
hence, as € > 0 is arbitrary, it is enough to prove that the measure of f[U] is
at most 4(M + 1)e. Since U is the union of an increasing sequence of compact
sets, it is sufficient to show that if K C U is compact, then the measure
of f[K] is at most 4(M + 1)e. But for a compact K there is an N such that
K c UN I, and without loss of generality we may assume that in this union
each point is covered at most twice (in fact, if three intervals intersect in a
point then one of them is included in the union of the other two). By the
definition of the numbers d,,, every point of the set f[I.,] is of distance at
most €d,, from f(x;), hence f[I.,] is of measure at most 2ed,,. But then f[U]
is of measure at most 2¢ Zio Sz, and since every point of UY (I, is covered
at most twice, the sum Ziio 20,, is at most twice the measure of U, i.e., at
most 2 - 2(M + 1). This shows that f[K] has measure at most 4(M + 1)e as
claimed.

16. Let G, v € I' be a family of almost closed rectangles, and let G.,, v € I},
be the subfamily that consists of those elements in G, v € I' that have side
lengths bigger than 1/n. It is enough to verify the problem for each subfamily
G, v € I}, for then we can unite for n = 1,2,... the so obtained countable
subcovers of Uyer, G to get a countable subcover of U,erGl.
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Call a rectangle semi-closed if it is obtained from an open rectangle by
adding (without the endpoints) one of the sides of that rectangle, and accord-
ingly we can speak of left—, right—, down— and up semi-closed rectangles. Every
almost closed rectangle G is the union of four semi-closed rectangles. Thus,
if we can prove the countable subcover property for semi-closed rectangles of
the same type (e.g., for left semi-closed rectangles), then the claim follows by
uniting these four countable subcovers.

Thus, in what follows we can assume that each G, v € I' is a left semi-
closed rectangle with sidelengths bigger than 1/n.

The set which is covered by the interiors of the left semi-open rectangles
G,y € I can be covered by countably many of them (see Problem 12), hence
it is enough to show that the same is true of the set

F=UJG |\ | Um@a,)

yel’ yel’

This will follow if we can prove that the set F' lies on countably many vertical
lines. In fact, if [ is a vertical line, then every G, intersects [ in an open
interval. Thus, we can apply the Lindel6f property (Problem 12 for R) to !
and the family [ N G.,, v € I}, of open intervals to conclude that [ N F' can
be covered by countably many G.. Since this is true for every vertical line,
eventually we get a countable subcover of F'.

The points of F' are covered by the left-hand sides of some rectangles G,
and let Fy, k= 1,2,... be the set of those points x in F' that are covered by
the left-hand side of a rectangle G, with vertices of distance > 1/k from z.
Again it is enough to show that each set F} lies on countably many vertical
lines. Let L be the set of those vertical lines that intersect F}, and for every
l € L select from [ N F} a point x;. From the definition of F}, it follows that if
we place a small disk D, of radius 1/4kn and of center at z; to every point x;,
I € L, then these disks are disjoint. In fact, if, say, D; N Dy # 0 and [ lies to
the left of s, then x4 is covered by the rectangle G, that contains x; on its left
side and has vertices of distance > 1/k from x;, hence x5 could not be in F'.
Now by Problem 2.14 there are countably many D;’s, so there are countably
many x;’s, and this is what we had to show.

The same result is not true for closed rectangles. In fact, if we cover each
point on the line y = = by the vertex of a closed rectangle with sides paral-
lel with the coordinate axes, then from this cover one cannot omit a single
rectangle to remain a cover of the whole line y = .

17. If the claim was not true, then for every a € A there would be a ball B,
that intersects A only in a countable set. The set {B, : a € A} is an open
cover of A, hence by Problem 12 there is a countable subcover A C U2, B,,.
But since AN By, is countable for all ¢, this would mean that A can have only
countably many points.
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18. Let A** C A be the set of accumulation points of A lying in A. The set
A\ A** must be countable, for otherwise it would contain by Problem 17 an
accumulation point of itself, and that would belong to A**, a contradiction.
The set By of those a € A** for which there is a 6 > 0 such that AN(a—4,a) is
countable clearly has the property that By N(a,a—¢) = 0, hence, by Problem
1, it is countable. In a similar fashion countable is the set By of those a € A**
for which there is a § > 0 such that AN (a,a + §) is countable. These show
that A* = A**\ (By U Bs) has the property that A\ A* is countable.

If a,b € A*, then AN (a,b) is uncountable, therefore, by what we have
just proven, it contains an element of (AN (a,b))* = A* N (a,b), hence A* is
densely ordered.

19. Tt is clear that the set X of accumulation points of any set A is closed.
We have to show that if it is not empty, then it is dense in itself, i.e., every
neighborhood U of any point x in X contains a point in X different from
2. This follows from the previous problem, for (U \ {«}) N X is uncountable,
hence one of its points is an accumulation point of this set by Problem 17.

20. Let E be closed, and let X be the set of its accumulation points. Then
X C F and X is perfect by Problem 19. Thus, it is enough to show that E\ X
is countable. If this was not the case, then, by Problem 17, the set E'\ X would
have an accumulation point x in E \ X. But that is not possible, for then x
would be an accumulation point of E, and so it would have to belong to X.

21. Let E C R™ be nonempty and perfect. Choose two disjoint nonempty
closed subsets Ey and E; of E in the following way: select two points Py and
P in F and two disjoint closed balls By and B; around them of diameter
< 1/2, and set By = ENBy and E; = EN By. Then choose disjoint nonempty
closed subsets Eyg, Eg1 C Fo and Eqg, E11 C E4 in the following way: select
two points Pyy and Py; in Fy that lie inside By and two disjoint closed balls
Bgo and By around them of diameter < 1/22 in such a way that both of them
lie in By, and set Egg = E N By and Epy = E N By (and the choice of Ejg
and FEj; is similarly done relative to F1 and Bj). Continue this process. The
perfectness of the set E guarantees that this process does not terminate. Let J,,
be the union of all subsets at level n (e.g., Jo = EpoU Eo1 UE10UE77), and set
E* =N,J,. This is a closed subset of E. Every 0-1 sequence € = {¢g, €1,. ..}
defines a point {z.} = N, Eeye,..c,, , and these points are different for different
0-1 sequences: if ¢ = {€;}32, is another sequence and we select m in such a
way that eg = €, ..., €m—1 = €,,_1 but €, # €, say €, = 0 and €, = 1,
then x, resp. z lie in the disjoint sets Eeje,...c,, 10 1€SP. Eeyeqome, 11 Thus,
E* has continuum many points by Problem 4.3, and so E has at least that
many points. But R™ is of cardinality continuum (Problem 4.14, a)), and we
are done because of the equivalence theorem.

22. Apply Problems 21 and 20.
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23. That d is a metric is easily established. It is also easy to see that if
{a§-n)};’io, n = 0,1,... is a sequence of elements of R*, then this sequence
converges to an {a;}52, € R if and only if for each j we have
nh~>n;o CL;”) = aj

i.e., the metric describes the topology of pointwise convergence (recall that
R is the set of mappings f : N — R, therefore the statement is that if
fsfn € R®, n=0,1,..., then d(f,,f) — 0 as n — oo if and only if for all
j the limit f,,(j) — f(j) holds as n — oo, which is pointwise convergence).
This, and the completeness of R, easily imply the completeness of R*°.

Finally, there is a countable dense subset of R, namely the set of se-
quences of rational numbers that contain only finitely many nonzero terms
(cf. Problem 2.4).

24. Let H be a countable dense subset of R>® and let G be the set of open
balls of rational radius and with center in H. Exactly as in Problem 2.17, this
set is countable, and exactly as in Problem 2.18, any open subset of R* is a
union of countably many open balls from G. This is enough for the Lindelof
property (cf. Problem 12) to hold in R, i.e., any open cover of any subset of
R includes a countable subcover (see the solution to Problem 12). Now the
notion of accumulation point (see Problem 17) can be carried over to R,
and using this exactly as in the solutions of Problems 17-20 we get that any
closed set in R is the union of a perfect and a countable set.

25. This follows from the preceding problem, since a nonempty perfect set
is of cardinality continuum (recall also Problem 4.14, b), according to which
R is of power continuum).

26. First we prove the claim for open sets in R™. For R™ this is clear, and
if O C R" O # R" is an open set, then for x = (zg,21,...,2n-1) € O,
consider the point fx € R* for which fx(m) = z,, for m < n, fx(m) =0
for m > n, and fx(n) = 1/dist(x,00) (the reciprocal of the distance from x
to the boundary of O). It is easy to see that the set Fp = {fx : x € O} is
a closed subset of R*°, and fx +— x is a continuous and one-to-one mapping
from Fp onto of O.

Next we use that the family of Borel sets in R™ is the smallest family
of sets containing the open sets and closed under countable intersection and
countable disjoint union (see Problem 1.13 or 12.25). Therefore, it is sufficient
to show that the property of being the continuous and one-to-one image of
a closed subset of R* is preserved under countable intersection and disjoint
countable union.

Let A = N;A;, and suppose that each A; C R™ is a continuous and
one-to-one image of a closed subset of R*. Let N = U2)N; be a disjoint
decomposition of N into some infinite sets N;. Then YR is homeomorphic
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to R, and let f; : F; — A; be a continuous and one-to-one mapping of a
closed subset F; of NiR onto Aj. The set

F*:{gEROO : g‘N‘th @':0,17._.}
is a closed subset of R, and

F:{gEF* : fi(g\N,»):fk(g\Nk) for alli,k‘:O,l,...}

is a closed subset of F*, and hence of R*°. It is clear that g — fj (g‘NO) is a

continuous one-to-one mapping of F' onto N;A;.

Next let A =Uj2,A;, AjNA, = () for j # k be a countable disjoint union,
and suppose that each A; C R" is a continuous one-to-one image of a closed
subset F; of R*°. We may assume that g(0) = j for all g € F} (clearly, for fixed
j the set of points g € R* with g(0) = j is isomorphic and homeomorphic
to R™). But then the set F' = U;F; is closed in R (note that the distance
between different F}’s is at least 1/2), and if we define f : F — U;A; by
f(u) = fj(u) for v € Fj, then we get a continuous one-to-one mapping of F
onto UjAj.

27. This is an immediate consequence of Problems 25 and 26.

28. Suppose to the contrary that no A; is dense in any interval. Then for
every interval I and every ¢ there is a closed subinterval J C [ such that
J N A; = 0. Now starting with Jy = [a,b] inductively select nondegenerated
closed intervals Jp,Js ... such that J,.1 C J, and J,41 N A, = (. Then
NpJy is nonempty, and if x € N,J,, then x € U,A,,, which contradicts the
assumption. This contradiction proves the claim.

29. See the proof of the more general result in Problem 31.

30. The proof of Problem 28 shows that if A = U$2,A;, then there are a ball
B and an i such A; is dense in B. But then this A; is not nowhere dense.

31. Let B* C A be a closed ball. Suppose to the contrary that for any ball
B C B* and for any i there is a ball B’ C B such that B’ N A; is of power less
than continuum. Choose two disjoint closed balls By C B* and B; C B* (say
two smaller balls from the B’ above for ¢ = 0) of (positive) diameter < 1/2
such that (Bo U By) N Ap is of power smaller than continuum. Then choose
disjoint closed balls Bgg, Bo1 C By and Big, Bi1 C B; of radius < 1/22 so
that the set (Boo U Bo1 U Bo1 U B11) N A; is of power smaller than continuum.
Continue this process. As in the solution of Problem 21, for every sequence

e ={eo,e1,...} € N0,1}
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of zeros and ones the intersection

o
ﬂ Beyer-en
n=0

contains a single point z., and different sequences generate different points.
Thus, the set
X ={z. : ec M0,1}}

is of power continuum and for any n we have

XC U Beyer ey -
€;=0,1 j=0,1,....,n

But by the construction this latter set intersects A, in a set of power smaller
than continuum, hence A,, N X is of power smaller than continuum. Since
Un A, includes X (recall that X C B* C A), it follows that X = US24(XNA),
i.e., a set of power continuum is represented as countable union of sets each
of power less than continuum. But this contradicts Problem 4.15, and this
contradiction proves the claim.

32. Instead of z € R we shall index our sets by infinite 0-1 sequences (their
number is equally continuum; see Problem 4.3). For an infinite 0-1 sequence
e ={€;}5°, let A be the set of real numbers that have decimal expansion of
the form

00O 000460ﬂ0461ﬁ146262 teey,

where ¢ stand for any digits and §; = 2 or 3. Since for each {¢;}$2, we can
select the ;s in continuum many ways (see Problem 4.3), it is clear that this
A is of cardinality continuum in every interval.

33. Consider the sets A,, € R from the preceding problem. If we set f(u) = x
if u € A, then this f takes any real value & continuum many times in every
interval I (namely in the points of the set I N A,).

We can also get a concrete f as follows. We define f(x) using the decimal
expansion x = ---.x122--- of x (if z has two such representations, then fix
the one that has infinitely many zero digits). We shall only consider the digits
after the decimal point. Let f(0) = 0, and if in the expansion of x there are
infinitely many blocks of length > 2 consisting of the digit 5 or if there is no
such block at all, then also let f(z) = 0. Otherwise let I > 2 be the length of
the longest block of consecutive fives, m the number of 0’s following the last
one of the longest block of fives, (1,32, ... the digits in the expansion of x
after these zeros, and set

flx) = (=1)"10™-0.83060 - - - -

If I is any interval,
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a = (—1)S ...a_1.a709 ...

is its middle point, k& > 1 is a number such that 10~% < |I|/10, and if y =
(=1)P107 - 0.y1y2 ... (p = 0,1, ¢ > 1) is any nonzero real number, then let

+2k
——
Tr = (71)8 L..a_1.a102 ... ak4 555...55000...00 461y1462y2453y34 ey

where §; = 2 or 3 independently of each other. It is clear that there are
continuum many such numbers (the 5;’s can be selected in continuum many
ways by Problem 4.3), each of them lies in the interval I and each satisfies

flz)=y.

34. Let f :[0,1] — [0,1] x [0, 1] be the mapping from the next problem. Then
f is of the form f(t) = (g(¢), h(t)), with some continuous g, h : [0,1] — [0,1],
and it is clear that, e.g., g takes every value y € [0, 1] continuum many times
(since all the points (y,u), u € [0,1] are in the range of f).

35. Recall that each point x in the Cantor set C' has a triadic representation
x = 0.1z ... where each «a; is 0 or 2. It is also easy to see that if y € C' is
another point with similar representation y = 0.610z ..., and |z — y| < 37",
then the first n digits in the expansions of  and y are the same, i.e., o; = 3; for
all 1 <i < n (a warning is appropriate here: for z,y € R two numbers can be
close without having many common digits, e.g., if we use decimal expansion
and x = 0.1000---00111... and y = 0.0999---9900... where - - represent
sufficiently many identical digits, then x and y can be arbitrary close without
having a single common decimal digit). In fact, just take into account that
a1 = (1 exactly if z,y lie in the same subinterval of the Cantor construction
at the first level, then ay = (5 exactly if x, y lie in the same subinterval of the
Cantor construction at the second level, etc. Thus, if for z € C' we set

9(x) = 0.(a1/2)(es/2)(as/2) ..., h(x) = 0.(a2/2)(a/2)(06/2). ..,

where the numbers represent binary expansions, then we get that both g and
h are continuous functions on C. It is also clear that f(x) = (g(z),h(x))
maps C onto [0,1] x [0,1]. In fact, if P = (0.7172...,0.0102...) is any point
in [0,1] x [0,1] (with binary expansion for the coordinates), then with z =
0.(271)(201)(272)(2d2) . .. we have f(z) = P.

Extend now both g and h to the contiguous intervals of C' linearly, i.e., if
(a, b) is a subinterval of [0, 1]\C, then let g(t) = (g(b)—g(a))(t—a)/(b—a)+g(a)
for t € (a,b). It is easy to see that these extended functions are continuous
on [0,1]. This way we get a continuous extension of f, and this f has all the
desired properties.

36. Let f(t) = (g(t), h(t)) be the function from the preceding problem. We
claim that the functions
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fo®) = g(t), f1(t) = g(h(t)), fa(t) = g(h(h(1))),. ..

are appropriate. To this end it is sufficient to verify that for every n and
arbitrary real numbers g, 21, ..., T, from [0, 1] there is a ¢,, € [0, 1] such that
fi(tn) = x; for all 0 < i < n. In fact, then if xg, z1, ... is an arbitrary infinite
sequence, then we can select a convergent subsequence of the aforementioned
sequence tg, t1,... converging to some number ¢ € [0,1], and then it is clear
that we have for all ¢ the equality f;(t) = ;.

We show the existence of t,, by induction. For ¢ = 0 it clearly exists,
and let us suppose that we know the existence of ¢,_; for all sequences
20,215 -+ 2n—1. Then, by this induction hypothesis, there is a t_, € [0,1]
with the property that

g9(tr—1) = x1, g(h(t; 1)) = @2, g(h(h--- (h(t, 1)) ) = Tn,

where the last function is composed of g and n—1 copies of h. By the property
of the function f, there is a t,, such that g(¢t,) = z¢ and h(t,) = ¢} _;. Thus,
for this t,, we get

—_———
9(tn) =m0, g(h(tn)) =x1,... g(h(h---h(tn) ) = Tn,

where the last function is composed of g and n copies of h, and so the induction
step has been verified.

37. Set e = 1/m with m = 1,2,.... If v = v, is the corresponding number in
the definition of convergence, then there is a countable ordinal 7 larger than
any of the countably many countable ordinals v,,. It follows that if A is the
limit, then for £ > 7 we have a¢ = A, and this proves the claim.

38. Assume the sequence to be increasing. The statement is a consequence
of Problem 1, for there is no point of the set A = {a¢}ecq in the interval
(@y, Gy41) for any a, € A.

39. Consider « as an ordered set. Since it is countable, it is similar to a subset
of QN[0 1] (see Problems 6.26 and 6.28), thus there is a mapping f : a — [0, 1]
that is monotone. If for { < o we set ag = f(&), then {a¢}ecq is a strictly
increasing sequence, and it is easy to see that if A = sup,_, ag, then this
sequence converges to A.
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Ordered sets

1. Let (A, <) be an infinite ordered set, and let B = {ag,a1,...} be any
sequence in A consisting of different elements. We are going to show that in
B there is a monotone subsequence. Consider the set C' of all elements a; € B
for which there is no ax, & > j with a; < ax. The elements in C form a
decreasing sequence; therefore, if C is infinite, then we are done. If C' is finite,
then there is an IV such that a; ¢ C for j > N. This means that for every
a; with j > N there is an index k > j such that a; < aj;. But then starting
from ay we can select larger and larger elements, and we obtain an infinite
increasing sequence in B.

2. See the solution to Problem 3.10, a).
3. Consider the set {—1/n,1/n,1—1/n : n=2,3,...}.

4. Let [z] resp. {z} denote the integral resp. fractional part of z, and set x < y
if {z} < {y} orif {a} = {y} and [z] < [y]. It is clear that in this ordering
x — 1 is the predecessor, and x + 1 is the successor of z.

5. The necessity is obvious. Now suppose that (A, <) is such that for every
a € A there are only finitely many elements b € A with b < a. Toana € A
associate the number n, of those b € A with b < a. By the assumption the
mapping a — n, is a mapping from A into N, and it is immediate that it is a
monotone mapping. Let B be the set of all n,’s. Since A is infinite, B is also
infinite (note that a monotone mapping is 1-to-1). If n, € N, and m < ng,
then there is an element ¢ € A with m = n.. In fact, the set {b : b < a}
is finite and has n, elements, so if we select as ¢ the (m + 1)st element of
{b : b < a}, then for this n. = m as we claimed. Thus, the mapping a — n,
is a similarity mapping from A onto N.

6. The answer is that (A, <) is similar to N or to the set of the negative
integers, Z \ N. The sufficiency of this condition is clear, so now suppose that
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(A, <) has the property that every infinite subset is similar to the whole set.
By Problem 1 in (A, <) there is a monotone infinite sequence S. Thus, S is
either similar to IN or to the set of the negative integers Z\ N. The assumption
is that S is similar to A, thus A must be similar to either N or to Z \ N, as
we claimed.

7. The necessity of the condition is clear, so let us suppose that (A, <) has no
smallest or largest element, and every interval {¢ : a < ¢ < b}, a,b € A is
finite. This implies that every element has a predecessor as well as a successor.
Thus, starting from any element of A and successively taking predecessors and
successors, we can define a two-way infinite sequence {qa; }}";700 in A with the
property that a; < ay, if j < k. Now if A had any additional element a, then
that would have to be either bigger than all a; or smaller than all a;, and in
both cases we would have infinitely many elements between ag and a, which
is not possible. Thus, A = {a;}52_, and the proof is over.
8. It is clear that every set similar to Z, N or Z \ N has this property, and we
show that this condition is also necessary. If A does not have a smallest and
largest element, then by the previous problem it is similar to Z. If A has a
smallest element, then it cannot have a largest element, for then there would
be only finitely many elements of A between them. Now as in the previous
proof, starting from the smallest element we can form an infinite increasing
sequence ag < a1 < --- by taking successors one after the other, and it is also
clear that there cannot be any additional element a of A, for then this a would
have to be larger than any a;, and there would be infinitely many elements
between ag and a. Thus, in this case (4, <) is similar to N. In an analogous
manner if A has a largest element, then it is similar to Z \ N.

9. The set Q has the continuum many different initial segments {r € Q : r <
z}, z € R.

10. See Problem 90.

11. Let By, be the set By, = {m —1/k : k=1,2,3,...}, which is similar to
N, and for n = 1,2, ... consider the set

An:{ LOJ Bm}U{O,l,...,n—l}.

m=—0oQ

It is clear that these are nonsimilar for different n's (in fact, in A,, there are
exactly n elements a with the property that the set {b € A,, : a < b} is finite,
and this property is preserved under similarity mapping). But it is also clear
that A,, is similar to the initial segment {a € 4,, : a < =1/(n+ 1)} of A,,.
[W. Sierpinski, Cardinal and Ordinal Numbers, Polish Sci. Publ., Warszawa,
1965, XI1.9/1]
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12. This follows from Problem 3.1. [S. Banach, Fund. Math., 39(1952), 236
239.]

13. Let f : A — B be a similarity mapping from A onto an initial segment
of B and g : B — A be a similarity mapping from B onto an end segment
of A. If f or g is an onto mapping, then we are done, so let us assume that
they are not. Consider the set A’ of all elements a’ € A such that there is an
a’ < a € A for which it is true that a < g(f(a)). It is clear that then this
a also belongs to A’, A’ is an initial segment of A, and it is not empty, for
any element outside of the range of g (which is the same as preceding every
element in the range) is in A’. Let B’ be the image of A’ under the mapping
f. Then B’ is an initial segment of B, and we claim that ¢ maps B \ B’ onto
A\ A’. With this the proof will be over, for then the mapping h(z) = f(z) if
x € A and h(x) = g~ 1(x) if v € A\ A’ is clearly a similarity mapping.

Let b € B\ B’. Then for every o’ € A’ there is an a € A’ such that
a <a<g(f(a)) < g(D), thus g(b) ¢ A’, and so g maps B\ B’ into A\ A’. If
de A\ A’ then g(f(d)) < d, furthermore f(d) € B\ B’. Since ¢ is mapping
B\ B’ onto an end segment of A\ A’, there is an element b € B\ B’ with
g(b) = d. Since d was an arbitrary element of A\ A’ this proves that g is
mapping from B\ B’ onto A\ A’, and we are done. [A. Lindenbaum, see W.
Sierpinski, Cardinal and Ordinal Numbers, Polish Sci. Publ., Warszawa, 1965,
XII.9. Theorem 2]

14. Let f : A — B be a monotone mapping onto an initial segment of B,
g : A — B a monotone mapping onto an end segment B, and h : B — A a
monotone mapping of B onto an interval of A. We distinguish three cases.

Case I: there is a b € B such that b < f o h(b). Let
By ={ce B : c¢=bfor somebe B withb= foh(b)}.

B is an initial segment of B, and we claim that foh maps Bj into B;. In fact,
if c € By and b € B is as in the definition of By, then foh(c) X foh(b), and
here foh(b) < (foh)(foh(b)), so by the definition of By we have foh(c) € B;.
Let

Ar={a€ A : a<h(b) for some b € B;}.

Then A; is an initial segment of A, and f is mapping A; onto Bj. In fact, f
maps A; into By, since if @ < h(b) for some b € By, then f(a) < foh(b) € By,
so f(a) € By. On the other hand, if ¢ € By is arbitrary, and b is as in the
definition of By, then ¢ = b <X foh(b) = f(h(b)). But f maps initial segments
into initial segments, so there is an a € A; such that ¢ = f(a), which proves
that f maps A; onto Bi, and incidentally, that A; and B; are similar. It is
left to show that A\ A; and B\ B; are also similar. It is also clear that h
maps B; onto an end segment of A;. Thus, f maps A\ A; into an initial
segment of B\ By, and h maps B\ Bj into an initial segment of A\ A;. Now
if g maps A\ A4; into B\ By, then it maps it into an end segment of it, so on
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applying the preceding problem to the ordered sets A\ A; and B\ By and to
(the restrictions of) the mappings ¢, h we can conclude that A\ A; and B\ By
are similar. If, however, g does not map A\ A; into B\ By, then B\ By is
in the range of the restriction of g onto A\ A1, so g~! is defined on B\ B;
and maps it into an end segment of A\ A;. Now the similarity of A\ 4; and
B\ By follows again from the previous problem if we consider (the restrictions
of) the mappings f and g—!.

Case II: there is a b € B such that g o h(b) < b. This case can be verified
along the same lines as Case I, and actually follows from it if we consider the
reverse orderings.

Case III: for every b € B we have f o h(b) < b < go h(b). Take any b € B,
and set

Bi={ceB :c=xb}, A ={acA: a<h(b) for some b€ By}

By our assumption, A; is mapped by f into B;, and A\ A; is mapped by ¢
into B\ By. Thus, A; is similar to an initial segment of B; under f, and B; is
similar to an end segment of A; under h, so A; and B; are similar (Problem
13). In a similar fashion, B\ By is similar to an initial segment of A\ A; under
h and A\ A; is similar to an end segment of B\ By under g, so A\ 4; and
B\ B are also similar. Since A; and B; are initial segments, this proves that
A and B are similar.

15. For every n let AL be the set (QN[n+1/3,n+2/3))U{n+1/4,n+1-1/4},
and let A2 = {n+1/3,n+2/3}. For any 0-1 sequence ¢ = (¢, €1, . . .) consider
the set

Ae = U2 g Asn,

Note that if €, = 1 then the set A. N (n,n+ 1) contains a point followed by a
countable densely ordered set with first and last elements which is followed by
one more point. Since a similarity mapping maps successors into successors
and densely ordered subset into densely ordered subsets, it is easy to see by
induction that if there are two 01 sequences € and € such that g = €, ...,
€m—1 = €,_1, then a similarity mapping f between the sets A. onto A, must
map the set A.N [0, m] into the set A.- N[0, m]. Thus, if in addition, say €, = 0
but €/, = 1, then f cannot exist, for it would have to map the three-point set
{m+1/3,m+2/3,m+ 1+ 1/4}, which is an initial segment of A, N (m, c0),
onto an initial segment of A, N (m, o0), which is not possible, for in this latter
set the point m + 1/4 is followed by the dense set Q N [m + 1/3,m + 2/3].

Thus, the sets A, are not similar for different 0-1 sequences, and so we
have found continuum many subsets of Q no two of which are similar. [W.
Sierpinski, Cardinal and Ordinal Numbers, Polish Sci. Publ., Warszawa, 1965,
X11.6/1]

16. See Problem 18.
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17. By Problem 34 it is enough to show that if (NN, <) is the set of all
sequences of natural numbers with the lexicographic ordering, then there are
continuum many disjoint subsets of NIN similar to (NN, <) (recall also that
R and (0,1) are similar). For a 0-1 sequence € = (€, €1, . ..) let He be the set
of all those sequences s = (ng,ny,...) from NN for which n; = ¢; (mod 2).
For different €’s these sets are disjoint, and it is obvious that each H. is
similar to NN. In fact, if [z] denotes the integral part of x, then the mapping
f(s) = ([no/2],[n1/2],...) establishes a monotone correspondence between A,
and NN. [W. Sierpiniski, Cardinal and Ordinal Numbers, Polish Sci. Publ.,
Warszawa, 1965, XI.10. Remark]

18. The mapping x — arctan x is monotone and maps A into a similar subset
A’ of the interval (—7/2,7/2). Hence for every a € R the set A’ + a is a set
similar to A, and all these sets are different. This shows that there are at least
continuum many subsets of R similar to A.

Next let f : A — R be any similarity mapping from A onto a subset of R. f
can be extended to a nondecreasing real function F": select any point ag € A,
and set F(z) = infy<q, aca f(a) if 2 < ap and F(x) = sup,>, 4ca f(a) if
x > ag. Clearly, from different f’s we get different F’s, so there is at most
as many subsets of R similar to A as nondecreasing functions F' on R, and
by Problem 4.14, d) there are at most continuum many such functions. [W.
Sierpinski, Cardinal and Ordinal Numbers, Polish Sci. Publ., Warszawa, 1965,
XI1.6/2]

19. Consider the Cantor set C, list the bounded intervals in R\ C as I3, I, .. .,
and let P, C I,, be a set consisting of n points. Let P be the set that consists of
the points of the sets P, of the endpoints of the intervals I,, and of the points
0,1. For an arbitrary subset X C C'\ P of cardinality continuum consider
the set X U P. Since C' is of cardinality continuum and P is countable, the
set C'\ P is of cardinality continuum, therefore there are 2¢ such subsets. It
is enough to show that if X, Y C C\ P are different subsets of C'\ P (of
cardinality c¢), then X U P and Y U P are not similar. Let us assume that f
is a similarity mapping from X U P onto Y U P. Note that for any n there is
exactly one pair a,b € X U P such that there are exactly n points in X U P in
between a and b but for any o/, € X U P with @’ < a and b < I’ both sets
(¢/,b)N(X UP) and (a, b’ )N (X UP) are infinite. In fact, this pair must be the
one for which a,b € P and (a,b) = I,,, and then the portion of P in between
a and b is exactly P,. Since the same is true of Y U B, it follows that every
point of P, is a fixed point of f and it also follows that the same is true of the
endpoints of the intervals I, i.e., every point of P is a fixed point of f. But
the set of the endpoints of the intervals I,, is dense in C, hence P is dense in
X UP and Y U P. Now if a monotone mapping fixes a dense set then it must
be the identity mapping (see, e.g., the proof of Problem 21), hence X =Y,
and the proof is complete. [W. Sierpiriski, Cardinal and Ordinal Numbers,
Polish Sci. Publ., Warszawa, 1965, X1.10/5]
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20. See the second part of Problem 22.

21. First observe, that the assumption implies that there can be only countably
many pairs aj, as in A such that as is a successor of a;. In fact, any element
from b can belong to at most two such sets {a1,a2}, and B is countable.
Thus, if we add all such pairs to B, then B remains countable, and with
this we achieve that for any two elements ay,as € A with a; < as there are
bl,bg € B with a1 <X b1 < by < as.

By Problem 26 there is a similarity mapping f from B onto a subset C
of QN (0,1). Now for a € A define F(a) = sup,<, pep f(b). This is well
defined since C' € R is bounded, and we claim that it is monotone. In fact,
if a; < a9, then there are by, by € B with a; < by < by < as and with them
F(a1) < f(b1) < f(b2) < F(ag). Thus, F' maps (A, <) onto a subset of R in
a monotone fashion, and we are done. [W. Sierpiriski, Cardinal and Ordinal
Numbers, Polish Sci. Publ., Warszawa, 1965, X1.10/5]

22. The set A = R is similar to B = (0,1), but their complements are not
similar.

If, however, A and B are two countable dense subsets of R, then their
complements are similar. In fact, by Problem 27 A and B are similar, and
let f: A — B be a similarity mapping between them. If we set F(z) =
SUP,<;. aca f(a), then F' is a strictly increasing monotone real function the
range of which contains all points of the dense set B. Hence F cannot have
any point of discontinuity (jump), so F' is a monotone mapping from R onto
R. The restriction of F' to R\ A is mapping from R\ 4 onto R\ B, and so
these sets are similar.

23. Let us enumerate the open subintervals of R with rational endpoints into
a sequence Ip, I, ... (cf. Problem 2.13), and for an arbitrary member G of M
set f(G) = ZI cg 107 J. Since every open subset of R is the union of some
I;’s, it follows that if G1,G2 C M and G1 C Ga, then there is an I; with
I C Gy but I; Z G. This shows that f(G1) < f(G2), and so f is a s1m11ar1ty
mapping from M into R.

24. Let {r,}52,; be an enumeration of the rational numbers, and for z € R
let F, = {0} U{1l/n : r, <z}. This is a closed set of measure zero, and it is
clear that if z <y then F, C F,.

25. This is a special case of Problem 90, since out of two initial segments one
of them includes the other one.

26. Let (A, <) be any countable ordered set. We may assume A to be infinite,
and let A = {ag,a1,...} be an enumeration of the elements in A, and also
select an enumeration Q N (0,1) = {rg,r1,...} of the rationals in (0, 1). Now
let f(ap) = ro, and if f(a;) have already been selected for i < n, then let
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f(ayn) = ryp, where m is the smallest index for which it is true that we have
flaj) < 7y, for exactly those 0 < j < n for which a; < a, holds. Since
QN (0,1) is densely ordered, there is such an m, so this definition is sound.
It is clear from the definition that f is a monotone mapping from A onto a
subset of QN (0,1).

27. Follow the preceding proof with the following modification (this is the
so-called back-and-forth argument). For each n we select subsets A,, C A and
@, C Q and an f, : A, — @, monotone mapping in such a way that A,
and Q11 are obtained by adding one element a;,,; € Aand r;,,; € Q to A,
and @, respectively, and f,,41 is the extension of f,, by setting fn11(al,,,) =
T;L+1' Start from AO = {ao}, QO = {To}, fo(ao) = 7o as before, and if Ai, Qi, fi
have already been defined for i < n, then for even n let a;,,, be the element
ap in A\ A,, with smallest index k, and let f,41(aj, ) = 7, where m is the
smallest index for which it is true that we have f,(a) < ry, for exactly those
a € A, for which a < a;,; holds, and set r, | = r,,,. However, for odd n let
rn41 be the element 7 in Q\ @, with smallest index &, and let m be the
smallest index for which it is true that we have a; =< a., for exactly those
aj € Ay, 0 <j <n for which f(a}) <y, holds, and set a;, | = an,. By the
density of the sets A and Q and by the fact that neither of them has a smallest
or largest element, the selection of a;, ,,, 77, above is possible, and by the
construction ap € A, and rp € Qy for n > 2k. Thus, U, A4, = A, U,Q, = Q.
Now if we set f(an) = fon+1(an), then, in view of the fact that the functions
fo, f1, ... extend each other, it follows that f is a monotone mapping from A

onto Q.[G. Cantor]

28. If the set (A, <) is countable and densely ordered and does not have a
smallest and largest element, then by the preceding problem it is similar to
Q. The same is true of Q N (0,1), hence (A, <) is similar to Q N (0,1). If in
(A, <) there is a smallest element ag but there is no largest element, then
the set (A\ {ao}, <) is densely ordered and is without a smallest and largest
element, hence, as we have just seen, it is similar to Q N (0,1). But then
clearly (A, <) is similar to Q N [0,1). In a similar fashion, if (A, <) has a
largest element but no smallest one, then it is similar to Q N (0, 1], and if it
has both, then it is similar to Q N [0, 1].

29. Let B be the set of countable ordinals with the usual ordering on the ordi-
nals, and let A = Q x B with the antilexicographic ordering. Any nonempty
proper initial segment of (A4, <) is an initial segment of Q x C, where C C B
is a countable set. Now apply Problem 28.

30. Let (A, <) be the set of the countable ordinals with the usual ordering on
the ordinals. Any uncountable subset B of (A, <) is well ordered. By Problem
42 one of A or B is similar to an initial segment of the other one. But both
A and B have countable proper initial segments, hence the initial segment in
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question must be the whole set. Therefore, in either case we get that A and
B are similar.

31. It is clear that the elements follow one another in the order:

(0,0,...),

(1 oo ),

(0,1,0,0...),(1,1,0,0...),
(0,0,1,0,0...),(1,0,1,0,0...),(0,1,1,0,0...),(1,1,1,0,0...),

and this is the same how the numbers 0,1,2,... follow one another. [W.
Sierpinski, Cardinal and Ordinal Numbers, Polish Sci. Publ., Warszawa, 1965,
X11.2/7]

32. Let (A, <) be the lexicographically ordered set of infinite 0-1 sequences
that contain only a finite number of 1’s. By Problem 2.9, ¢), (A, <) is count-
able, and it has a smallest element, namely the identically zero sequence.
It is also clear that (A, <) has no largest element. Thus, by Problem 28
it is enough to show that (A, <) is densely ordered. Let x = (xo,x1,...)
and ¥ = (yo0,%1,-..) be two elements in A with & < y. Then there is an
n such that z; = y; for ¢ = 0,1,...,n — 1, but =, = 0 and y, = 1. Set
z = (zo,21,.-,2n-1,0,1,1,1,...,1,1,1,0,0,...), where the last 1 appears so
far out that there the numbers in the sequence z are already all zero. For this
z we clearly have x < z < y, which proves that (A, <) is densely ordered.
[W. Sierpinski, Cardinal and Ordinal Numbers, Polish Sci. Publ., Warszawa,
1965, XII1.2/7)

33. To a 0-1 sequence €g, €1, . .. associate the number 0.(2¢)(2¢;) ... in base
3 in the Cantor set. It is easy to see that this establishes a monotone corre-
spondence between the lexicographically ordered set of infinite 0-1 sequences
and the Cantor set.

34. To a sequence s = (ng, n,...) of natural numbers associate the number
f(S) — 1 _ 2777,071 o 27n07n172 o 27?7,07711777,273 o

This is a monotone mapping: if s < s’ in the lexicographic ordering, then
f(s) < f(s). Tt is also clear that f(s) € [0,1). Furthermore, if y € [0, 1), then
1 — y can be uniquely written in the form

1l—y=2""0 427" ... with 1 <mg<mi <mg<---. (6.1)

In fact, select the integer mg according to 27™0 < y < 2™+l then 0 <
y—27™0 < 27™0 hence if my is chosen according to 27" < y—27"0 < 27
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then my > mg. Continuing this process we get the representation (6.1). But
then it is clear that for s = (mg — 1,m1 — mo — 1,me —my — 1,...) we have
f(s) =y, thus f is a mapping onto [0, 1).

35. Associate with a sequence s = (ng, —ni,n2, —ns,...) the value of the

continued fraction )

7'L0+1+

f(s)=1- —.
ni+1+L

On the right we have an infinite continued fraction, hence f(s) is irrational and
lies in (0, 1). Conversely, the continued fraction expansion of every irrational
number is of the preceding form, hence f is a mapping from A onto (0,1)\Q. It
is also clear that if in two sequences s and s’ we have ng < n{), or ng = nj, and
ny > n} (sicl), or ng = n{, n1 =nf and ny < nf or ng = ng, n1 =ni, n2 = nj
and ng > n4 (sic!) ete., then f(s) < f(s’) (note that by increasing the bottom
denominator at a k-level continued fraction built up from positive numbers
increases the fraction if & is even and decreases it if k is odd, simply because by
increasing the denominator in a fraction of positive numbers we decrease the
fraction). Thus, f is a similarity mapping from (A, <) onto (0,1)\ Q. But this
latter set is similar to the set of irrational numbers. Indeed, (0, 1) is similar to
R, say under a mapping f, hence (0,1) \ Q is similar to R\ f[Q] where f[Q]
is a countable dense subset of R. Now just apply the second part of Problem
22 to deduce that R\ Q and R\ f[Q] are similar. [F. Hausdorff, Grundziige
der Mengenlehren, Leipzig, 1914; Set Theory, Second edition, Chelsea, New
York, 1962]

36. In a well-ordered set there cannot be a decreasing infinite sequence, for
then in the subset formed from the elements of the sequence there is no small-
est element.

Conversely, if the set (A4, <) is not well ordered, then there is a nonempty
subset B C A which does not have a smallest element, i.e., for any b € B there
is a smaller element in B. But then we can select elements by, b1, ... from B
such that each one is smaller than the previous one, and this bg, by, . .. is then
an infinite monotone decreasing subsequence of (A4, <).

37. Apply the previous problem along with Problem 5.2.

38. Apply the preceding problem and Problem 23. If U consists of closed sets,
then consider complements with respect to R.

39. If we had f(a) < a for some a, then by monotonicity f(f(a)) < f(a),
f(f(f(a))) < f(f(a)), etc., i.e., a, f(a), f(f(a)),... would be a monotone de-

creasing sequence, which is not possible in view of Problem 36.

40. If (A, <) and (B, <) are two well-ordered sets and f; and f, are similarity
mappings from (A, <) onto (B, <), then f; ' o f; and f{ ' o fo are mappings
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of (A, <) into itself. Hence by the preceding problem for every a we have
a = fyto fila) and a < f{ ' o fo(a), which, when applying f» resp. fi to
both sides, yields fa(a) < fi(a) and fi(a) < fa(a), ie., fi(a) = f2(a), and
this shows that f; and f; are identical.

41. This is a consequence of Problem 39, for if the well-ordered set (A4, <) was
similar via a mapping f to a subset of a proper initial segment S of it, and
a ¢ S is a point outside S, then f(a) belongs to S, hence it is smaller than a,
and by Problem 39 this is not possible.

42. Let (A, <) and (B, <) be two well-ordered sets. Let A’ be the set of all
a € A such that the initial segment 4, := {a € A : a < a} is similar to an
initial segment C, of B. By the previous problem, this C, is uniquely defined
by a. If for some a € A we have C, = B, then we are done, so let us assume
that this is not the case. Then B\ C, has a smallest element that we denote
by f(a). It is easy to see that C, = By, :={b€ B : b < f(a)}.

In a similar manner let B’ be the set of all b € B for which the initial
segment By, is similar to an initial segment Dy, of A. This Dy, is again uniquely
determined by b, and we can assume again that D, # A for any b € B’. It is
clear that for b € B’ we must have D, = A, for some a € A’, and f(a) = b.
Thus, f maps A’ onto B’. Since a similarity mapping maps an initial segment
into an initial segment, it follows that both A’ and B’ are initial segments of
A and B, respectively.

Let f, be the similarity mapping from A, onto By, (cf. Problem 40).
Then for ¢ < a the restriction of f, maps A, into By, (., hence, by the unicity
of the B., we must have f,(c) = f(c). But this means that f(c) = f.(c) <
f(a), i.e., f is monotone.

Thus, we have obtained so far that f : A’ — B’ is a similarity mapping
and so the claim follows if we can show that A’ = A. If this is not the case,
then the set A\ A’ is not empty, and so it has a smallest element, say a’. As
above, we get again that A’ = A, , hence A, is similar (via f) to an initial
segment (B’) of B. But then we would have a’ € A’ which is not the case,
and so this contradiction proves that, in fact, A’ = A

43. If (A, <) and (B, <) are the two well-ordered sets, then by the previous
problem, one of them is similar to an initial segment of the other one. Suppose,
for example, that (B, <) is similar to an initial segment S of (A, <). But we
must have S = A, for otherwise (A, <), being similar to a subset of (B, <),
would be similar to a subset of its proper initial segment S, which is not
possible by Problem 41. Thus S = A, which means that the two sets are
similar.

44. Let (A, <) be an ordered set, and let < be a well-ordering of A. Let B be
the set of those elements b € A which satisfy the property that b < « implies
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b < a for every a € A. Since on B the two ordering < and < coincide, and <
is a well-ordering, it follows that (B, <) is well ordered.

In order to show that B is cofinal, let a € A be arbitrary, and let b be the
smallest element with respect to < of the nonempty set {« : a < a}. Then
a = b, so if b < a we also have a < «, hence, by the choice of b, we get that
b < «. Since this is true for any o € A, this b belongs to B, and since we also
have a < b, the proof is over.

To see that the order type of (B, <) can be made to be at most |B|, just
take the well-ordering of A above so that the order type of (A, <) is |A|. The
order type of (B, <) is the same as the order type of (B, <), and it is at most
the order type of (A, <), i.e., at most |A|.

45. Assume that (A, <) is an ordered set with the property in the problem.
If A has a largest element a and A\ {a} is the union of countably many well
ordered sets, then obviously so is A as well. Assume, therefore, that A has no
largest element, and let B be a well-ordered, cofinal subset of A (see Problem
44). For every b € B, let A’ consist of those elements z of A for which this
b is the least element y € B with z < y. Then A = U{A® : b€ B}isa
partition and if b < ¥’ then z < 2’ holds whenever z € A, 2/ € AY (i.e.,
(A, <) is the ordered union of the ordered set {(A® <) : b€ B}). As A® is
a subset of the initial segment determined by b, it is the union of countably
many well-ordered sets: A* = ASU AY U---. If we set A; = U{AY : b€ B},
then on the one hand, A = Ag U A7 U---, and on the other hand, A;, as the
well-ordered union of well-ordered sets, is well ordered for every i = 0,1,....

46. Suppose first that A does not have a largest element. Let ag be the smallest
element of A and for a € A let a* be the successor of a in A. By Problem
26 there is a monotone mapping h : A — QN (0,1). The mapping f(a) =
SUpy<o h(b1) (a # ap), f(ap) = 0 is monotone from A into QN [0, 1) with the
property that if a € A, a # ag does not have a predecessor, then sup,, f(b) =
f(a) (i-e., f is continuous in the order topologies). In particular, the union
of the intervals [f(a), f(a™)), a € A is [0,b), where b = sup,c 4 f(a). Choose
for each a € A a monotone mapping g, of {a} x [0,1) onto [f(a)/b, f(a™)/b),
and for (a,z) € A x [0,1) define g(a,z) = gq(z). This is clearly a monotone
mapping of A x [0,1) onto [0, 1).

If A has a largest element a.,ax, then the only change in the above argument
we have to make is to define both b and f(af . ) to be 1.
47. Let B be the set of countable ordinals with the usual ordering among
ordinals, and let A be the ordered union of (0,1) with the set [0,1) x B (the
latter with antilexicographic ordering). Every initial segment of (A4, <) is an
initial segment of (0,1) U[0,1) x C' with some countable set C' C B, and this
latter set is similar to (—1,0) U [0,1) by Problem 46. Thus, the nonempty
proper initial segments of (A, <) are similar to nonempty initial segments of
(—1,1), and hence they are similar either to (0,1) or to (0, 1]. However, (A4, <)
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is not similar to a subset of R, for it includes an uncountable well-ordered
subset: {0} x B (see Problem 37).

In the second part of the proof we show the unicity. Let (A, <) be an
ordered set not similar to a subset of R, but for which all proper initial
segments are similar to (0,1) or (0,1]. If (A, <) had a largest element, then
the proper initial segment determined by that element would be similar to
either (0,1) or (0, 1]; therefore, the set (A, <) would be similar to either (0, 1]
or (0,1] U {2}, which is not possible. Thus, there is no largest element. Select
a cofinal well-ordered set B = {b¢}eca, be < b, for £ < n < o in (4, <)
as in Problem 44. Then B does not have a largest element, and for each
€ < o the interval I = {a € A : b =< a < bej1} is similar to either
[0,1) or to [0,1]. But actually, the latter is not possible, for then the proper
initial segment {a : a = bgt1} would have a largest element which has a
predecessor, therefore it would not be similar to either (0,1) or to (0,1]. In a
similar fashion, the interval J = {a : a < by} is similar to (0,1). Now (A4, <)
is the ordered union of the intervals J, I¢, £ < o, just the same type that we
gave in the beginning of the proof. The proof will be completed by showing
that a = wy, i.e., (B, <) is similar to the set of countable ordinals. a cannot
be countable, for then the just constructed ordered union would be similar
to (0,1) (see Problem 46). But o« > w; + 1 is not possible, either, for then
the proper initial segment {a € A : a < b, } would include an uncountable
well-ordered set ({b¢}e<w, ), and hence it could not be similar to either (0, 1)
or (0,1] (see Problem 37). Thus, « = wy, and the proof is over.

48. One direction is clear. Now suppose that there is a monotone mapping
fi{A <) = (A <) with f(z) # x, say © < f(z). Define g : A — A as

_ y ify<uz,
) = {f(y) if 2 <y,

It is clear that g is monotone, and its range omits x.

49. Assume that = < y.  and y divide A\ {z, y} into three parts; let them be
in the order of < the sets X,Y, Z. Thus, A = X U{z} UY U{y}UZ. Suppose
to the contrary, that y is not a fixed point of A\ {«}. Then, by the previous
problem, there is an order-preserving mapping f: A\ {z} — A\ {z,y}.

We now consider three cases, and in each case we construct an order-
preserving mapping g from A into either A\ {x} or A\ {y}, so x or y is not
a fixed point for the set (A, <), and this contradiction proves the claim.

If f*(y) € Z for some n > 1, then let

z ifz=<y,
9(z) = {f”(z) ify =<z

This g maps A into A\ {y}.
If for some n we have f™(y) € X, then set
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f(z)if z <z,
g(z) =4 My ifz =z,
z ifzx<z

This g maps A into A\ {z}.
If, finally, for every n = 1,2,..., f*(y) € Y is true, then let
() = z if z < f*(y) for every n,
g\e)= f(z) if f*(y) = z for some n.

This g maps A into A\ {y}.

50. Assume to the contrary that xg,x1, ... are different fixed points in (4, <).
By the previous problem x,, is a fixed point of A, = A\ {zo,...,Zn_1}, SO
(see Problem 48) for i < j the set (A;, <) cannot be mapped by a monotone
mapping into (A4;, <). But this contradicts Problem 60. and this contradiction
proves the claim.

51. Let A = {1-1/7}%2, U{L,2,...,n}. A monotone mapping f : A — A
cannot map any of {1,2,...,n} into the set {1 — 1/j}32,. Thus, f maps
{1,2,...,n} into itself, and hence onto itself, and so the points 1,2,...,n are
all fixed points.

52. If (A, <) does not have a subset similar to Q, then we can apply the
reasoning from the Problem 50 referring to Laver’s theorem rather than to
Problem 60.

53. See Problem 1.20. [W. Sierpiriski, Cardinal and Ordinal Numbers, Polish
Sci. Publ., Warszawa, 1965, XI.2]

54. It is clear that < is irreflexive. It is transitive, since if £ < y and y < z,
then there are sets £, F €¢ M withx € E, y¢ E, y € F, z ¢ F. Since one
of E and F includes the other one, we must have £ C F, hence x € F but
z ¢ F, and so really we have < z. Finally, we show that < is trichotomous.
Suppose to the contrary that = # y are not comparable with respect to <.
Then for every E € M either both of them belong to E, or both of them
belong to its complement. Now let M be the union of all those sets £ € M
that omit x. If FF € M contains z, then it contains all sets in M that omit x,
so M C F. On the other hand, clearly all sets in M that omit x are subsets
of M. Hence M is comparable with respect to inclusion with every set in M,
hence, by the maximality of M, we have M € M. Since z is not in M, we get
that, y € M. But then M U {z} is also comparable with every member of M,
and as such, it would have to belong to M, which is not possible, for then it
would have to contain y, which is not the case. This contradiction proves that
any two elements are comparable.
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Thus, < is an ordering on X. It easily follows from what we have done
above that the initial segments in (X, <) are the sets E € M. In fact, ify € E
and x < y, then we must have x € E, so F is an initial segment. Conversely,
if S is an initial segment of (X, <), then, since any two initial segments are
comparable via inclusion, S is comparable with any member of M. Hence by
the maximality of M it has to belong to M.

55. Let (A, <) be an ordered set, and let M be the set of its initials segments. It
is clear that the relation < defined in the preceding problem and < coincide on
A, thus it is left to show that M is a maximal family with respect to inclusion.
Let M C A be any set that is comparable with every member of M, and let
S be the union of all initial segments of (A, <) that are inluded in M. Then S
is an initial segment such that S C M, and we claim that it is actually equal
to M, and this will prove that M € M. If we had S # M, then we could
select an element m € M\ S. Consider now the initial segment {a : a < m}.
Since this cannot be equal to M (otherwise m would belong to S), there is
a b < m such that b ¢ M. But then the initial segment {a : a < m} is
incomparable with M, since it contains b but omits m. This contradiction
shows that actually we have S = M.

56. Take as (A*,<*) the product of (A, <) with itself with the lexicographic
ordering. Let A* = BUC be an arbitrary decomposition. If there is a by € A
such that all (by, a) with a € A belong to B, then these elements form a subset
of A* similar to (A, <). If, however, no such by exists, then for every b € A
there is an a = ay, such that (b,ap) € C. But then the elements (b,ap), b € A
form a subset similar to (4, <).

57. Let (A, <) be an infinite ordered set. By Problem 1 it includes an infinite
monotone sequence. If (A, <) includes an infinite decreasing sequence, then let
us choose a well-ordered set (B, <) of cardinality bigger than the cardinality
of A. By Problem 36 the set (A4, <) cannot be similar to a subset of (B, <),
and it is also clear that (B, <) cannot be similar to a subset of (A4, <) because
it is of bigger cardinality than the latter.

If (A, <) includes an infinite decreasing sequence, then just reverse the
order on B.

58. According to the previous proof, one of N and Z \ N is suitable.

59. For ¢+ = 1,2,...,n consider the sets
Ai={-i,—i+1,...—1}U{-14+1/n,1—-1/n}>2, U{1,2,...n+ 1 —i}.

No (4;, <) is similar to a subset of any other (A4;, <). Indeed, if 1 < j <i < n,
then a monotone mapping f : A; — A; should map the first ¢ elements of A;
into the first j elements of A;, which is not possible. For j < i work similarly
with the n + 1 — ¢ largest elements.
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60. If (A;, <;), for some i = 1,2,... includes a densely ordered subset, then
(Ag, <o) is similar to a subset of (A;, <;) by Problems 26-28. If, however,
neither of (A;,<;), i = 1,2,..., includes a densely ordered subset, then we
can apply Laver’s theorem to them.

61. Let (A, <) be a countable set, and for a,b € A set a ~ b if there are
only finitely many elements between a and b. This is clearly an equivalence
relation. By Problem 8 an infinite equivalence class C' is similar to either Z, N,
or Z\N. In each case we can omit an element ¢ from C and the remaining set
will be still similar to C, and this similarity relation can be extended (defining
as the identity elsewhere) to a similarity from (A \ {c}, <) to (4, <).

Thus, if there is an infinite equivalence class, then we are done. If all
equivalence classes are finite, then between any two equivalence classes there
must be at least one other equivalence class; in other words if a,b belong to
different equivalence classes, then there is an a < ¢ < b that is not equivalent
to either a or b (otherwise a and b were equivalent since their classes are
finite). Thus, if we select one—one element from the equivalence classes, then
the set S so obtained is densely ordered. Omit now any element s € S from
S. The remaining set is still densely ordered, and so by Problems 26 and 28
(A, <) is similar to a subset of (S\ {s}, <), and the proof is over. [B. Dushnik
and E. W. Miller, Bull. Amer. Math. Soc., 46(1940), 322]

62. See Problem &8.

63. If the set is (A, <), and it is well ordered, then we can just move the first
element of the set to be last element. Then the set (A, <") so obtained is not
similar to the original one. In fact, this is clear if (4, <) does not have a largest
element. If, however, it has a largest element, then the number of elements
that are followed by finitely many elements is finite, say n (recall Problem 36,
according to which if we start from the largest element in a well-ordered set
and repeatedly take predecessors, then we get stuck in finitely many steps).
But then in (A, <’) there are (n + 1) elements with this property, and this
proves that these two sets are not similar.

Now let us suppose that (A4, <) is not well ordered. The union of well-
ordered initial segments is clearly a well-ordered initial segment, so (A4, <) has
a largest well-ordered initial segment S (which may be empty). Then in A\ S
there is no smallest element (otherwise we could add that smallest element to
S). Now move any element s in A\ S to lie between S and A\ (SU {s}). We
claim that the set (A4, <’) so obtained is not similar to (A, <). In fact, in a
similarity mapping well-ordered initial segments are mapped into well-ordered
initial segments, hence S would have to be mapped into S U {s}, which is not
possible as we have just seen it. [Z. Chajot, Fund. Math. 16(1930), 132-136;
W. Sierpiniski, Cardinal and Ordinal Numbers, Polish Sci. Publ., Warszawa,
1965, X1V.4/14]

64. Just follow the preceding proof.
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For removing one element the claim is not true: if we remove any element
from N, the remaining set is still similar to IN.

65. If (A, <) is an ordered set, then (A, <) x (Q, <) with the lexicographic
ordering is densely ordered, and it clearly includes a subset (say the set of
elements (a,0) with a € A) similar to (A, <).

66. Let the ordered set be (A, <). Consider the set S of all the initial seg-
ments of (A4, <) that do not have a largest element, and consider the inclu-
sion ordering on S. To every a € A we can associate the initial segment
S :={z : = < a}, and this mapping a — S, is clearly monotone. Thus, it is
sufficient to show that (S, C) is continuously ordered and that {S, : a € A}
is a dense subset of it. Let & = &1 U Sy be a disjoint decomposition of S in
such a way that each initial segment in S is a subset of any initial segment
in Sz, and let S be the union of all initial segments in Sy. S is again an initial
segment of (A, <) without largest element, hence it belongs either to S; or to
Ss. In the first case it is clear that S is the largest element in &7, and in the
second case it is the smallest element in Ss. It is not possible that simultane-
ously S; has a largest element S and S; has a smallest element Ssy. In fact,
then there would be a point a € Sy \ S7, and since Sy does not have a largest
element, there would also be another point b € Sy with a < b. But then the
initial segment S, would lie strictly between S; and S5, which is not possible.
This proves that (S, C) is continuously ordered.

Now let S; C S be two initial segments in S, and let b € Sy \ S7. Since
Ss does not have a largest element, there is a point a € Sy with b < a.
Now the initial segment S, lies strictly between S; and Sy (b € S, \ S1 and
a € So \ S,), which proves that {S, : a € A} forms a dense subset of (S, C).
[W. Sierpinski, Cardinal and Ordinal Numbers, Polish Sci. Publ., Warszawa,
1965, XI1.9. Theorem 1]

67. Let (A, <) and (B, <) be two continuously ordered sets such that some
dense subsets A’ C A and B’ C B are similar. Let f : A’ — B’ be a similarity
transformation between these two sets, and for any a € A let

By ={ye B : y< f(x) for some x € A’, < a}.

Then B is a proper initial segment in B, hence either in B; there is a largest
element, or B\ B; contains a smallest element. For any x < a there are
elements from A’ between z and a, hence no y can be a largest element in B,
(forif y € By and y < f(z) with x € A’, x < a, then f(z) also belongs to B;
by what we have just said). Thus, B \ B; must contain a smallest element,
which we denote by F(a). It is easy to prove that F' is a monotone mapping
from A into B and extends f. It is left to prove that it is a mapping onto B.

Now do the same reversing the role of A and B and with the mapping
f~1: B — A’. We get that f~! has a monotone extension G : B — A. Now
G o F is a monotone mapping of A into itself that extends f~'o f, i.e., it fixes
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the dense set A’. Hence G o F' is the identity on A. In a similar fashion, F o G
is the identity mapping on B, hence G is the inverse of F'. As a consequence,
(A, <) and (B, <) are similar. [W. Sierpinski, Cardinal and Ordinal Numbers,
Polish Sci. Publ., Warszawa, 1965, X1.9. Theorem 2]

68. Let (B, <) be continuously ordered such that it contains at least two
points. Selecting the terms in the sequence B’ = {ag, a1, ...} one by one, we
can easily construct a countable densely ordered subset B’ of (A4, <). Now
repeat the procedure in the solution of Problem 67 with the role A = R and
A’ = Q. The mapping F constructed there will be a monotone mapping from
R into (B, <) (now we cannot claim that it is onto, since we do not repeat
the process starting from B). [W. Sierpinski, Cardinal and Ordinal Numbers,
Polish Sci. Publ., Warszawa, 1965, X1.10/6]

69. The nested property of the intervals implies that ag < a; =< --- and
bp = by = --- and each b; is bigger than any a;. Now let S ={c€ A : ¢ =
an for some n € N}. Then either in S there is largest element a or in A\ S
there is a smallest element a. In either case a is a common points of all the
closed intervals A,. [W. Sierpiriski, Cardinal and Ordinal Numbers, Polish
Sci. Publ., Warszawa, 1965, X1.5/3]

70. Let (B, <) be the set of the countable ordinals with the standard ordering
on the ordinals and let (B*,<*) be an ordered set that is similar to the
ordered set that we obtain when we reverse the ordering on B, and also for
which B* N B = (). We choose (A, <) as the ordered union of the sets (in this
order) B x [0,1) and B* x [0,1) (which are equipped with the lexicographic
ordering). It is clear that (A, <) is not continuously ordered, since A = (B x
[0,1)) U (B* x [0,1)), every element of B x [0,1) precedes every element of
B* x[0,1), but there is no largest element in B x [0, 1), nor a smallest element
in B* x [0, 1).

It is easy to see that every subset C' # 0 of B x [0,1) has a greatest lower
bound. In fact, if ¢ is the smallest ordinal with the property that there is an
y € 10,1) with (¢,y) € C, and if z = inf{y : ((,y) € C}, then clearly (¢, z)
is the greatest lower bound of C. Furthermore, every sequence

{(CTuxn) : Cn €B7 Ty € [0,1), nzO,l,}

has a smallest upper bound. In fact, since there is a countable ordinal bigger
than every (,, the sequence {((n, 2,)}52 is bounded from above in B x [0, 1).
But then the smallest upper bound is just the greatest lower bound of all the
upper bounds.

In a similar manner, every sequence in B* x [0,1) has a smallest upper
bound and a greatest lower bound, and it immediately follows that (A, <) also
has this property. Thus, if A, = {¢ : a, =< ¢ < b,} is a sequence of closed
intervals in A, and a is the smallest upper bound of the sequence {a,, }52, then
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a belongs to all the sets A,,. [W. Sierpiniski, Cardinal and Ordinal Numbers,
Polish Sci. Publ., Warszawa, 1965, XV.1]

71. Suppose that B and C' are subsets of an ordered set, BUC' is not scattered,
but B is. Then B U C includes a densely ordered subset D. But D N B is not
densely ordered, so there are two elements b,d in it such that there are no
further elements from D N B between b and d. However, in a densely ordered
set the elements lying in between two given elements form a densely ordered
set, hence the elements from C' that lie between b and d form a densely ordered
set, and so C is not scattered.

72. First suppose that the closure A of A C R is not countable. Then by
Problem 2.11 there is a point a € A such that each of the sets A N (—o0,a)
and A N (a,00) is uncountable. Since a € A is the limit of points in A, the
solution to Problem 2.11 also gives that we can actually select a from A.

Thus, if A is such that its closure A is uncountable, then there is a point
ap € A such that the closure of both A N (—o0,ap) and of AN (ag,c0) are
uncountable. Apply this separately to the sets AN (—o0, ag) and AN (ag, 0);
we obtain points ai,as € A such that a1 < ag < ao and the closure of
each of the sets AN (—o0,a1), AN (a1,a0), AN (ag,az), and AN (ag,o0) is
uncountable. Now apply the same reasoning separately to these sets, then we
get as,aq,a5,a6 € A such that a3 < a1 < a4 < ag < a5 < as < ag, etc. It
is clear that this way we get a densely ordered subset of A, hence A is not
scattered.

Conversely, suppose that A is not scattered, i.e., it has a densely ordered
subset, which we can continue to denote by A. Let ap < by < by < ap be
points from A, then select points ag < agy < bgg < bo1 < ag1 < by and points
b1 < aip < bip < b11 < a1 < ap from A, then for each 7, j = 0, 1 with a;; < b
select four points a;; < a;j0 < bijo < bij1 < a;;1 < b;; from A, and for each
i,7 = 0,1 with bij < a5 select four points bij < ajj0 < bijO < bijl < ajn <
a;; from A, etc. This process can be continued indefinitely due to the dense
ordering on A. Now if € = (€g,€1,...) is an arbitrary infinite 0—1 sequence,
then consider the number

Te = lminf ae ey e, -
n—oo

If € = (e(€} .. .) is a different sequence, for example, g = €, ..., €, = €, but
€nt1 =0and €, ; =1, then

Te < begA..enO < beg.‘.e’nl < Tt

Thus, the numbers z. are all different. Since they all belong to the closure of
A, we obtain that this closure is of cardinality continuum (see Problem 4.2),
and this proves the sufficiency of the condition.

73. The necessity of the condition is clear from the preceding problem: if
€0, €1, - .. are given, then, since the closure A of A is countable, we can enu-
merate its points in a sequence, and by covering the ith point with an open
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interval I; of length €; we get a cover of A. But this set is compact, so we can
select a finite subcover U§V:OI 7, and this proves the necessity.

Conversely, suppose that A is not scattered, and consider points ag < by <
b1 < a1, ag < agg < bop < bg1 < agr < by, b1 < a1g < by < b1 < a1 < aq,
etc. selected in the preceding proof. Let ¢; be smaller than all the distances
between all the points Aag...cj,, 5 bao,,_ajm, where ag,...,a;, run through all
possible choices of 0’s and 1’s (in other words, ¢; is smaller than the short-
est distance between points at the (j + 1)th level). We claim that then there
is no natural number N such that A can be covered with some intervals
Ip, I,..., Iy of length |I;| = €. In fact, suppose that Iy, I;,... are inter-
vals with |I;| = ¢;. In what follows [a,b] denotes the interval [a,b] if a < b
and the interval [b,a] if b < a. By the choice of €, if Ip N [ag,bo] # 0, then
IO N [al,bl] = @, and Conversely, if IO N [al,bl] 7é @, then Io N [ao,bo] = @
In other words, Iy does not intersect one of the intervals [ag, bg] and [aq, b1],
say Iy does not intersect [aq,,ba,]. In a similar fashion, I; does not intersect
one of the intervals [aq,,0,ba0,0] a0d [@ag,1,000,1], say [1 does not intersect
[@agar s Dagay]- Note that [aagays Dagay] 18 part of [aayba,], SO Io does not in-
tersect this interval, either. We can continue this process and find that for
each n there is a subinterval [aq,.. .4, ,Dag...a, ] SUch that neither of Iy, ... I,
intersects this interval. Since this process can be carried out indefinitely, there
cannot be an N such that the intervals Iy, I1, ..., In cover A.

74. Assume to the contrary that ¢ — f, is an order-preserving injection of
Q into (H(a), <). Let By < a be the least ordinal that occurs as the largest
ordinal where some fq,, fg with go < qp differ. Now choose rational numbers
g0 < 1 < ¢4 < ¢(. Then all the functions fg,, fq{), Jar» [q; agree above [y and
some two at 3y, too. Hence for these two functions the largest difference would
have to occur before 3y, but this contradicts the choice of Gy. [P. Komjdth
and S. Shelah]

75. The product of (A, <) and (B, <) is similar to the ordered union with
respect to (B, <) of disjoint copies of (A, <), hence this statement follows
from the next problem.

76. Suppose (A, <) is the ordered union of the scattered sets (A, <) with
respect to the scattered set (B, <), and suppose that there is a densely ordered
subset C' C A of A. Consider the set

B ={b : a, € C for some a;, € Ap}.

This cannot have a densely ordered subset, so there are two elements by, bs €
B¢ such that there are no further elements from Bc between them. The
elements a € C with ap, < @ < ap, form a densely ordered set, but all such
elements are from the sets A,, and Ap,, and by Problem 71, A, U A, does
not have a densely ordered subset. This contradiction proves that a densely
ordered subset C' cannot exist.
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77. Let (A, <) be any ordered set, and for x,y € A let  ~ y if the interval
determined by x and y is scattered (i.e., for example, for y < = the interval
{a € A : y < a < z} is scattered). It easily follows from Problem 71 that
this is an equivalence relation. It is also clear that every equivalence class is
scattered, and if C' and D are two different equivalence classes, then either all
elements in C' precede all elements in D or vice versa. Thus, there is a natural
ordering <* on the set A* of equivalence classes coming from the ordering <.
Furthermore, if C' and D are two equivalence classes then there must be an
equivalence class between them, for otherwise C' U D would be scattered by
Problem 71, and so it would be part of a single equivalence class. This means
that the set of equivalence classes is a densely ordered set. But it is clear that
(A, <) is the ordered union of the equivalence classes (with the ordering <
restricted to them) with respect to the densely ordered set (A*, <*), and this
proves the claim.

78. Let (A, <) be an ordered set. Follow the preceding proof, just replace
“scattered” everywhere by “belongs to F”. The proof remains valid if we
show that every equivalence class belongs to F. Let E be an equivalence
class, a € E, E;, ={be FE : a<bland E_ ={be E : b < a}.
It is sufficient to show that Fi belong to F, for then FE, as the ordered
union of F_,{a}, E4, also belongs to F. If E; has a largest element b, then
b ~ a, so the definition of ~ shows that £, € F. Suppose now that E,
has no largest element. Let {a¢}e<q be a well-ordered cofinal subset of E
(see Problem 44). Since any two ag,a¢ (§,¢ < ) are equivalent, the interval
lag,aer1) ={b€ A : ag < b < agy1} belongs to F. But E. is a well-ordered
union of the sets (a, ag),[ap, a1), ..., [ag, act1), ..., &€ < @, hence it belongs to
F.

The proof that E_ belongs to F is similar if we use a reversely well-ordered
coinitial subset of it.

79. First of all, by Problem 76 every set in O is scattered, hence it is enough
to prove that every scattered set is in O.

It is clear that the family F = O satisfies the hypothesis in the preceding
problem (prove by induction that O is closed for forming subsets, as well).
Thus, if (A, <) is scattered, then either it belongs to O, or it is similar to an
ordered union of nonempty sets in O with respect to a densely ordered set. But
the latter would mean that (A, <) includes a densely ordered set (just select
one-one point from each summand), which is impossible. Hence (4, <) € O,
as was claimed. [F. Hausdorff, Grundziige der Theorie der Geordnete Mengen,
Math. Ann., 65(1908), 435-505]

80. Let F be the family of ordered sets that can be embedded into one of the
(H(a),=<). By Problem 74 all these sets are scattered, hence it is left to show
that every scattered set is in F. Note that F is closed for well-ordered and
reversely well-ordered union. In fact, suppose that each (A¢, <¢), £ <, can be



Solutions Chapter 6 : Ordered sets 205

embedded into some (H(a¢), <). Selecting an a bigger than all ag, £ < v, we
may assume ¢ = « for all £, and then the ordered sum of the sets (H (), <¢),
& < v, is similar to the product H(«) x v with the antilexicographic ordering.
Thus, it is enough to prove that this product can be embedded into H (a+1).
But that is easy: map a pair (f, 3) with f € H(«) and 8 < 7 into the function
g € H(a + ) that agrees with f on the set a, and in the interval [o, a + )
it is everywhere zero except at « + 8 where it is 1 (and this one is the last
nonzero element of g). It is easy to see that this is an embedding of H(«) X «y
into H(a + 7).

The proof that F is closed for reversely well-ordered unions is the same,
just use the value —1 instead of 1 as a last nonzero element in the embedding.

Thus, the family F satisfies the hypothesis in Problem 78, and hence if
(A, <) is a scattered set, then either it belongs to F, or it is similar to an
ordered union of nonempty sets in F with respect to a densely ordered set.
This latter one is impossible (cf. the end of the solution to the preceding
problem), hence (A, <) € F as was claimed. [P. Komjdth and S. Shelah]

81. We are going to show that there is an ordered set (A, <) with countable
intervals and smallest element such that every ordered set with countable
intervals and smallest element is similar to a subset of (A, <). This will already
solve the problem. In fact, let (4*, <*) be the ordered set that we obtain by
replacing every element ¢ in A by an element a* from a disjoint set A* and
let a* <* b* be precisely if b < a (in other words, we take the reverse ordering
of (A,<)). It is clear that every ordered set with countable intervals and
a largest element is similar to a subset of {(A* <*). Now let (A, <) be the
ordered union of (A*, <*) and (4, <), in which every element of A* precedes
every element of A. We claim that every ordered set (B, <) with countable
intervals is similar to a subset of (A, <). Choose an element by € B, and
consider the sets By ={b€ B : b<by} and B ={b€ B : by < b}. Then
B> has a smallest element and countable intervals, so it is similar to a subset
of (A, <). In a similar fashion, Bj is similar to a subset of (A*, <*), and since
the elements in By \ {by} precede the elements in Bs, these two facts show
that (B, <) is similar to a subset of (A, <).

Thus, it is enough to construct (A, <). Let w; be the set of countable
ordinals with the standard ordering on the ordinals, and let (A, <) be the
product wy x (QN[0,1)) with the lexicographic ordering. Clearly (0, 0) is the
smallest element in (A4, <). If ({,7) € A is any element, then, since there are
only countably many smaller ordinals than £, we have that the set of those
elements in A that are smaller than (&, r) is countable (cf. Problem 2.2). This
shows that (A, <) has countable intervals.

Now let (C, <) be any set with smallest element ¢y and countable intervals.
If C has a largest element, then it is countable by the countable interval
property, and on applying Problem 26 we can immediately see that then
(C, <) is similar to a subset of {0} x (QN[0,1)). Thus, in what follows we are
going to assume that C does not have a largest element.
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By Hausdorff’s theorem (Problem 44) there is a well-ordered cofinal subset
Bof C. Let B = {b, : a <~} be the increasing enumeration of B. Clearly
we must have v < w;. Decompose C' as C = U{C,, : a < v}, where z € C, if
and only if b, is the least element of B that is grater than z. Then each C,, is
a countable set and C' is the ordered union of them. By Problem 26 (C,, <)
can be monotonically embedded into {a} x (QN[0,1)), and these together
give a monotone embedding of (C, <) into v x (Q N[0, 1)), which is a subset
of w; x (QN[0,1)).

82. Let k be the largest exponent of 2 in the expansion of n; in base 2. Then in
the expansion of any n; in the appropriate base b; (it is [i/2] +2) the highest
exponent of b; is at most k. Thus, if the coefficient of (b;)? in this expansion

is cy) , then

o) — (CS)’ DD, cg”)

is an element of the set N**1 which we order by the lexicographic ordering

<. It is clear that if ng;_1 > 0, then ¢(®) = ¢(=1 and it is easy to see that

D) < ¢2) Thus, {c()}; is a decreasing sequence in N¥*1  and since the

latter set is well ordered, it cannot be infinite, i.e., there must be an 7 with
The proof of part (b) is identical.

* * *

83. Let (A, <) be densely ordered. It is sufficient to show a coloring of A by
red and blue in such a way that elements of either colors form a dense subset
of A. Let {an}a<x be an enumeration of the elements of A into a transfinite
sequence of type k = |A|. The coloring is done by transfinite recursion on this
enumeration: if {ag : B < a} is already colored, then let a, be red if in the
ordered set ({ag : B < a}, <) the element a, has both a successor and a
predecessor and both of them are blue, otherwise let the color of a, be blue.
We claim that this is an appropriate coloring. Let a < b be two elements in
A and let us show that there is a red element in between them. Let a.,as,
~v < § be the two elements with smallest index lying in between a and b, and
then let a, be the element with smallest index « lying in between a., and as.
If either a, or as is red, then we are ready. Otherwise in ({ag : 8 < a}, <)
the element a, has a predecessor and a successor (these are a, and as) and
both are blue, hence a,, is red.

In a similar fashion, if either a, or as is red, then necessarily a, is blue,
hence there is a blue element in between a and b. [I. Juhdsz]

84. Let (A, <) be the ordered set, and set a ~ b if there are only finitely
many elements in between a and b. This is clearly an equivalence relation,
and every equivalence class C is either finite or similar to either Z, N, or
Z \ N. Hence we can color alternately the elements of any equivalence class
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C consisting of at least two elements by red and blue so that in between any
two elements of the same color there is an element with a different color.
Between equivalence classes let <’ be the natural ordering inherited from <
(i.e., C; <’ Cy if for some—and then for all—c; € C} and ¢z € Cy we have
¢1 < ¢3), and let B be the union of all the equivalence classes consisting of
more than one point. This set is already colored. Color the set A\ B by the
method of the preceding problem: if {ay }o<x is an enumeration of A\ B, and
if we have already colored the subset {ag : [ < a}, then let the color of a,
be red if it has a blue predecessor and successor in {ag : 3 < a}, otherwise
color it blue. We claim that this is a good coloring.

Let a,b be two elements belonging to the equivalence classes C, and Cj.
If C, does not have a largest element or C}, does not have a smallest element,
then there are points of both colors in between a and b. The same is true
if there is an equivalence class of size > 2 in between C, and Cj. In the
remaining case there are only one-element equivalence classes in between C,
and Cy, and the elements of these form a densely ordered set. Hence, by the
proof of the preceding problem, both colors occur among these elements, and
we are done. [I. Juhdsz|

85. Let (A, <) be an ordered set of the following structure: there is a largest
element ag and a decreasing sequence ... < a; < ag such that the interval
{a € A : apy1 = a < ay,) has order type w”, and these intervals together
with {ag} cover the whole set. Assume that B, C' C A are different nonempty
initial segments and f : B — C an isomorphism. There is an n < w with
an, € BNC.In A, and therefore also in B and C, a, is the largest element,
which is the supremum of a subset of type w™ and this implies that f(a,) = a,.
But then f is an isomorphism between the parts of B and C' consisting of the
elements that are larger than a,, which is impossible, as they are distinct
initial segments of the same well-ordered set.

86. Let A be the set of all limit ordinals smaller than wy, and for all @ € A
fix a strictly increasing sequence ap < a1 < - - - of ordinals with supremum «.
Let us also agree that in this proof «,, 3,, etc., mean the corresponding terms
in the sequence associated with «a, 3, etc. For a # g let a < 8 if o, < 3, for
the smallest natural number n for which «,, # (,,. This is clearly an ordering
on A. We claim that this ordered set cannot be represented as a countable
union of its well-ordered subsets, but every uncountable subset includes an
uncountable well-ordered subset.

Since A is stationary in wq, and a countable union of nonstationary subsets
of wy is nonstationary, the fact that A cannot be represented as a countable
union of its well ordered subsets follows if we show that no stationary subset
X of A is well ordered under <. Let Y_; = X, and suppose that we have
already defined Y,,_1, and it is stationary in wy. The mapping f,(a) = «a, is
regressive on Y,,_1, hence by Problem 20.16 there is a § < w1, such that the set
of those a € Y, for which f,,(a) = ¢ is a stationary set in wy. Let §,, be the
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smallest such ordinal, and set ¥, = {a € Y;,_1 : «a, = J,}. This completes
the definition of the sequences Yy D Y7 D -+ and the ordinals §p < §; < ---.
By definition, the set of those o € Y,,_; for which «,, < 4,, is nonstationary,
so if we omit all these elements from X for all n, then the remaining set X'
is still stationary. Let § be the supremum of the 4,,’s. Then § is a countable
ordinal, so there is a v € X’ bigger than 0. Note that for a, 8 € Y,, we have
ap = Po =, a1 = 01 =61, ..., an = By = Iy, and since sup,, 6, < 7, there
is a smallest n = ng, such that d,, # vn,. Thus, v € Y,,_1, and since in
forming X’ we have omitted all elements « from Y,,,_1 for which a,, < 0y,
we must have d,,, < n,. All these imply that ~ is bigger than all elements of
Y,,, with respect to <.

What we have proved is that if X C A is stationary then there is an
element 70 € X such that there is a stationary subset X; = Yy, of X the
elements of which are smaller than «* with respect to <. Now repeat this
process with X1 =Y, ;. Then we get a stationary set Xo C X; and an ordinal
! € X; such that 4! is strictly larger (with respect to <) than any element
in X;. Clearly v! < 7°, and if we continue this process indefinitely, then we
obtain an infinite monotone decreasing sequence ... < y! <~% in X, so X is
not well ordered.

Next we show that every uncountable subset X of A has an uncountable
well-ordered subset. Consider the sets

H,, ={(ag,00,...,00,) : v € X}

All these sets cannot be countable, for then there was a countable ordinal v
with the property that «,, < v for all @ € X and all n, but then this would
imply by the definition of the sequences {c,} that all ordinals in X would be
at most v, and this is not the case. Thus, there is an m = mg such that the set

H,,, is uncountable. For every s = (sg, $1.-..,Smo) € Hm, choose an a® € X
mo+1
with (a®)g = S0, -+ (@%)mg = Smg- The Hp,, is part of wy X wy X +++ X wyq

and this latter set is well ordered with respect to lexicographic ordering, hence
H,,, is also well ordered with respect to lexicographic ordering. But this then
means that the elements {a"}scp,, are also well ordered with respect to the
ordering <, so we have found an uncountable well-ordered subset of X.

87. We shall construct the sets A and B so that they will be dense in R. The
key to the construction of A and B is the observation that any monotone
mapping of A or B into R can be extended to a (strictly) monotone real
function (see the solution to Problem 18 and observe that if the domain of f
is a dense set and f is strictly increasing on its domain, then the extension of
f will be strictly increasing) and that the number of increasing real functions
is continuum (see Problem 4.14, d)). Thus, let f,, @ < ¢ be an enumeration
of the strictly increasing real functions. By transfinite recursion we define
increasing sets A, B, of cardinality at most (Ja|+Xp) as follows. Set Ag = Q,
By = Q. Suppose we already know A, and B, for v < o. If v is a limit ordinal,
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then let A, and B, be the union of these A, and B, sets, respectively. If « is
a successor ordinal, say o = 3 + 1, then consider the functions f¢, £ < o and
the set

Ho=Ag|J | U £:'(Bs)

E<a

Since Ag and Bpg are of cardinality at most |a| + Rg, this H, is also of car-
dinality at most |a| + No. Thus, there is a number ag € R\ H,, and let
A, = AgU{ag} and B, = BgU{bg}, where bg is any number outside the set

Bﬁ U (U§<af§ [Aa]).
Finally, set A = Ug<cAq and B = Ug<cBg. It is clear that if f: A - R

is monotone, then f is the restriction of some f¢, { < ¢ to A, and then for
a > & we have

f(aoc) = f&(aa) & B;

thus, f can map only a subset of A of cardinality smaller than continuum into
B.

88. We shall construct a set X of cardinality continuum with the desired prop-
erty. Similarly as in the preceding proof we use that any monotone mapping
of X into itself can be extended to a nondecreasing real function (see Problem
18), and the number of nondecreasing real functions is of power continuum
(see Problem 4.14, d)). We can actually discard all those nondecreasing func-
tions that have a range of cardinality smaller than continuum, since they
cannot establish a monotone mapping of X into itself. Thus, let f,, a < c be
an enumeration of those nondecreasing real functions that assume continuum
many different values, and that are not the identity. By transfinite recursion
we define disjoint sets X, Y, of cardinality at most || as follows. Set X = (),
Yy = 0. Suppose we already know X, and Y, for v < a. If « is a limit ordinal,
then let X, and Y, be the union of these X, and Y, sets, respectively. If
o is a successor ordinal, say a = 3 + 1, then consider the function fz. The
range of it is of power continuum, thus there is an 23 ¢ Xg U Yz such that
fa(zg) & Xp (note that there are c values satisfying the second property, and
all but < c of them satisfy the first one, as well). Set X, = X3 U {zg} and
Yo =YsU{fs(xp)}-

Finally, set X = Ugp<cXq- It is clear that if f : X — R is monotone and
not the identity function, then f is the restriction to X of some f,, a < c,
and then f(z,) = fo(za) € Yar1 C R\ X, thus f is not mapping X into X.

89. Exactly as in the proof of Problems 57 and 58, either x with the usual
ordering on the ordinals, or k with the reverse ordering is suitable (according
to whether the ordered set includes an infinite decreasing sequence or not).

90. Tt is enough to show an ordered set (B, <) of cardinality bigger than x and
a dense subset A C B in it of cardinality . In fact, then every element b € B
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determines the initial segment S, = {a € A : a < b} of (A, <), hence (4, <)
has more than k initial segments (note that for by # by the initial segments
Sp, and Sy, are different by the density of A in B).

Let p be the smallest cardinal for which x” > k. We have p < k (see Prob-
lem 10.16). Let (B, <) be the set ?x of mappings f : p — & with lexicographic
ordering and let A C B be the set of mappings f : p — k for which only less
than p elements are mapped into a nonzero element. The cardinality of B is
” >k, while the cardinality of A is at most },_, klel = Dacp B =Kp =K,
and it is clearly at least k, so |A| = k. Finally, it is easy to prove that A is
dense in B, and we are done.

91. For finite x the statement is clear, and for an infinite one consider the
ordered set from the previous problem and the initial segments discussed
there.

92. Let {Hy}a<, be a family of subsets of a set X of cardinality x well
ordered with respect to inclusion: H, C Hg if o < 8 < v. Then for every
a < v, except perhaps for the ordinal immediately preceding v, there is an
element z,, € Hyt1\ Hy, and it is clear that for v < § the elements z,, and z
are different (zo € Hg, but 3 € Hg). Thus, the mapping o — z,, is a 1-to-1
mapping of v into X (if v has a largest element p then a 1-to-1 mapping of
v\ {p} into X), hence v is of cardinality at most x.

93. Suppose to the contrary that a family {f, : « < xT} of more than x
elements of "« are well ordered: f, < f, for o < v < k™, where < denotes the
lexicographic ordering. The sequence {f,(0) : a < k*} is a weakly (i.e., not
strictly) increasing sequence of ordinals smaller than &, so it stabilizes from
some point onward: f¢(0) = g(0) for all k™ > & > & with some g(0) < x and
& < kT (recall that x? = k, therefore there must be a value v < x and a
set A C kT of cardinality kT such that f¢(0) =~ for all { € A, but then the
weak monotonicity gives for the smallest element &, of A that f¢(0) =~ for all
€ > &). Restricting to these functions, the sequence {f, (1) : & < a < rT}is
a weakly increasing sequence of ordinals smaller than x, so again fe(1) = g(1)
for kT > &€ > & with some g(1) < s and &1 < k7. Proceeding by induction, we
get the values g(a) < k and &, < k™ for all & < & such that f¢(a) = g(a) for
& > &, (note also that the supremum of at most x ordinals each smaller than
kT is smaller than k™, so we never get stuck). But then £* = sup{¢, : a < s}
is an ordinal smaller than 1 and the functions {fe : £ < & <k} are all
equal to g, which is absurd. This contradiction proves the claim.

94. Let A C T. By transfinite recursion we define an element g : k — {0,1}
of T which will be the least upper bound of the elements in A. Let g(0) =1
if there is an element f € A with f(0) = 1, otherwise let g(0) = 0. If g(¢)
has already been defined for £ < 7, and there is an element f € A such that
f(&) = g(&) for all € < n and f(n) = 1, then let g(n) = 1, otherwise set
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g(n) = 0. Tt is easy to see that the g we obtain this way is an upper bound
for the set A, and it is smaller than any other upper bound.

The proof of the existence of a greatest lower bound follows the same lines
or apply that the greatest lower bound is the smallest upper bound of all the
lower bounds.

By Problem 44, part b) follows from part c¢), which in turn is a direct
consequence of the preceding problem.

95. Let the ordered set be (A, <). Without loss of generality, we may assume
that A = k, and then for a,b € A let f,(b) = 1if b < a and let f,(b) =0
otherwise. This f, belongs to #{0,1}, and all we have to show is that the
mapping a — f, is monotone. But that is clear: if a < a’, and if for a b we
have f,/(b) = 0, then we also have f,(b) = 0, hence f, must precede f, in the
lexicographic ordering. [W. Sierpiriski, Pontificia Acad. Sc., 4(1940), 207208,
N. Cuesta, Revista Mat. Hisp.-Amer., 4(1947), 130-131]

96. Let (A, <) be an ordered set of cardinality s, A = {aq }a<x an enumeration
of the elements of A into a transfinite sequence of length , and let <,; be the
lexicographic ordering on F,. For a < « set

_J1lify<aand ay X aq,
faly) = {0 otherwise.

It is clear that f, € F.. We claim that a, — f, is an embedding of (4, <)
into Fy. It is clear that this mapping is one-to-one.

Let < a,andset K ={y <8 : ay Rag}, L={v<8 : ay, X an}
If K = L then 8 € K implies ag < aq, and it is clear that fg <, f., hence
f,@ <k fa-

If K # L, then let v be the first difference between K and L. If y € K'\ L,
then a, < ay < ag and because of fo(7) =0, fg(v) = 1, we have f, <, fs.
On the other hand, if v € L\ K, then ag < ay < a4, and because of fg(y) =0,
fa(r)/) =1, we have fﬁ <x fa-

Thus, in all cases an < ag © fo <. fs, hence a — f, is a monotone
embedding.

97. For every £ < k let (A¢, <¢) be an ordered set similar to (4, <), and let
(B, <) be the lexicographically ordered product of them (i.e., B = H§<n Ae,
and the ordering < on B is the lexicographic one). Let B = Ug<,. B¢ be any
decomposition. If for each a € Ag there is an fo , € By such that fy,(0) = a,
then these fy,’s form a subset of By similar to (A4, <), and we are done.
Suppose therefore that this is not the case, and let ag be an element of Ag
such that for no f € By is it true that f(0) = ag. Thus, all the elements f € B
with f(0) = ag belong to UgsoBe. We continue this process. Suppose that the
elements a- have already been selected for all v < « where o < & is an ordinal,
and they have the property that there is no f € B, with f(§) = a¢ for all
& < ~. Consider the set C, of elements f € B such that f(vy) = a, for all
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v < o. Then Cy C Ug>aBe, and if for each a € A, there is an f, , € Co N B,
such that f, .(a) = a, then these f, ,’s form a subset of B, similar to (4, <),
and we are done. If this is not the case, then let a, be an element of A, such
that for no f € C, N B, is it true that f(a) = a,. Thus, then the elements
f € Cy with f(a) = a, all belong to Ugs.o Be.

To finish the proof all we have to mention is that for some o < k the first
possibility will happen. In fact, in the opposite case the elements a, would be
defined for all a@ < k. Consider now the function f for which f(«a) = a, for
all & < k, and the smallest o < k for which f € B,. Then, by the definition
of the set C,,, we have f € C,, and therefore f(«) = a,, is not possible, since
feC,nNB,.



7

Order types

1. The nonempty initial segments of the set of rational numbers are densely
ordered sets with or without largest element, so their order is n or n + 1 (see
Problem 6.28 and its proof).

2. The order types in a)—c) are the order types of a densely ordered countable
sets without smallest and largest element, so they are 7 (see Problem 6.27).
d) is the order type of QN ((0,1) U{2,3} U (4,5)), and this set is not densely
ordered. e) is the order type of (0,1)U{1}U(1,2) = (0, 2) so it is A by Problem
6.2. f) is the order type of (—oo,0)U(0, 00), and here there is no largest element
in (—00,0) and there is no smallest element in (0,00), i.e., this set is not
continuously ordered, thus the type in f) is not A. g) is the order type of the
lexicographically ordered set R x R. But RXx R =R x (—00,0) UR X [0, 00),
and here there is no largest element in R x (—00,0) and there is no smallest
element in R x [0, 00), i.e., this set is not continuously ordered, thus the type
in g) is not A. Finally, in h) in an ordered set of type n - A there are points
such that there are only countably many points lying between them, but in a
set of type A -7 there are continuum many points between any two points.

3. We shall just consider the nontrivial solutions. By Problem 1 if 6; 4+ 65 = 7,
then 6, is either n or nn + 1, and similarly 05 is either n or 1+ n. Thus, the
solution is that 6 is either n or 7 + 1 and 65 is either n or 1 4 7, except that
01 =n+1and 6, =1+ n cannot hold simultaneously.

In a similar way, the equation 67 + 62 = A holds if and only if ; = A + 1,
O =MAorif 6y =Xand 3 =1+ A.

4. Since
I+n)-+1)=Q0+n)-n+0+n) =n+1+n=7

(see Problem 2), this is an appropriate representation, for 1 + n # n and
n+1#nmn.
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5. Since R = U>*_[i,7 + 1), and this is an ordered union, one possibility is
A=(14+N) (w*+w).

6. Let (A, <) have order type 6. If (A, <) has smallest element a, and 7 is
the type of (A \ {a}, <), then § = 1 + 7 is an appropriate representation.
If, however, (A, <) does not have a smallest element, then let a € A be any
element, and 7 resp. 7o be the types of the sets {x € A : z < a} and
{r € A : a <z} Then § = 71 + 75 is an appropriate representation (note
that 71 # 72, for in the second set there is a smallest element (= a), but in the
first one there is no smallest element). [W. Sierpiriski, Cardinal and Ordinal
Numbers, Polish Sci. Publ., Warszawa, 1965, XI1.9/5]

7. w+1is an example. In fact, if S; and S, are ordered sets and the product
S1 X Sy has order type w + 1, then S5 must have a largest element s, and
one of S7 or Sy must be infinite. If S; is infinite, then So can have only one
element, since in a set of type w + 1 there is just one element that is preceded
by infinitely many elements. For the same reason, if Sy is infinite, then S;
can consist of at most one element (for otherwise there would be at least two
elements that follow the infinite set S; x (S2 \ {s}).

8. The statement for 7 follows from the solution of Problem 3. As for w, one
can check easily that the only nontrivial solutions of the equation 6; + 62 = w
are 61 = n, f3 = w where n is a natural number.

9. If a product S; x S of ordered sets is of type w, then one of the sets is
infinite. If Sy is infinite, then S5 can have only one element, for in a set of
type w no element is preceded by infinitely many elements. If, however, S5 is
infinite, then for the same reason every element in it is preceded by at most
finitely many elements, hence we can apply Problem 6.5 to deduce that the
order type of S3 is w.

If a product S; x So of ordered sets is of type n + 1, then S; and Sy are
countable, and if S; has at least two elements, then it is densely ordered. If
its type is 7, then S7 x Sy has type 7. If its type is 1 + 7, then depending on
if S5 has a smallest element or not, the type of S; X S5 is 1 + 7 or 1. Finally,
if S7 is of order type 1 + 7 4 1 and S5 is not densely ordered, then S; X So
is not densely ordered. However, if S5 is also densely ordered but not of type
1+ 1, then the type of S; x Se is 1 +n, n, or 1 + 7 + 1 depending on if So
is of type 1+ n, n, or 1 +n + 1. Thus, the only remaining possibility is that
either S7 or Sy is of type 7 + 1.

The order types 147 and 1+7+1 can be similarly handled. [W. Sierpiriski,
Cardinal and Ordinal Numbers, Polish Sci. Publ., Warszawa, 1965, XII.10/5]

10. All infinite cardinals have this property (see Problem 10.3).

11. All infinite cardinals have this property (see Problem 10.3).
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12. By Problems 6.31 and 6.32 the answer is 1 + 7 if the ordering is lexico-
graphic and it is w if the ordering is antilexicographic.

13. If the ordering is lexicographic, then the answer is still 1 + 7, for we are
speaking of the order type of a densely ordered countable set with smallest
element. If the ordering is antilexicographic, then the answer is w+w?+w3+- - -.
In fact, first come the elements

(0,0,...), (1,0,0,...), (2,0,0,...),...,
then come the elements
(0,1,0,0...), (1,1,0,0,...), (2,1,0,0,...),...,

(0,2,0,0...), (1,2,0,0,...), (2,2,0,0,...),...,

etc..
14. See Problem 6.34.

15. We show by induction on n that the order type is (w™)*. It is easier to
work with the set

1 1
A= (= =) 1<k, K .
{ <k1+ +kn) <k <w}

We shall show that this is well ordered, and the order type is w™. The case
n = 1 is obvious. Also, if we have the result for n then there is, in the interval
(—%, —iJ%l), a subset of —A,, ;1 of type w™ (choose k1 =i+ 1, ka,...,kny1 =
i(i+2)nj, j = 1,2,...) so (pending that —A,, is well ordered) the order
type of —A,, 11 is at least w™*1.

To get an upper bound for the type of —A, 11 we investigate the initial
segments. For any f% <0if1 <k <+ <kpy1 <w and

S (LI )
kl kn+1 ’L"

then k; < ni, so by the induction hypothesis the initial segment of —A,, 41
determined by —% is the union of finitely many well-ordered sets of order type
< w", therefore itself is a well-ordered set of order type < w™*!. Then, —A,, 1,
is well ordered of order type at most w™*!.

16. The order type in question is clearly a product, where the second factor
is the order type of a densely ordered set without smallest or largest element,
and the first factor is w. Thus, the answer is w - . [W. Sierpiriski, Cardinal
and Ordinal Numbers, Polish Sci. Publ., Warszawa, 1965, XII.3/8|
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17. Let 7 be an order type and let it be the type of (A, <). Consider in A the
set B of those elements b for which the initial segment {a : a < b} is well
ordered. Tt is easy to see that B is an initial segment, it is well ordered, and
A\ B cannot have a smallest element, for then it could be added to B. Thus,
T = a + 0, where « is the order type of B and 6 is the order type of A\ B.
[W. Sierpieniski, Fund. Math., 35(1948), 1-12]

18. This is the same as Problem 6.13.
19. This is the same as Problem 6.14.

20. Let (A1, <1) and (A, <2) be ordered sets of type 6, and 2, and let A =
{0,1,...,n—1} x A; the cross product of the ground sets with {0,1,...,n—1}.
Then A} with the antilexicographic ordering has order type n-6;, soif n-6; =
n - 03, then there is a similarity mapping f : A} — A3. For every a € A,
there is a unique ¢ € Ay such that f((0,a)) € {0,1,...,n — 1} x {c}, and
let us denote this ¢ by F(a). If a <1 b are two elements of Ay, then (0,a) is
smaller in the antilexicographic ordering on Aj than (0,b), so F(a) <o F(b).

But F(a) = F(b) is not possible, since there are at least n — 1 elements
(namely (1,a),...,(n—1,a)) in A lying between (0, a) and (0,b), and in any
set {0,1,...,n — 1} x {c} there are at most n — 2 elements between any two

elements. Thus, F' is a monotone mapping from A; into As. We show that it
actually maps A; onto Ay by which 6; = 65 follows.

Let ¢ € Ay be any element of As. There is an a € Ay such that for some
0 < j < n we have f((j,a)) = (0,c¢). If here j = 0, then F(a) = ¢, and we are
done. If, however, j > 0, then the image of {0,1,...,n—1} x{a} under f does
not contain (n — 1,¢), and so there is an element a* € A; such that a <; a*,
and with some 0 < ¢ < n we have f(i,a*) = (n —1,¢). Then clearly f((0,a*))
must belong to {0,1,...,n — 1} x {c}, i.e., F(a*) = c¢. [W. Sierpinski, Fund.
Math., 35(1948), 1-12]

21.Fori=1,...,nlet (A;, <;) resp. (B;, <;) be pairwise disjoint ordered sets
of type 61 resp. 02, and let (A, <) resp. (B, <) be their ordered unions. Then
(A, <) has type 61 - n and (B, <) has type 65 - n, so if these order types are
the same, then there is a similarity mapping f : A — B. We have to show
that 61 = 6o, i.e., one of the sets (4;, <;) is similar to (B;, <;).

If f[A;] = B, then we are done, so we may assume that f[A;] C By (if
By C f[A1] then we consider f~! and reverse the role of A; and B;). Thus,
(A1, <1) is similar to an initial segment of (By,<y), i.e., 0 = 61 + p with
some order type p. If B,, C f[A,], then (B, <,,) is similar to an end segment
of (Ap, <y,) (under f~1), hence 6; = 7 + 65 with some order type 7. Thus, in
this case #; = 6 by Problem 18.

If, however, B, € f[A,], then f[A,] C B,, and so (A,,<,) is similar to
an end segment of (B,,, <), i.e., fs = 7 4+ 6; with some order type 7. Since
f maps an interval of (A4, <) into an interval of (B, <), and f[A¢] C By and
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f[An] C By, in this case there must be a 0 < j < n with B; C f[A;]. Thus,
/! maps B; into an interval of (4;, <;), which means that with some order
types o1 and oo we have 0 = 01 + 65 + 05. Now in this case 6; = 05 follows
from Problem 19.

22. Clearly w* =2 - w* and w* = 2 - w* + 1. On the other hand, n cannot be
written in either form 2 -7 or 2-7 4 1. [W. Sierpinski, Cardinal and Ordinal
Numbers, Polish Sci. Publ., Warszawa, 1965, XI1.3/18]

23. Clearly
w-2+l=(w+)+(w+1l)=(w+1)-2

so 6 = w -2+ 1 is suitable. On the other hand, w cannot be written in either
formm -2+1or m-2.

24. Since 71 - 2 = 7, any order type 7 -1 where 7 is an arbitrary order type
satisfies 6 - 2 = 0. [W. Sierpiniski, Cardinal and Ordinal Numbers, Polish Sci.
Publ., Warszawa, 1965, X11.3/13]

25. Since 2 - w = w, any order type w - 7 where 7 is an arbitrary order type
satisfies 2 -6 = 6.

26. Notice that if 6 and 7 are order types such that 2-0 = 6 and 7-2 = 7, then
2-(@-7)=(0-7)-2=0-7, hence products of order types from the preceding
two problems satisfy the requirements. E.g., w - n -7 are all different and they
are of the required property.

27. The types n-n where n = 0,1,... are all different (in an ordered set of
this type n is the largest number of consecutive elements) and they satisfy

(n-m)-(n-n)=n-(n-n)-n=mn-(n-n)=mn-m.
28. 7 =0 (w+w*) clearly satisfies T +0 =0+ 17 = 7.

29. Let (A, <) have order type 6, and order antilexicographically the product
-+« x A x A. If the order type of this set is 71, which we can write as ---6 - 0,
then clearly - 0 = 711.

Similarly, let 75 be the order type of the lexicographically ordered A x A x
-+, Then 0 - 75 = 75.

Now if we set 7 = 771, then -7 = o and 7 -0 = 7 imply -7 = 7-0 = 7.
[W. Sierpinski, Cardinal and Ordinal Numbers, Polish Sci. Publ., Warszawa,
1965, XI1.9/3]

30. The types w? - k, k = 1,... are all different and form an arithmetic pro-
gression. Furthermore

(Ww-k) (wk)=w(kw-k=wwk=w?k,
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so they are all squares. [W. Sierpiriski, Cardinal and Ordinal Numbers, Polish
Sci. Publ., Warszawa, 1965, XII1.3/9]

31. The types §; = n+i+1,1 < i < n are appropriate, sinceif 6 = > 7, ., . 0
is their sum in any order and (A, <) is an ordered set of type 6, then the
order can be recognized from (A4, <): w(1) + 1 is the length of the first (i.e.,
leftmost) maximal chain of consecutive elements in (A, <), 7(2) is the length of
the next maximal chain of consecutive elements, etc. [W. Sierpiniski, Cardinal
and Ordinal Numbers, Polish Sci. Publ., Warszawa, 1965, X11.3/22]

32. The types 6;, = n+ 11+ 1, 1 < i < n, are appropriate, since if § =
[li<i<n 0@ is their product in any order and (A, <) is an ordered set of
type @, then the order can be recognized from (A, <). In fact, take any other
order with the same product 6 = [], ;. 0,(;). Since 7(1) +1 and o(1) + 1
are both the length of the longest chain of consecutive elements in (A, <), we
have w(1) = o(1), say m(1) = o(1) = ky.

Now let B = (QnN(0,1)) U{1,2,...,k; + 1} and (C1,<1) and (Cq, <3)
be two ordered sets of type []o<; <, O=;) and []o<;<,, 05(;), respectively. Then
B x C; and B x Cy (with antilexicographic ordering) both have order types
0, so there is a similarity mapping f : B x C; — B x (5 between them. For
any ¢; € Oy there is a unique ¢y € Cs, that we are going to denote by F(¢y),
such that

f((2,c1)) €{1,2,..., k1 + 1} x {ca2}.

Exactly as in the proof of Problem 20 it follows that this F' is a monotone
map from C onto Cy, thus besides 7(1) = (1) we also have [[,;,, Oxi) =
H2§i§n oa(i)'

Now repeating this argument (or using induction) we can conclude that
(i) = o(i) for all 1 < ¢ < n, and the proof is over. [W. Sierpinski, Cardinal
and Ordinal Numbers, Polish Sci. Publ., Warszawa, 1965, XI1.3/35]

33. See the next problem.

34. First of all, the order types 6, k = 1,2,... are all different. In fact, if
(A, <) is an ordered set of type 6y, then for a,b € A let a ~ b if there are only
finitely many elements between a and b. This is an equivalence relation, and
k is the number of equivalence classes with the property that there are only
finitely many equivalence classes that follow them (in the ordering given in
(A, <)).
We claim that
Op -0 = (W' +w) - w-n

and
(W'tw) w-n) O =W +w) w-n,

and these imply that for all k¥ and all n > 2 we have 0} = (W* 4+ w) - w - 7.
Since k +w = w and
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(I+n) - (W+Hw) =-Fl4n+l+n+--- =1,
we obtain

@tw-n+k) - (@ +w)
:~-~+w+w-77+k+w+w-77+k+-~
w4+ fw-(1+n) 4+
—w (L) tw) =w-n,

and hence

Op O = (W tw) (wtw -n+k) (W 4w) (W+w-n+k)
= (@ W) @ dw k)
= W'4w) w-n.

In a similar fashion, since 7 - (w* + w) = 7, we obtain

(" ) w0y = (@ )y )tk
(W W) we @t R
= (W' +w) w-n.

[A. C. Davis, cf. W. Sierpiniski, Cardinal and Ordinal Numbers, Polish Sci.
Publ., Warszawa, 1965, XI1.3/10]

35. Since n* =n and (1 +n)" =1+, we have 1" + 0" = (1 +n)".

36. Both the irreflexivity and the transitivity are clear. Since w and w* are
not comparable with respect to <, the trichotomy is not true.

37. If (Aq, <1) is similar to a proper initial segment of (A, <2), then, in view
of Problem 6.41, (A2, <3) cannot be similar to a subset of (A4, <1), hence
01 < 6. Conversely, suppose that ;1 < 0,. Since either (A1, <1) or (As, <2)
is similar to an initial segment of the other one (Problem 6.42), the only
possibility is that (A;, <1) is similar to a proper initial segment of (A5, <5).

The trichotomy of < among ordinals is an immediate consequence of Prob-
lems 6.42 and 6.43.

38. See Problem 6.26.
39. For different 01 sequences {¢;} the countable types
(W'+w)+e+ W +w)+e +---

are all different, so there are at least continuum many order types 6 with
0 < 7n. But Q has only continuum many subsets, so their number is then
exactly continuum.
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40. See Problem 6.57. [cf. W. Sierpinski, Cardinal and Ordinal Numbers, Pol-
ish Sci. Publ., Warszawa, 1965, XII.11/4]

41. See Problem 6.58.

42. The order types i + w* +w + (n+ 1 —14), 1 < i < n are appropriate;
see Problem 6.59. [W. Sierpiriski, Cardinal and Ordinal Numbers, Polish Sci.
Publ., Warszawa, 1965, X11.11.4]

43. See Problem 6.60.

44. Since 1+w = w, the sufficiency of the condition is clear. Now suppose that
1460 =0, and let (A, <) be an ordered set of type 6. Then A has a smallest
element ag (since it is of type 1 + 6), and A is similar to A\ {ao}. Let f be
a similarity mapping from A onto A\ {ag}. It is clear, that since f(ag) is the
smallest element of A\ {ap}, it is the successor of ag in A. In a similar fashion,
f(f(ap)) is a successor of f(ag), f(f(f(ap))) is a successor of f(f(ap)), etc.
All these mean that {ag, f(ag), f(f(ao)),...} is an initial segment of (A, <),
and if 7 is the order type of A\ {aqg, f(ao), f(f(ap)),...}, then it follows that
0=w+r.

45. The proof is similar to the preceding one.

46. The sufficiency of the condition is clear since n+n = 7.

Let (A, <) be an ordered set of type 6. Then since n+ 6 = 0 + 1, (A, <)
has an initial segment A; of type n and has an end segment As of type 7.
If Ay N Ay # 0, then (A, <) is of type 7, and in this case n = n+ 0+ 7. If,
however, A1 N Ay = () and if 7 is the order type of A\ (A1 U Ay), then with
this 7 we clearly have § = n + 7 + 7. [W. Sierpiniski, Cardinal and Ordinal
Numbers, Polish Sci. Publ., Warszawa, 1965, XI1.3/23]

47. The sufficiency is clear, since 1 + w = w and w* + 1 = w*; thus, we only
have to verify the necessity of the condition.

Suppose 0 # 0, and 0 + X = A+ 0. Let (A, <), (A1, <1) be of type 0,
and (B, <), (B1,<1) of type A such that these sets are pairwise disjoint. Since
A+6 = 0+ ), it follows that there is a similarity mapping f : BUA — A1 UB;
between these ordered unions. If we have A; C f[B], then A; is similar to an
initial segment of B, which implies that # = A or § = A+ 1. At the same time,
since then f maps A into By, we get that A is similar to an end segment of
Bi, and hence 8 = A or € =1+ \. Thus, in this case § = .

Now let f[B] C Aj. If 61 is the order type of A; \ f[B], then we have
6 = A+0; and also 6 = 61+ X (consider that (A;UB1)\ f[B] = (41 \ f[B])UB:
is similar to A).

Thus, we have proved that if § # 0, then either § = ), or there is a 61 # 0
such that § = A4 6, and 8 = 61 + \. Thus, the same argument can be applied
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to 0 and we get that either §; = X, or there is a 05 # () such that §; = A+ 0,
and 07 = 03 + A\. Repeat the same process as long as it is possible. It follows
that either there is an n such that 6 = X - n, or for all n the set (A, <) has an
initial and an end segment of type A - n. Since R is continuously ordered, it
follows that an initial segment S,, of type A-n has to be an initial segment of
Sn+1, S0 the segments S1, 5, ...,.5, are strictly increasing, and their union
is an initial segment S of (A, <) of type A - w. In a similar manner, there are
end segments F, of (A, <) of type A - n for all n, and their union F is an
end segment of (A, <) of type A - w*. Note also that it is not possible that
SpNE, # 0, for then E,,\ E,, C S, for all m > n and S,, would have intervals
of type A+ (m — n) for all m > n, and this is not the case. Thus, SN E = 0,
and if 7 is the order type of A\ (SUFE), then we have § = (A-w) +7+ (A-w*),
as was claimed. [W. Sierpiriski, Cardinal and Ordinal Numbers, Polish Sci.
Publ., Warszawa, 1965, XI1.3/24]

48. Since (7*)* = 7 and (7 + 0)* = ¢* + 6*, the sufficiency of the condition
follows.

Suppose now that 0 = 6*. Let (A, <) be of type 8, <* the reverse ordering
on A, and let f: A — A be a similarity mapping between (A, <) and (A, <*).

If there is an element a € A with f(a) = a, and Ay ={be A : b < a},
then A; is mapped by f onto A\ (41 U{a}), so with 7 equal to the order type
of (A1,<) we have 0 =74+ 1+ 7",

Suppose now that there is no element a € A with a = f(a), and consider
the set Ay = {a € A : a < f(a)}. This is an initial segment of A, for
ifae Ay and b < a, then b < a < f(a) < f(b), so b € Ay is also true.
Now f maps A; into A\ A;. In fact, if a < f(a), then f(a) <* f(f(a)), ie.,
f(f(a)) < f(a), and so f(a) € A\ A;. The same reasoning gives that f maps
A; onto A\ Aj. Thus, if 7 is the order type of Ay, then we have 6 = 7 4 7*.

* * *

49. Let X be a set of cardinality k. Then every order type of cardinality
is the order type of X with some ordering <C X x X. Thus, there are at
most as many order types of cardinality x as subsets of X x X, which is of
cardinality olXI* = 2IX| = 9~

On the other hand, let 7o = 2 and 7 = 5, and for a transfinite sequence
€ = {ec}e<r of type K of the numbers 0 and 1 consider the order type 6. =

<r Tee- Let e and € be two transfinite sequences and for each £ let (Ag, <¢)
and (A’ﬁ, <'£) be ordered sets of type 7, and e, respectively, and let (A, <),
resp. (A, <’), be their ordered union for £ < k. Then (A, <) has order type
0. and (A’; <) has order type 0., respectively. Now if for some a < k we
have €, = eé forall £ < aand f: A — A’ is a similarity mapping between
these sets, then f maps each A¢ into A’g. The proof of this is the same as the
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analogous statement in the proof of Problem 6.15 and can be easily carried
out by transfinite induction on .

Thus, if in addition we have, say, ¢, = 0 and €/, = 1, then f cannot
exist, for f cannot map the two-element set A, onto an initial segment of the
densely ordered set A.,.

This proves that for different 0-1 transfinite sequences € we get different
order types 6., and so there are exactly 2" different order types of cardinality .
[W. Sierpinski, Cardinal and Ordinal Numbers, Polish Sci. Publ., Warszawa,
1965, XVIL.5. Theorem 1]



8

Ordinals

1. (a) Let = be an N-set and y € z. Then y C z. If z € y, then z € z and
z <¢ y. Now every element of z is smaller with respect to <¢ than z, and
hence than y, which gives that every such element must belong to y. This
proves that y is transitive. That it is well ordered by € is a consequence of
the fact that it is a subset of a well-ordered set.

(b) It is clear that y is transitive and well ordered by € (x is its largest
element). If z € z where z is an N-set, then z C z, and hence y C z.

(c) This is clear from the definitions.

(d) fy € Y and z € gy, then 2 <¢ y, hence by the initial segment
property z € Y. This shows that Y is transitive. That it is well ordered by
€ is clear, since Y C x. Thus, Y is an N-set. If Y # x, then Y is a proper
initial segment of x, hence it is the initial segment determined by an element
p. Thus,y € Y © y<cp<y€E€p,ie., Y =p, which shows Y € x.

(e) Consider z = & Ny. This is an initial segment of both z and y (cf.
(¢)), hence by (d) it is an N-set and either z = x or z € = and either z = y or
z € y. Thus, for the conclusion we only have to show that it is impossible to
have simultaneously z € x and z € y. Indeed, if that was true, then we had
z€xNy =z, ie., z was an element of the N-set x such that z € z, which is
impossible by the irreflexivity of € on =x.

(£) Irreflexivity of < follows exactly as in part (e); transitivity of < is due
to the transitivity of N-sets, and trichotomy was proved in (e). Let B # ) be
a set of N-sets. Pick any x € B. Then either z N B = (), which means that
B does not have a smaller element than x, i.e., x is its smallest element, or
x N B # ), and then the smallest element (with respect to €) of x N B is the
smallest element of B (note that there is a smallest element in 2 N B because
x is well ordered).

(g) If, say, y € z, then y is a proper initial segment of x, hence it cannot
be similar to = (see Problem 6.41).

(h) We follow the ideas from the solution of Problem 6.42. Let (A, <) be
a well-ordered set, and let B be the collection of all N-sets that are similar to



224 Chapter 8 : Ordinals Solutions

a proper initial segment of (A, <). For x € B let a, be the unique element of
A such that the initial segment determined by a, is similar to x, and let g, be
the appropriate similarity mapping. Then any y € x is similar to the initial
segment of (A, <) determined by g.(y), hence y € B, i.e., B is transitive.
The mapping £ — a, is monotone, hence B is similar to a subset of A, in
particular B is a set. € is a well order on B by (f), hence B is an N-set. The
mapping f(z) = a, maps B monotonically onto an initial segment of A, hence
either A = f[B], in which case (A, <) ~ (B, €), or B is similar to a proper
initial segment of A. But the latter would imply B € B, which is impossible
(see (f)).

Unicity is a consequence of (g).

2. Each ordinal is well ordered. Thus, oy > o3 > --- is not possible, for
otherwise we would have an infinite decreasing sequence in «q (see Problem
6.36).

3. This follows from the previous problem and from Problem 6.1.

4. 1+ w =w is clear, w + 1 # w because in w there is no largest element, but
in w4 1 there is a largest element.

2-w = w is true because 2-w is the order type of the product 2 x w ordered
antilexicographically, so the order of the elements is

(0,0) < (1,0) < (0,1) < (1,1) < (0,2) < ...,

Finally, w -2 # w because in a set of type w - 2 there are elements preceded by
infinitely many elements, but in a set of type w this is not possible.

5. Since
(w+a) (wW+b)=(w+a) w+ (w+a)-b,

and a +w = w, it easily follows that (w+a)- (w+b) =w? +w-b+aifb>1
and (w+a) -w=w?if b=0.

6. One can easily see that

+{=w= (=0,

+ w = w <= £ is finite,

-w = w <= ¢ is finite and not 0,

+(=w=¢<w, (=woréf=w, (=0,
(=w=1<f<w,(=woré=w, (=1.

w

3

3
w-E=w=E=1,
3

3
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7. The proper initial segments of w? 41 are w? and the proper initial segments
of w?, which are of the form w-n +m with some n, m natural numbers. Thus,
either € = w? +1, ( =0, or £ = w?, in which case (is 1, orelse { =w-n+m
with some natural numbers n, m, in which case ¢ has to be w? + 1.

8.a) w+k > k+ wsince k + w = w, and this is a proper initial segment of
w+ k.

b) k-w < w-k since k-w = w, and this is a proper initial segment of w - k.

¢) w+w; < w; +w since w+w; = wy, and this is a proper initial segment
of wy +w.

d) If Pw) =w"-a, +w" ' a, 1+ +w-as + ag, then on applying
that ap < w implies

w-agt+ag<w-a+w=w-(a;+1) <w?

which implies

w2 as +way +ag < w? - as + w? :w2~(a2+1) < w?,
etc., we can see that P(w) < w™*1.

e) Similarly as in part d), P(w) is larger than Q(w) if and only if n > m,
or n =m, and a; > a} for the smallest index ¢ with a; # al.

9. If a3 < g, then a set of type a; + ( is similar to a subset of type as + 3,
so by Problem 7.37 we have a1 + 0 < as + (.

The proof that 8+ a1 < 4 «g is similar. Finally, if a1 < a9, then oy
is an initial segment of asy, hence a set of type 8 + «; is similar to a proper
initial segment of B 4+ a9, and so we have §+ a3 < B+ as.

The proofs of the claims for multiplication are the same.

10. If y+a = v+ 3, then @ = 3 by the preceding problem. If a+~v = 47 we
do not need to have o = 3, an example is 0 +w = 1 + w. In a similar fashion,
if y-a =70 and v # 0, then « = 8 by the preceding problem. However,
-y = [-7 does not imply a = 3, an example is 1 -w =2 - w.

If v > 0O finite, then oo + v = B + 7y clearly implies a = 3, and a-y =3 -7y
also implies & = (8 by Problem 7.21.

11. Suppose that v = d + 1 and, say, a < . Then o -d < -9, hence by
Problem 9 we have - § + a < 39 + 3, so in this case o -y = (-~ cannot
hold.

12. If o < f3, then from Problem 9 we get by induction on k that o < g*.
Thus, o = 3* implies o = 3.

13. a) It is clear that sup, ¢(a +n) < a + & However, if v < a + ¢, then
either v < « or there is a § < £ such that v < a + §, hence this v cannot be
an upper bound for the ordinals oo + 7, n < £. This proves part a). Since
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sup(n+w) =w #w+w = (supn) + w,
nw n<w
the analogous statement for the reversed order is not true.
b) It is again clear that sup, .¢(a-n) < a-§ If vy < a-§, then there is a
0 < & such that v < «- 6, so then ~ cannot be an upper bound of the ordinals
a-n,n <& Since

sup(n-w) =w #w-w=(supn) - w,
n<w n<w

the analogous statement for the reversed order is not true.

14. Since « is an initial segment of 3, we can write § as an ordered union
aUC, and so if £ is the order type of C, then we have 8 = a+ £. The unicity
of ¢ follows from the strict monotonicity of addition in the second argument
(Problem 9).

For the equation £ + a = 3 neither the solvability nor the unicity can be
guaranteed. In fact, £ + 1 = w is not solvable, and £ + w = w has infinitely
many solutions, namely & < w.

15. Let ¢ be the supremum of all ordinals 7 with the property - 7 < 8. We
claim that « - ¢ < (. For the case when ( is a successor ordinal this is clear,
for then ¢ has to agree with one of the 7’s, and for limit ¢ the statement
follows from Problem 13, a). Thus, by Problem 14 the equation 8 =« -+ £
is uniquely solvable for £. Here we cannot have a < &, for then we could write
¢ = a+ o with some 0, and then o+ ((+ 1) =a-(+a < a-(+E& = would
hold, which is not possible by the choice of . Thus, £ < «, and the existence
of the representation has been proved.
To show unicity, suppose that (; < (2 and &;,& < a. Then

a-G+&ai<a-Gra=a- (G+1)<a-G<a-G+&.

Thus, if a- (1 + & = a- (o + &, then we must have (; = (5, and then & = &
follows from Problem 14.

16. If - w < 3, then 8 = o+ w + v with some ordinal v (see Problem 14), and
hence
at+f=(a+a-w+y=ac(l+w)+y=a-w+vy=0.

17. Choose a large ordinal § with oo + § = [ (see the preceding problem).
Then the assumption implies that 8 = 8+ a, so a = 0 because of Problem 9.

18. Let « be an ordinal and let 3 be the supremum of all limit ordinals not
bigger than «. Then [ is zero or a limit ordinal, and by Problem 14 we can
write & = (§ 4 . Here we cannot have w < -, for then v = w + J, and as
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a = (84 w) + 9, the ordinal f 4+ w > B would be a larger limit ordinal < a.
Thus, 7 < w, and we are done.

19. It is clear that if y < w- 3, then v+ 1 < w- G, so w - § is a limit ordinal
for § > 1. Conversely, let « be a limit ordinal. By Problem 15 we can write
a = w- [+ n with some natural number n. Now here we must have n = 0, for
otherwise o would be a successor ordinal (the successor of w -+ (n —1)).

20. If « is a limit ordinal, then using the representation in the preceding
problem and n - w = w we get that n-a=n-w-f = w- G = a. Conversely,
suppose that n - @ = « for all n. Exactly as in the preceding solution we can
write & = w - § + m with some ordinal 8 and some natural number n (see
Problem 14). But then 2-a =2 -w- 8+ 2m = w - 3+ 2m, and this can be at
most « only if m = 0 (see Problem 9).

21. Write § in the form 8 = w-~vy+m with some ordinal v and natural number
m (see Problem 15). If m # 0, then using that (o +n) -w = a - w, it follows
that

(a+n)-B=(a+n) w-vy+(a+n)+ -+ (a+n)
=aq-w-y+ta-m+n=a-F+n.

If, however, m = 0, then the same computation shows that

(a+n)-f=(a+n) w-y=a-w-y=a-f.

22. We write « in the form w - # and use that n-w = w if n > 1 to conclude

23. Write o = 6 + k, where k is a natural number and ¢ is 0 or a limit ordinal
(see Problem 18). We also write 5 as w -y 4+ m with some ordinal v and some
natural number m (see Problem 15). Then n-5 = n-(w-y)+n-m = w-y+nm, so
if this is «, then k = mn. Conversely, if k = mn, n > 0, then o« = n-(6+m/n).
Thus, the answer to the problem is that n is a divisor of k.

24. a) If « is infinite then 1 4+ @ = «, but a + 1 > @, so « has to be finite.

b) If « > 0 and @ + w = w + a, then « is a limit ordinal, so it is of the
form w-f. But then a+w=w-(f+1) and w+ a =w- (1 + ), and exactly
as in case a) here 1 + 8 < f+ 1 if § is infinite, so by Problem 9 in this case
w+ a < a+ w. Thus, the answer is that a = w - n with some finite n (which
is clearly sufficient).
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c) o -w=w-aif and only if « is a power of w (see Problem 9.11). The
sufficiency is obvious, the necessity immediately follows from the normal form
of a (see Problem 9.16).

d)fa+ (w+1) = (w+1)+ « and « is finite, then it must clearly be
zero. If « is infinite, then « is a successor ordinal, actually the successor of a
limit ordinal. Thus, « = w-G+1. But then o+ (w+1) =w-(6+ 1)+ 1 while
(w+1l)+a=w-(1+6)+1, and from these we get w- (B+1) =w- (14 0),
which implies as in part b) that [ is finite. Thus, the answer is that « is 0 or
it is of the form w - n + 1 with some natural number n > 1.

e) Clearly, a =0and a = (w+1)" =w" +w" '+ +w+1withn <w
are solutions, and we show that there are no other solutions.

Suppose the contrary, and let o be the smallest solution not listed above.
This « can be written as @« = (w+1) - f+ v with v < w. If § = 0 and
0 < v < w, then the equation becomes w+vy = w-vy+1, so in this case y = 1.
If 3 =0 and v = w, then we have w? + w = w?, an impossibility. Finally, if
8 > 0, then we get

W+ (B-wtb)+r=(w+1)-[(wt+1)-B+1] (8.1)

Here we must have 8- w+ 8 < (w+ 1) -8 + v, hence (see Problem 14)
(w41)-p+~v = B-w+ [+ with some . Writing this back into (8.1), Problem 14
gives that we must have v = (w+1)-(, which, in view of v < w, is possible only
if v = ¢ = 0. Thus, in this case 8-(w—+1) = (w+1)-6. Here we must have 8 < «,
for in the case § = @ we would have a- (w+1) >a=(w+1)-8=(w+1)-q,
i.e., a would not be a solution. Therefore, this # < « is again a solution, and
by the minimality of « it must of the form 8 = (w 4+ 1)™ for some n < w. But
then a = (w + 1)"*1, which is a contradiction, and this contradiction proves
that the only solutions are the ones listed above.

21-1"and we proceed by

induction. Thus, suppose the validity of Zg &= w?~1 has been verified
n+1

25. The statement is trueforn =1: 35, {=w=w

for some n. An ordinal w™ < £ < w can be written in the form £ = w™-m+n
with some natural number m and with n < w™. The latter implies that 7 is
less than a number w”~ ! -k, k = 1,2,... from which we obtain 1 + w" <
w bk 4+ w" = w", hence

S 1= Z (W' -m+n) = Z W = W,
;'7<w7’1 ;r]<w71
Now these sums follow each other in Z§<wn+1 in the order of m; thus,

oo

> e

cu"§£<w"+1

[e%S)
Sm _ § w2n _ w2n+1.

=1 n=1

This and the induction hypothesis gives
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Z €= Z £+ Z €= w2l 42t = w2n+1,

E<wntl E<wn wn<E<wntl

and this verifies the induction step.

26. Suppose a = &, + Yn, n = 1,2,... where the ~,’s are different. We can
assume that the numbers v, are increasing (see Problem 3). But then Problem
9 shows that {£,}22, has to be a strictly decreasing sequence, and this is not
possible (Problem 2). So there are only finitely many different 4’s in question.
Since n + w = w, the same is not true for the representation o = vy + €.

27. The proof is identical with the preceding one, and again n-w = w, 1 <
n < w, furnishes a counterexample for the representation a =~y - €.

28. The proof goes by induction on m, and suppose that the claim has already
been verified for m — 1 factors. It is clear that if one of the factors in a finite
product is a limit ordinal, then the product itself is a limit ordinal. Thus, in
the representation in question all the factors must be successor ordinals. Now
in a representation into m factors there can only be finitely many last factors
by the preceding problem, and if in two representations the last factors are
the same, then the product of the first m — 1 factors must also be the same by
Problem 11. Now, by the induction hypothesis, the number of representations
is finite.

29. Suppose that €2 +w = (2. Then (% > €2, so ¢ > £. Clearly, £ must be
infinite (otherwise w would be a square), and so 2 +w = (2 > (£ +1)% >
€-(E+1) = €2 + ¢, which implies ¢ < w. Thus, £ = w and ¢ > w+ 1, but then

Co>wH1)rP = twtl>?’ Fw=E+uw,

and hence the equation cannot hold. [W. Sierpiriski, Cardinal and Ordinal
Numbers, Polish Sci. Publ., Warszawa, 1965, XIV.8/7]

30. Note that
(w-nl+?’=w? nt+w?=w? n+1)=(w-(n+1))>3

and here the ordinals w - n are all different. [W. Sierpiniski, Cardinal and
Ordinal Numbers, Polish Sci. Publ., Warszawa, 1965, XIV.8/8]

31. It is well known that the only finite solution is @« = 8 = 0, so from now
on we assume that both o and g are infinite.
Write a =w-vy+nand 8 =w -6+ m. Then

and
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F=w-6-w-6+w-5-m+m;

thus, we must have m = n, for the ordinals before them on the right-hand
sides are limit ordinals. Therefore,

w-ywy24+w-yn=w-d-w-0+w-0-n,
which implies (see Problem 10)
Yow-y-24+yn=0w-0+0d-n. (8.2)

It is clear that we must have § > ~. If § < v -2, then § = v + 7 with some
T < 7, and

drw-d+d-n<~vy-2-w-(y+7)+(y+717)n
<ywytywTHy-(20)
Sry.w.ry+fy.w.fy:fy.w.ry.2’
so in this case (8.2) cannot hold. Thus, we must have § >~ - 2, and then
dw-d4+d-n>y-2-w-v-24+v-2-n,

which, compared with (8.2), yields n = 0. The same computation shows that
d > -2 is not possible, either, so we must have § = - 2.

So far we have shown that if a? -2 = (2, then both a and 3 are limit
ordinals and 0 = « - 2. It is easy to see that conversely, if o and 8 are limit
ordinals and 3 = « - 2, then 2 =« - (2-a) -2 = a? - 2, so these pairs are all
solutions.

32. Since n - w = w for all positive integer n, we can set w* -n = (w-n)* for
n=12,...

33. Consider a = 2 and § = w + 1. Since
(WH+D)"=w"+u" '+ w1,

we have

and this cannot be the nth power of a limit ordinal. If, however, y =w-d+m
is a successor ordinal, then

V=W )"+ (w-0)" "t mAd(w-8)"Em A (w-6)-m+m, (84)

so we would have to have m = 2", but then the ordinal in (8.4) is clearly
bigger than the ordinal in (8.3).
In a similar manner,
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and if this is equal to the ordinal in (8.4), then we must have m = 1. If § > 2™,
then

(W-O)"+ (wW-)" T+ (W- )" 4 (w-6)+1
S L L E T

and actually this inequality is also true for § = 2™. In a similar fashion, if
0 < 2™ then we have the reverse inequality. Thus, 8" - @™ is not the nth power
of w-6+m. [W. Sierpiniski, Cardinal and Ordinal Numbers, Polish Sci. Publ.,
Warszawa, 1965, XIV.8/12]

34. The sum in question is w 4+ w, and since n + w = w, the sum clearly does
not change if we change the order of finitely many terms in it.

35. Clearly, all the sums 1+243+---(n—1)+(n+1)+ - -+w+n=w+w+n
are different.

n—1
36. Consider the sum w? + W+ w +---+w-+1+ 1+ ---. If we move exactly
k of the w’s in front of w?, then the value of the sum is w? + (n — k)w, and
these are n different ordinals for k = 0,1,...,n — 1 (moving any w after some
of the 1’s makes no effect). [W. Sierpiniski, Cardinal and Ordinal Numbers,
Polish Sci. Publ., Warszawa, 1965, XIV.8/4]

37. It is clear that if the terms that follow w in the sum are 2%, ..., 2% then
the value of the sum is w + (2 + .- +2%)  and all numbers from 0 to 2" — 1
have one and only one form of the type 20 + ... + 2% with i), < n — 1. [W.
Sierpinski, Cardinal and Ordinal Numbers, Polish Sci. Publ., Warszawa, 1965,
XIV.3/8]

38. This is an immediate consequence of Problem 9.55(d), which implies
g(n) < C(3/81)™ with some constant C.

A direct proof can run as follows. Let oty > as > ... > a,, be arbitrary
ordinals, and let w” - a; be the largest ordinal in this form that is < a; (in
other words, w? - ay is the leading term in the normal form of o (see Problem
9.16). Take a permutation of the a;’s and take the sum o1y + -+ + ().
If in this sum «; is the kth term (i.e., if m(k) = 1), then the sum does not
change if we permute the preceding first k — 1 terms. In fact, if w? - a; is the
largest multiple of w” that < «; (i.e., a; is the coefficient of w? in the normal
expansion of a;), then 0 < a; < w, and due to the fact that w” + w? = w” for
v < B, we have

Qr(1) + F Oy = 07 - ( Z a;) + o
(i) <k
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(cf. Problem 9.18). Therefore, out of the (n — 1)! permutations with 7(k) =1
at most (n—1)!/(k—1)! will give different sums, hence the number of different
sums is at most

gn)=(n -1 ﬁ <e(n—1),

k=1

from which g(n)/n! < e/n — 0 as n — oo, follows.

39. Set a; = w+1i,i=1,...,n. Easy computation shows that if i1,...,4, is
any permutation of the numbers 1,2, ..., n, then
g, =W Wy b w iy

and all these ordinals are different. [E. Spanier, see P. Erdés, Some remarks
on set theory, Proc. Amer. Math. Soc., 23(1950), 127-141]

40. Suppose that the least upper bound of any increasing transfinite subse-
quence of A is in A or is equal to «, and let 5 € o\ A be an element outside A.
If 8 =~ + 1, then the interval {{ : v <& < 8+ 1} = {B} is a neighborhood
of 3 disjoint from A, and a small modification gives the same in case 8 = 0.
If, however, 3 is a limit ordinal, then there is a v < (3 for which there is no
element of A between v and 8 (otherwise we could construct an infinite trans-
finite sequence the supremum of which would be 3, and hence 8 would have
to belong to A). But then the interval {£ : v < £ < 841} is a neighborhood
of (3 that is disjoint from A. Thus, the complement of A is open in the interval
topology, so A is closed in that topology.

Conversely, suppose that A C « is a closed subset of « in the interval
topology, and let {a¢}e<s be an increasing sequence from A, with supremum
0 < a. If B is a successor ordinal, then the sequence has a largest element
that equals 3, and so 8 € A. If, however, 3 is a limit ordinal, then no matter
how we choose v < 3, there is an a¢, £ < 6, such that v < ag <. Thus, any
interval {£ : v < & < o} that contains /3 contains an a¢, so 3 is in the closure
of A. But then € A since A was assumed to be closed, and this proves the
equivalence of the two statements.

The proof that A is closed in « in the interval topology if and only if the
supremum of every subset B C A is in A, or is equal to a, is the same.

41. The statement is an immediate consequence of the preceding problem and
of the definition of continuity (namely that the inverse image of any open set
is open).

42. Le‘LZ be the closure of A. The statement is clear if A\ A is a finite set.
So let A\ A be infinite, and enumerate A \ A into the increasing transfinite
sequence {ag }¢<, with v > w. For each £ < v with £+1 < 7 there must be an
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element ag¢ of A lying in the interval (ag,a¢q1), and these ag’s are different.
Hence, || < |A|, which shows that |A| = |y| + |A| = |A|.

43. The statement is clear if o is a successor ordinal, since in that case {£}
is an open neighborhood of ¢. If, ¢ is a limit ordinal, then the cofinality
of o is w, so there is a sequence {f3,}5°, the supremum of which is o. For
each 3, there is a 7, such that for v, < & < w; the ordinals a¢ lie in the
neighborhood {n : B, < n < o+ 1} of 0. Thus, if v is the supremum of
the ordinals v,, n = 0,1,..., then v < wy, and for v < £ < w; we have
o =sup, B, <ag <o+1,ie., a =0, as we claimed.

44. As
Zs(e,n) = J{Z;(B,n) : F(B,0) <n},

induction on a proves the claim.

45. If o < wy is enumerated as a = {y,(a) : n < w}, then let g(y,(a), @) = n.
Clearly, this has the property mentioned in Problem 44 for f. We know that
Zg(a, m) is always finite. Now for 8 = () < o let

f(B,a) = maX{m,g(ﬁ,oz), |Zg(a,m)}}.

We claim that this satisfies the requirements. It is clear that every {8 : § <
a, f(B,a) < n} is finite. To show the second property, assume to the contrary
that ag < a1 < --- and for some n it is always the case that f(ay,ary1) < n.
Then g(ag, ar+1) < n, hence oy € Zy(a;,n) for i < j < w, and also this latter
set has at most n elements, which is a contradiction if j > n.

46. (a) For every a < w; fix an enumeration o = {y,(®) : n < w}. If
ap < a1 < --- are the numbers selected by I then for the ith one, let II
respond by the set

Si={vjlan) : j,k<i}.
This is clearly a winning strategy for player II.

(b) Let f: w1 x wy — w be a function as in Problem 45. Our strategy o
is the following. If o;_1 = «; then let

oli,ap,a5) ={B<a; : f(B,a;) <i}.

If, however, o;—1 < «y, say f(a;—1,0;) = m, then set o(i,q;—1,q;) =
Zs(ai,m). We show that U;S; = sup; oy, so this strategy is a win for II.
This is clearly the case if a; = ;41 = --- for some i. Assume now the con-
trary. Then there are a;, < a;, < --- such that a; = oy, for i, < j < ip4q.
Let £ < a4, say n = f(§, ). Let k > r be least number with the prop-
erty n < f(aikfl,aik) (such a k exists by the selection of f), and set
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m = f(aik—17aik) = f(aik—17aik)' Then f € Zf(aimm) - a(k’aik—haik)v
and we are done.

47. (a) For every o < w; fix an enumeration o + 1 = {y,(a) : n < w}.
Let {ag, a1, ...} be the sequence of the ordinals selected by I. In her 2¢(2n +
1)th step, let II choose v, (a;). Then II selects exactly the numbers below
sup,, (a, + 1) and since I’s selections are also there, IT wins.

(b) Now a strategy is a function f : [w1]<“ — w; from the finite subsets of
w1 into wy. Let I select first an @ < wy, and then always 0. Set Ag = w;. There
are two possibilities: either there are a 79 < w1 and uncountably many a € A
such that with 72 := f({a}) we have 70 = 79, or else 70 — w; as a — w;
(which means that for every v < w; there is a # < w; such that we have
70 > v if @ > 6). In the first case let A; be the set of those o with 79 = 7o,
while in the second case set A; = Ay and 79 = —1. Consider now the values
v = f({a,72,0}) for a € A;, for which there are again two possibilities:
either there are a 7, < w; and uncountably many « € A; such that 'yé =,
or else y1 — w; as a@ — wy, a € A;. In the first case let Ay be the set of
those o with ﬁé = 71, while in the second case set Ay = Ay and 1y = —1. We
proceed the same way with the values 72 = f({a,72,7L,0}), a € A, etc.,
indefinitely.

Let v < w; be bigger than all the values 7,,, n < w. For this v for every n
there is a 6,, such that if 7,, = —1 (i.e., when 7! — w; as a — w1, @ € 4,,) and
a > 0,, then v} > . Now if o > + is bigger than all the 0,,, then the selected
set {,0,7%,7L,42,...} is not an initial segment since « is, but v < « is not
there (each 7 is either 7; < v or bigger than 7).

(c) If II can select finitely many ordinals at any step, then she can do the
following. At some step she sees a set H consisting of, say, n ordinals. Then she
pretends that she plays the game in part (a) with the slight modification that
she never selects already selected ordinals. Then she is at step at least n/2
and at most n + 1, and there are only finitely many ways/orders how the set
H could have been created in that many steps by the two players in game (a).
For each such order let II select her choice from game (a), and her response
for H be the set of all these finitely many elements. Since the strategy in part
(a) produces an initial segment, eventually the set of the selected ordinals will
be the union of initial segments, hence itself is an initial segment.

An alternative formalized strategy is as follows. For every a < w; fix an
enumeration a + 1 = {y,(a) : n < w}, and if II sees H = {ag,...,an_1}
then let her response be (n+ 1)U {vm(c;) : i,m < n}. Now if I or II chooses
« in the kth step and 8 = v, () < « then IT will choose § in her max(k, m)th
step (at the latest) so eventually « will be filled up.
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48. Without loss of generality, let Ky = &, and for each n let {{&n)}(KK be
an increasing enumeration of the elements of K,,. Now the strategy of the
second player be that given K,, (n even) he keeps only the elements §én) with
a successor ordinal «, i.e., he selects

Kyt = {rf&”) : a < K is a successor ordinal}.

Note that then the index of an element in K, i is decremented by at least
one, i.e., if ¢ € K,NK, 1 is a common element, £ = ¢ and ¢ = §é"+l), then
« > 3. Furthermore, no matter how the first player selects K, o in the next
step, the index of an element is never incremented (see Problem 6.39). Now
it is clear that N, K, is empty, for if £ € NK,, was for all n, then we would
have ¢ = 5&222) for some ordinals aia,, < K, and then these ordinals would form
a strictly decreasing sequence, which is not possible by Problem 2.



9

Ordinal arithmetic

1. First we show the claim for two ordinals  and . We shall repeatedly use
the fact that if o = v+ 6, and « and  are divisible from the left by 7, then ¢
is also divisible from the left by 7 (the fact that if v and § are divisible from
the left by 7, then « is also divisible from the left by 7 is clear). If fact, write
a=T-a1,Yy=7- 71, and § = 7 -1 + Jo with some 3 < 7. Then

T'al:a:’y+5:T"Y1+T'51+(52:T'(’}/1+61)+52,

which, in view of the unicity of the representation in Problem 8.15, yields
0o = 0 as we claimed.

Now let § < « and let § be a common left divisor of these two ordinals.
Based on Problem 8.15 we can carry out the Euclidean algorithm: we write
a =0 v+ 01, 1 < B. By what we have proven above, here ; is divisible
from the left by 0. Now write 0 = (1 - v2 + (2, B2 < (1, and again here
(B2 is divisible from the left by §. Continuing this process, we have to arrive
to a Bp+1 which is zero (recall that there is no infinite decreasing sequence
of ordinals), and then the process terminates. Then § is a left divisor of 3,,.
Conversely, since 3,-1 = 0By - Yn, we get that 3, is a left divisor of 3,,_;.
Then, since 3,2 = Bn_1-Vn + On, we get that 5, is a left divisor of 3,,_2, etc.
Eventually we obtain that 3, is a common left divisor of o and (. All these
mean that 3, is the greatest common left divisors of o and (3, and since any
common left divisor § of o and (3 divides ,,, the claim has been verified for
two ordinals.

After this, let A be an arbitrary set of nonzero ordinals. Let aqg, a; be two
ordinals from A, and let d; be their greatest common left divisor. If §; divides
every element of A, then we are done, d; is the greatest common left divisor of
the elements of A. If this is not the case, then there is an element in A, which
we denote by «s, which is not divisible from the left by d;. Thus, if o is the
greatest common left divisor of §; and as, then do < d1, and clearly it is the
greatest common left divisor of the ordinals ay, a1, ag. If this do divides every
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element of A from the left, then we are done, otherwise let ag be an element
of A not divisible from the left by do, etc. Continuing this, the process has to
terminate since {0y} is a decreasing sequence of ordinals, and if it terminates
with d,,, then d,, is the greatest common left divisor of the elements of A.

2. See Problem 8.19.

3. It is clear that (w+2)-w = (w+ 3) - w = w?, so the condition is sufficient.
Conversely, suppose that « is not divisible by w? from the left. Then it is of
the form a = w? - a1 +w - ky + ko with k; # 0 or ky # 0 (see Problem 8.15).
Thus, w - k1 + ko is divisible from the left by w + 2 and by w + 3, therefore
ki1 > 1. Since w- k1 + ko = (w+2)- (k1 — 1) + w + ko, it follows that w + ko is
divisible by w+2, which is the case only if ko = 2. In a similar fashion from the
divisibility by (w+ 3) it would follow that ko = 3, and this is a contradiction.
[W. Sierpinski, Cardinal and Ordinal Numbers, Polish Sci. Publ., Warszawa,
1965, XIV.12/4]

4. See Problem 7. [W. Sierpiriski, Cardinal and Ordinal Numbers, Polish Sci.
Publ., Warszawa, 1965, XIV.12/6]

5. See Problem 7. [W. Sierpiriski, Cardinal and Ordinal Numbers, Polish Sci.
Publ., Warszawa, 1965, XIV.12/2]

6. See Problem 8.27. If «v is a successor ordinal then it has only finitely many
left divisors by 8.28. [cf. W. Sierpiriski, Cardinal and Ordinal Numbers, Polish
Sci. Publ., Warszawa, 1965, XIV.11. Theorem 2]

7. We shall repeatedly use Problem 8.21.

Suppose that o and 3 are right divisors of v > 1, say &y -a =19 - 5. In
this equation we can divide through with the greatest common left divisors
of & and 7, so we may assume that they do not have a common left divisor
bigger than 1. Hence, if we write {g = w - &1 +mg and 1y = w - 1 + ng, then
one of mg or ng is not zero.

First we show that if & # 0 and m # 0, then & -a =11 - (3 also holds, and
here either & < &y or n1 < ng. In fact, if my # 0 and « is a successor ordinal,
then we must have ng # 0 and 8 must also be a successor ordinal. Hence by
Problem 8.21 we have

w-ratmog=E& a=mn-B=w-m-B+no,
and this implies first mg = ng, then w-& -a =w-n; -6, and then & -a =n; - 6.

If, however, my # 0 and « is a limit ordinal, then either ng = 0 or  must be
a limit ordinal, and in each case

w-§ra=§ -a=n-B=w-n-0,
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which gives again & - @ = n; - 6. The same argument works if ng # 0. Since
So=w-& +mg and g = w - N1 + ng, we get & < & if mg £ 0 and 1y < g if
no 7é 0.

Continuing this process we get ordinals &g, such that & -a = i - 5, and
either & < &1 or n < Mg—1, and this process terminates only if one of &, or
Mk 1s finite (in the italicized assertion above the assumption was that & # 0
and 1, # 0). But there is no infinite decreasing sequence of ordinals, so the
process must terminate, and we get to a first stage when one of & or n is
finite; suppose, for example, that £ = m > 0. Thus, we have m-a = p - 3
with some ordinal p. We write a =w -1 +pand p=w-p; + k.

Thus, we have w- a1 +pm = (w-p1 + k) - 3. First we consider the case when
p1#0. If p=0,then a =m-a=p- S, so [ is a right divisor of a. If p # 0,
then 8 must be a successor ordinal, and so we have w-a; +pm =w-p1-8+k,
which implies k = pm, p=w-p1r+k=w-p1 +pm =m- (w-p1 +p), and
hence m-a = m - (w - p1 + p) - B, which, upon dividing by m from the left,
yields again that ( is a right divisor of «.

It has only left to consider the case when p; = 0. In this case m-a = k- 3,
and we can divide again from the left by the greatest common divisor of m and
k, so we may assume that m and k are relative primes. If we write 8 = w- 31 +q,
then the equation m - o = k - § takes the form w - a1 + pm = w - 81 + gk,
so pm = gk, and a; = (1. Thus, in this case @« = £+ p, 8 = £ + g, where
& = w -« is a limit ordinal or 0. If p = 0, then we must have ¢ = 0, i.e.,
8 = a. If, however, p # 0, then ¢ # 0, and pm = gk is a common multiple of p
and ¢. Thus, if [p, g] denotes their least common multiple, then £ + [p, ¢] also
divides m - @ = £ 4+ pm from the right: m -« = (pm/[p, q]) - (£ + [p, ¢]). Thus,
&k - v is divisible from the right by € + [p, q], say & - a = 0y - (€ + [p, q]). Now

Cp—1-a = w-p-atmp_1 = w0 (§+[p, q]) +mr—1 = (W-Or+mp_1)-({+[p, q]),

i.e., k1 -« is also divisible from the right by £ + [p, ¢]. Now going back in
a similar fashion on the sequence &, s = k,k — 1,...,0 we can see that each
&s -« is divisible from the right by € + [p, ¢, and for s = 0 this gives that ~ is
divisible from the right by & + [p, q].

8. Let A be a set of positive ordinals and let & € A be any element of A.
has finitely many right divisors (Problem 6), so there is a largest one § among
them that divides all ordinals in A. By Problem 7 any common right divisor
of the ordinals in A divides this d from the right.

9. If @ > 1 is any ordinal and & is an infinite cardinal bigger than the car-
dinality of «, then « - k = k. Thus, if A is any set of ordinals and k is an
infinite cardinal bigger than all the elements in A, then this x is a common
right multiple of the ordinals in A. Thus, the ordinals in A have a smallest
common right multiple . Suppose that v > ¢ is any common right multiple,
and let us write v in the form v = o - £ + n with n < ¢. Then any element of
A divides both v and o from the left, hence, by the beginning of the proof of
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Problem 1, it also divides 7. Since n < ¢, this can only happen if n =0, so o
divides y from the left.

10. By Problem 7 the ordinals 2 and w+1 do not have a common left multiple
(note that 2 does not divide w + 1 from the right).

11. (i) v - 9% = v**F is true for B = 0, and from here one can proceed by
transfinite induction on (. Thus, suppose that 4 - 4% = v**9 is true for all
0 < B. If B is a successor ordinal, say =9 + 1, then

7a'7627a'76+1 :,ya_,yé.,y:,ya+(§',y:,ya+6+l :,yoz-&-ﬂ.

If, however, 3 is a limit ordinal, then we can apply Problem 8.13 to write

79 = 7% supry® = sup(y* 1) = supy* T’ = sup A =4,
§<B §<p 5<p3 O<a+pB

where at the last but one equality we used the monotonicity of ordinal expo-
nentiation to be proven in part (iii) below.

(i) (fy"‘)ﬁ = v*# is true for 3 = 0, and for general 3 one can use transfinite
induction just as in case (i), during which one uses part (i), as well.

(iii) The definition shows that if a < 3 then v* < ~%. Thus, if a < 8,
then (cf. Problem 8.9) v* < yo+1 < ~F,

(iv) Using (iii), the inequality < 4 can again be easily proven by
transfinite induction.

12. We prove by transfinite induction on « that @, , is well ordered and is
of order type v* . Since @, = {0}, the statement is true for o = 0. Now
suppose we know that ®g ., is well ordered and its order type is 4? for all
[ < «, and first let us consider the case when o = 3+ 1 is a successor ordinal.
For { <«vylet He ={f € $o : f(B) =&} This He is clearly similar to @g .,
and P, is the ordered union of the H¢’s with respect to £ < +, thus in this
case we get that the type of @, equals the type of @3 times v, i.e., by the
induction hypothesis the type is v7 - v = 41 = 42,

For B < a we can think an f : 3 — 7 to be extended to an f : a — v by
setting f(€) = 0 for £ € a\ §. In this sense if « is a limit ordinal, then &, -
is the increasing union of the family {@g . }g<a, each Pg . being an initial
segment of @, , which also implies that each proper initial segment of @ -
is a subset of one of the @3, f < v (this is where we use the finiteness
of the supports of the functions in @, g). Thus, by the induction hypothesis
.3 is well ordered, and its order type is the supremum of the order types
of @5, B < a, ie., it is supg, 7% = ~4*, and this is what we had to prove.
[W. Sierpinski, Cardinal and Ordinal Numbers, Polish Sci. Publ., Warszawa,
1965, XIV.15]

13. a) Since n® = w, we have n*" = (n*)** " = w*" " the equality n** =
w*” follows by taking the supremum of both sides for k = 1,2,. ...
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b) Since
(wW+n)"=w"4+w™ n+ - Ffw-n+n,

we have w™ < (w+n)™ < w™F. Now taking here supremum for m = 1,2, . ..
we obtain (w +n)¥ = w®.

14. 1% =1, and if @ = w - B, then 2% = (2¥)% = WP and similarly 3% = w?.
Whence 1+ w” = wP.

15. a) 2¥ = sup, ., 2" = w.

b) if v is countable, then so is 2% by the definition of ordinal exponentiation
and by the fact that the supremum of countably many countable ordinals is
countable.

¢) By part d) and part (iv) of Problem 11 we have k < 2" < k, so 2" = k.

d) Using that 2¥ = w, it can be easily verified by transfinite induction on
the infinite ordinal « that 2% has cardinality at most |«|. Now this together
with part (iv) of Problem 11 shows that, in fact, 2% has cardinality equal to
|c].

e) Let a be an arbitrary ordinal, and let 2¢¢ be the largest power of 2 that
is not bigger than . Then o < 2¢0F1 = 26 .2 hence if we write o = 2% + aq,
then a; < 2% < . Now repeat this process with a; to get a ¢; and an ay
such that a; = 25 + g, and ay < 29 < ay, then repeat again and again.
Since the a;,’s are decreasing, this process has to terminate in finitely many
steps, in which case we must have arrived at 0. Thus, a = 2% + - - . 4+ 2% with
some k, and here (g > (3 ... > (i, and this is just the form as in part e).

To establish the unicity, downward induction on [ = k, k — 1,...,1 shows
that if (o > (3 > -+ > (, then

20 4o 20k < 201
the induction step being
20 4o 9%k < 96 4 96 — 9GFl < 9Gi-1

The case | = k gives 20 < o < 2% + 2% = 2¢0F1 and so 2% is the largest
power of 2 that is not bigger than «. So if we have two representations, this
largest power has to be the same in both. Now cancel this highest power, and
repeat the same process to prove that actually, all powers have to coincide in
the two representations.

The form (9.1) of the ordinal w* -6 + w? - 7T+ w + 9 is

2w»4+2 +2w»4+1 +2w~2+2 =+ 2w~2+1 =+ 2w~2 + ow 4 23 + 20'

16. We proceed as in the preceding solution. Let a be any ordinal, and let y<°
be the largest power of  that is not bigger than o. Then av < 40+t = %0 . 5,
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hence if we write a = 7 - §y + a; with a; < 740, then we must have 6y < 7.
Now repeat this process with a1 to get a (1, 1 and an as such that oy =
¥t 01 + g, and ay < ¥ < ay, 0] < 7, etc. Since the «,,’s are decreasing,
this process has to terminate in finitely many steps, in which case we must
have arrived at 0. Thus, o = ¥ - §y + - - - + 7% - 6, with some k, and here
Co > (1 > -+ > (k, so the existence of the representation in base v has been
established.

To verify the unicity, let a = 70 - g + - - - + %% - O with (o > (1... > G
and 6; < . Then ¢ - ), < 7%k -y < 4%-1_ and so

,YCk—l 1 +,}/Ck O < ,YClc—l . (ek—l + 1) < ,.YCk—2’

and continuing this process we can see that a < 7% - (6 + 1) < 4%*1 On
the other hand, a > 7%, thus 7 is the largest power of v that is not bigger
than a, and then 6y is the largest ordinal such that v - §y < «. Thus, in
any two representations in base v the main terms are the same, and then we
can cancel these main terms from both representations. Continuing the same
process with the next-highest term, we get eventually that all terms in the
two representations are the same.

17. Let (9.2) be the normal form of a. The inequality @ < w*! has been
proven in the preceding proof. Now if wé»*1 < 3, then we can write 8 =
W&t £y and since we have

wﬁk -ay + w£"+1 < wﬁn cap + wﬁn W= wfn (ak + w) — wfn‘l’l,
for all k, we obtain
OZ+,6=O¢+LU€”+1—|—77:w£”+1—|—’l7:ﬁ,

as was claimed.

18. We shall repeatedly use Problem 17.
Let o have normal form (9.2) and let 8 have normal form

If ¢ > &, then o+ 3 = 3. If this is not the case, and there is a k such that
fk = Cmv then

a+B=way,+ -+ W (ag b)) F W by W by (9.2)

The representation is similar if there is no & that equals (,,,, namely just add
then wé" - 0 to the representation of « (i.e., consider as if the term w®" was
there with 0 coefficient).

Since o - w = w1 it follows that if (5 > 0, then

a-B=wt e B=wSn o by, e WSO L g, (9.3)
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If, however, {y = 0, and we write 8 = 3’ + by, then a- 8 =« - 3’ + - by, and
hence according to what we have just said

a,ﬁ:wfn B+ a-b — WEntim -bm—l—-”—l—wg""'{l by
+wbn (anbo) + Wy W2 g 4 W5 - ag. (9.4)

[W. Sierpinski, Cardinal and Ordinal Numbers, Polish Sci. Publ., Warszawa,
1965, XIV.19/4]

19. The limit case is an immediate consequence of the representation (9.3).
In a similar manner, one can obtain the claim for successor ordinals from
repeated application of (9.4).

20. By considering the terms in the normal form of « separately, it suffices to
show that if v < w¢, then v is a left divisor of wé. If the highest power in the
normal form of v is w?, then § < &, i.e., & = § + 1 + ¢ with some ordinal (.
But then v - w - w¢ = Wt w¢ =Wt ie., v is, indeed, a left divisor of wé.
Conversely, if « =+ - 3, § has normal form (9.1) and ( is a limit ordinal,
then, by (9.3), v < w®. On the other hand, if 3 is a successor ordinal, then
B = [* + 1 with some ordinal 8*. Then o = - §* 4+ 7y, and we know that for
each « there are only finitely many ordinals ¢ such that with some p we have
a = p+ o (Problem 8.26). Thus, there are only finitely many possibilities for

Y-

21. It easily follows from the normal form for the sums of ordinals that if o =
(-k and the highest power of w in the normal form of 3 is w™ with coefficient
b, then o has the same normal form as 3, except that the coefficient of wm
in its normal form is b,,k. Thus, the answer to the problem is that k£ is a
divisor of the coeflicient of the highest power in the normal form of « (with
the notation (9.2) this amounts the same as k is a divisor of a,).

22. The finite case has been considered in Problem 8.25, i.e., for finite « the
sum in question is w?*~'. Since the sum Y-, _ . € is the order type of a set
(A, <) that is the ordered union of ordered sets of type £, £ < w?, it follows
that for limit ordinal « this sum is the same as the supremum of the sums
Decws § for all B < a (since (A, <) is the union for all 8 < « of its initial
segments that are the ordered unions of sets of type &, & < w?). Thus, we
have » ;. §=w".

Next let @ > w be a successor ordinal. Then it can be written in the form
A+ (k+ 1) with some limit ordinal A and with some natural number k. It is

clear that
Z < Z W =W W = w*?,
E<we E<we

On the other hand, the set {¢ : w? < & < w*} has order type w®, hence
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E gz § w)\:w)\_woz:w)\+a:wo¢-2.

E<we WA <E<w®

Thus, if o is a successor ordinal, then the sum in question is w®2.

Next, if @ > w is a limit ordinal, then according to what we have said
before, Z§<wa § = supg., Z§<wg &, and here in the supremum we can take
the supremum for successor ordinals 3 smaller than «. Thus, according to
what we have just proved, in this case

Z E=supw’? =w,

f<we f<a

where o = supg_,, 3 - 2. Here if a equals one of the powers of w, say o = w7,
then
wh=supf<supfF-2<supf-w=w",
B<a B<a f<a
i.e., then o = «. If, however, « is not a power of w, then there are at least
two-terms in its normal representation (9.2), and since « is a limit ordinal,
we have &y > 0. Thus, then « is the supremum of the ordinals

ﬁ:wgw,,an_i'_..._f_wgo (a0—1)+67
where § < w®°, and here
5.2:(,«.)’5" '(2an)+w5"71 'an—l+"'+w§0 '(a071)+6’

thus
oc=supf-2=w" (2a,) 4 - +w ag=a-2.
B<a

In summary, the sum in question is equal to w?*~! if « is finite, it equals

w® if o is a power of w, and in all other cases it equals w®2.

23. We prove the statement by transfinite induction on «, the case a = 0
being trivial. Thus, suppose that the claim is true for all ordinals less than «;
and we have to show that it is also true for a.

If v is a successor ordinal, o = G+ 1, then w® is the order type of the an-
tilexicographically ordered set w® x w, and suppose that we have decomposed
w? x was AU B. For each n € w let A, be the set {¢ € WP : (£,n) € A},
and similarly define B,,. Then A, U B,, = w®, so by the induction hypothesis
either A,, or B, has type w?. If for infinitely many n the set A, has type
w?, then U, A, has type w” - w = w® and then so does U,A, C A C w®. If
this is not the case, then for infinitely many n the set B,, has type w?, and
then U, B, has type w? - w = w®, and together with it the same is true for
UnB, C B C w®.

Now suppose that « is a limit ordinal, and for each 5 < a'let Ag = ANwB,
Bs =BnN wP. By the induction assumption either Ag or Bg has order type
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w?, and let C be the set of those 8 < «a for which Ag is of type w?”. If C is
cofinal with «, then clearly the type of A is supgee w? = w®. If, however, C'
is not cofinal with a, then a\ C' is cofinal with «, and then exactly as before,
B has order type w®.

24. For a = w’ the statement follows from the previous problem. For other
we prove the result by induction on «, so suppose that it has been verified for
all ordinals smaller than «. Let the normal form of « be (9.2), and consider
the ordinal

ﬂ:wfn (an—l)—&——i—wéo - ag.

This is smaller than o, and o = w® U B, where in this ordered union B has
type 8 < a. Thus, by the induction hypothesis, there is an N such that if
we decompose B into N sets, then one of the sets can be omitted, and the
union of the remaining ones still has order type 3. We claim that then the
same is true if we decompose « into 2N parts. Thus, let o = A; U---U Aap.
We have sets B = UN.| BN (Ag;_1 U Ag;), hence there is an iy such that the
order type of B* = Ui<i<n, iz, B N (A2i—1 U Ay;) is (. If the order type of
wé N (Agiy—1 U Ag;,) is smaller than w®*, then, by the preceding problem,
the order type of Ui<;<n, #iowfn N(Agi—1 UAy;) is wén, and we are done. If,
however, the order type of w N (Ag;,—1 U Ag;,) is w", then, again by the
preceding problem, either the order type of w®" N Ay, 1 is w®", or the order
type of wé N Ag;, is wén. In the first case the order type of Ui<i<2n, i£2i Ai,
while in the second case the order type of Ui<i<on, i#2iy—14; is Wi + 8 = a,
and the induction step has been verified.

25. We show by transfinite induction on « the stronger claim that every infinite
ordinal « of cardinality at most x can be decomposed as « = Ag U A; U - -+
such that the order type of A, is at most k™. For a = w =1+ 2+ -+ this is
clear, and suppose now that this claim has been verified for all infinite ordinals
0 < a.If @ = B+1 is a successor ordinal and the assumed decomposition of 3
is 30U31U' ) then a = A()UAlU'-' with AO = {ﬁ}, AiJrl = Bi; 1= 0,1,...
is clearly an appropriate decomposition of a.

Assume now that o > 0 is a limit ordinal, and let {f¢}ecct(a) be an
increasing sequence of type cf («) of ordinals smaller than a converging to a.
Then « splits into the disjoint union of the sets Be = [B¢, Bet1), £ < cf (o).
By the induction hypothesis for each ¢ < cf () there is a decomposition
Be = Bg UBSU---, where the order type of BS is at most x" for each n. Now
set Ag =0 and A4, = U§<Cf(a)B§L_1 forn=1,2,.... Then a = AgU Ay U---
is a partition, and since cf (o) < & the order type of A, is < k"' .k = K",
which proves the induction step.

26. w, w?, and w? are the first three infinite indecomposable ordinals (cf.
Problem 23).

27. See Problem 34.
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28. This is clear from the definition of indecomposability and from the defi-
nition of 7. [W. Sierpiriski, Cardinal and Ordinal Numbers, Polish Sci. Publ.,
Warszawa, 1965, XIV.5. Theorem 2]

29. If « = v-(6+ 1) and here § > 0, then v- 3 < a and v < «, hence
a = 7y - 8+ v is decomposable. Conversely, if a is decomposable, then it is
not a power of w (see Problem 23), hence in its normal form representation
(9.2) there are at least two-terms. Thus, if w® is the largest power of w that
divides a, then o = w® - 3, and here 3 is a successor ordinal bigger than 1.

30. For a £ < « the equality £ + o = « holds if and only if for all n < a we
have £ + 1 < « (see, e.g., Problems 8.9 and 8.13). Thus « is indecomposable
if and only if for all £ < a the equality £ + a = «a is true.

31. This is a consequence of Problems 30 and 8.13. [W. Sierpinski, Cardinal
and Ordinal Numbers, Polish Sci. Publ., Warszawa, 1965, XIV.6. Theorem 3]

32. If ¢ < B «, then £ < (-7 for some n < «, hence by Problem 30
E+0-a<fB-n+p-a=p0 -(n+a)=p-a. Therefore, again by Problem 30,
0B -« is indecomposable.

33. If we write « = -y 4 § with some 6 < 3 (see Problem 8.15), then by the
indecomposability of o we must have § = 0.

34. By Problem 32 the ordinal « - w is indecomposable because w is. But if
a< f<a-wand we write § = a-m + § with some § <« and m=1,2,...,
then 8 =a+ (a- (m — 1)+ ) is a decomposition of § into a sum of smaller
ordinals, hence it is not indecomposable.

35. This is an immediate consequence of Problem 37 below and of the normal
form of (9.2) of . [W. Sierpinski, Cardinal and Ordinal Numbers, Polish Sci.
Publ., Warszawa, 1965, XIV.6. Theorem 2]

36. This is a consequence of Problem 37 below and of the normal form of the
sum of two ordinals found in (9.2).

37. This is immediate from the normal form representation (9.2) and from
Problem 23. [W. Sierpinski, Cardinal and Ordinal Numbers, Polish Sci. Publ.,
Warszawa, 1965, XIV.19. Theorem 1]

38. The first three infinite primes are w, w + 1, and w? + 1. This follows from
the fact that any ordinal w - m +n with m > 1 can be written as (w +n) - m,
and every w + n with n > 1 can be written as n - (w + 1).

39. If @ > 1 is prime and o = 3 - v with some v > 1, then 8 < «, hence we
must have v = a. The converse is trivial.
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40. Suppose that « is indecomposable, and a+ 1 is the product of two positive
ordinals. Then both of them have to be a successor ordinals, say a@ + 1 =
B+1)-(v+1)=(B+1)-y+8+1 Hence a = (B+1) -7+ 3, and by the
indecomposability of a here either § = «, in which case 8+ 1 = a + 1, or
(6+1)-y=a, when a = (8 +1) v+ 0 implies 8 = 0.

41. Let « be an infinite successor ordinal and consider its normal form (9.2).
Then & = 0, ag > 0, and if we write {x = &1 + (; for k=1,... ,n, then

a= (W +ag) (W an+ - +w? - ay+ay),

and the last factor is smaller than «. If « is prime, then this can only happen
if o = wS + ag, and then since a = w* + ag = ag - (WS + 1), only if ag = 1.
That each of w® 4 1 is a prime ordinal follows from Problems 37 and 40.

42.If o is a limit ordinal, then in its normal form (9.2) £, > 0, and « is divisible
from the left by w® and from the right by w - a, + - - +w - a; + ag, where
the (, are the ordinals, for which & = &y + (k. If this last sum consists of
more than one term, then

W ey A+ W2 ag +ag KW an + o+ WS - ag + ag

<wtan 4o+ wh a W gy = a,

and clearly in this case ws < w < « also holds, so o cannot be a prime.
Thus, a can have only one term in its normal form, and then obviously it
has to be of the form o = w?. Now here 3 must be indecomposable, for if
B =+ 0 with 7,8 < /3, then we would have o = w” - w® with w”,w® < a, so
« could not be a prime. Thus, g is indecomposable, and hence by Problem 37
we have o = w** with some &.

43. Since for limit ordinal ¢ the ordinals £ + k, kK = 2,3,... are non-primes
(+k=Fk-(£+1)), the statement follows from Problem 7. [W. Sierpiriski,
Cardinal and Ordinal Numbers, Polish Sci. Publ., Warszawa, 1965, XIV.22.
Theorem 4]

44. Suppose that « +1 = -+ = § - n, where 8 and § are infinite primes.
Then S3,,d,n have to be successor ordinals, hence by Problem 41 we have
B=ws+1,6=w"+1,and if we also write y =w -y, +kand n = w - n; + 1
with some positive natural numbers [ and k, then 37 = w1ty +wé - k+1,
§-n=wStn + w141, which shows that in the normal representation
of 3 -~ the last two-terms are w¢ - k 4 1, while in the normal representation
of § - the last two-terms are w® - [ + 1. Since the normal representation is
unique, we must have £ = (, hence 5 = 6.

To show that the statement is not necessarily true for limit ordinals, con-
sider w*, which has the infinitely many primes w™ + 1, n = 1,2,... as its left
divisors: (W" 4+ 1) - w® = w¥.
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45. The proof is by transfinite induction on «a. If « is prime, then there is
nothing to do. If it is not, then it is the product of two smaller ordinals for
which we can apply the induction hypothesis to conclude that « is the product
of finitely many prime ordinals.

Since w? = w-w = (w+ 1) - w, the representation is not unique. [W.
Sierpinski, Cardinal and Ordinal Numbers, Polish Sci. Publ., Warszawa, 1965,
XIV.23. Theorem 1]

46. By the normal form representation every ordinal o can be written in a
unique way as the product o = w?® - v of a power of w and of a successor
ordinal . Thus, if we write o as a product of primes in such a way that limit
prime factors precede successor prime factors, then the product of the limit
prime factors (which are powers of w) must be w?, and the product of the
successor prime factors must be .

Thus, it is enough to prove the existence and unicity of the prime repre-
sentation in question in the two cases when « is a power of w and when « is
a successor ordinal.

Suppose first that o = w?. If « is the product of prime factors w* ™ >
W > > w‘*’co, then 8 = wé + w1 4 ... 4+ w must be the normal
form of § (some terms may be repeated), and both the existence and the
unicity of the representation follow from the existence and unicity of normal
form representation.

Next we prove the unicity of the representation when « is a successor
ordinal. Let & = vy, - - -+ - y0 With v, > Ym—1 > ... > 70, where v; are prime
ordinals, so they are either prime natural numbers or ordinals of the form
wé + 1. Let v, vs—1,...,7 be all finite, but v, infinite. Since the largest
term in the normal form of the product v, - - - ys+1 has coefficient 1, it follows
that 7y, - - - 70 must be equal to a,, the largest coefficient (the coefficient of the
highest power) in the normal expansion of «. Thus, the finite prime factors on
the right are uniquely determined by «, therefore we can cancel them (Problem
8.10), and we may assume that o does not have a right prime divisor, which is
finite. But then by Problem 43 in two representations of « of the kind we are
discussing the last (rightmost) prime factor is uniquely determined. Thus, we
can factor out this common rightmost prime factor from both representations
(see Problem 8.11), and we get the unicity by induction.

Finally, we prove the existence of the prime representation in question for
successor ordinals. Since for £ < {y we have

(ow,bm+,,,+wC0,bO),(wf+1):ow+§+ow,bm+,‘,+wgo,b07

we can successively change the normal form of « into such a representation:
first note that

a=w"a, 4+ w - ag
— (wfnfl CQAp—1 +w£n—2an72 + . + w&l -ay + a()) . (w671, + 1) G,
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where §,, is the ordinal for which &, = £,-1 + J,,. Here a,, can be uniquely
written as a nonincreasing sequence of finite prime factors. Now repeat this
with the factor

w‘fnfl Cp1 +w5"*2an,2 Ny +w€1 -ay + ag,

etc., to obtain the required form.

Actually, the method we used for the existence can be easily extended
to yield both the existence and unicity of the representation. In fact, if the
normal form of av is & = w - @y, + - - - + W -y and set 5y = & and choose J;,
1<i<n,sothat & = &_1 + 9;, then o > 0 and §; > 0 for 1 <i < n. Now

a=w ag- (W H1)-ar-ap_1- (W +1)-ay,

and if 6g = W™ 4 - -+ + W with v, > -+ > 7, then

a=w"" w0 cag (W 1) ar - (W H1) - ap
is the required decomposition. Unicity is also clear since in order that this
formula should hold, the choice of §; must be what was given above. [W.
Sierpinski, Cardinal and Ordinal Numbers, Polish Sci. Publ., Warszawa, 1965,
X1V.23]

47. This follows from Problem 53.

48. See Problem 53. [W. Sierpinski, Cardinal and Ordinal Numbers, Polish
Sci. Publ., Warszawa, 1965, XIV.25. Corollary 1]

49. See Problem 53.
50. See Problem 53. [N. Aronszajn, Fund. Math., 39(1952), 65-96]

51. See Problem 53. [W. Sierpiniski, Cardinal and Ordinal Numbers, Polish
Sci. Publ., Warszawa, 1965, XIV.25, Theorem 1]

52. See Problem 53. [W. Sierpinski, Cardinal and Ordinal Numbers, Polish
Sci. Publ., Warszawa, 1965, XIV.25. Theorem 2]

53. This is an immediate consequence of the normal form of the sum of two
ordinals given in the solution to Problem 18. In fact, if & has normal form (9.2)
and 3 has normal form (9.1), then, e.g., for § < @ we cannot have (,, < &,,
for then S +a =, and a =+ a = a+ 0 gives § = 0. Thus, (,, = &,, and
then

a4 B=w"(an +bp) +wsm1 by 144w by

while
ﬁ_’_a:wfn '(aﬂ+bm)+w£n_1 *0n—1 +-~-+w50 - Qg
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and these are the same exactly when m =n, §; = (; for all i < n and a; = b;
for i < n.

54. The sum of n nonzero ordinals a, ..., a, is independent of their order if
and only if each two are additively commutative. Now apply Problems 53 and
18.

55. (a) Let oy, ¢ = 1,...,n be n ordinals, and let us write each «; as a; =
wYi - a; + B;, where a; = 1,2, ... and §; < w”. Such a decomposition follows
from the normal representation of o;. Let v = min; y;, and let k be the number
of those «; for which ~; = 7. Without loss of generality, we may assume
Y1 =...=7,=7and vy > fori >k Ifi1,...,7, is any permutation of
the numbers 1,...,n and i,, > k, then each of a1, ..., a) gets absorbed in the
following summands in o, +- - -+ «;,, , hence those sums are as if the numbers
ai, ..., o were all missing. Hence there are exactly g(n — k) such sums. If,
however, i,, < k and r is chosen so that i,,—1 < k,...,ip—ry1 < kbuti,_, >k,
then again all a1, ..., a;, but the r ones at the end (i.e., o, _,,,,...,;,) get
absorbed in the following summands in oy, + - - - + ;. Thus, in this case we
obtain that

Qi+ g, =04+ w0 (G0, ot an) £ B

where § > wY*!. Here there are at most (]f) possibilities for the selection of
the indices 4, —ry1, ..., %, and hence for the sum a;,_,,, +---+a;,, and for a
given selection of these indices there are at most r possibilities for 7,,. As we
have just seen § can be obtained in at most g(n — k) ways, hence the number

of possibilities for the sum oy, + -+ + a;,, is at most

k
1+§:TCD]ﬂn—k):@ﬂ“1+Dﬂn—k)
r=1

This gives the upper bound
g(n) < m’?x(k2k_1 + Dg(n — k).
It is clear from the given consideration that if for a particular k& we set
a; =w- 2"+ 1, i=1,...,k,

and

2 / .
Aptj = W - Qyj, ji=1,....,n—k,

where o, j = 1,2,...,n—k, is a system of ordinals for which we get g(n — k)
possible sums, then the v above is 1 and all possible choices listed above are
different, so in this case the bound (k2¥~1 4 1)g(n — k) is achieved. This gives

g(n) > mkax(k2k71 + 1)g(n — k),
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and part (a) is proved.
(b) can be obtained by direct computations from the formula in part (a).
(c) is a consequence of (a), (b), and part (d).
(d) Consider the ratios g(n)/81™/°. Part (a) implies that

g(n) E2F=1 41 g(n—k)

817/5  1<hem—1 81K/ 81(n-K)/5

Since the fraction
k2F—1 41
81k/5
increases as k increases for k£ < 4 and decreases as k increases for k£ > 5 and
for k = 5 it takes its maximum value 1, it follows that if for some m we have

gm—i) _glm—i—5)

81(m—1)/5 - 81(m—i=5)/5 for ¢ = 0,1,...,8, (95)
then
glm+1) E2F1 41 g(m+1—k)
Q1mHD/5 — jchmi1 1R/ 81(mt1-k)/5
< E2F-1 41 g(m+1—Fk—5)
MaxX\ 22X TRIRE T gLmii ks
(k—5)2Fh=9=1 41 g(m+1-k)
max .
10<k<m 81(k=5)/5 ]1(m+1-k)/5
g(m+1-5)

T 81(m41-5)/5 "

Since here the term on the right-hand side appears as the 5th term in the first
maximum, we obtain

gm+1) glm+1-5)

81(m+1)/5 = g&1(m+1-5)/5 "

Thus, the property (9.5) is inherited from m to m + 1 and we obtain that for
allmn>m—38
g(n) _ g(n—15)

]1n/5  81(n=5)/5"

But based on the values in part (b) and on similar computations (resulting
from part (a)) for the values g(16)—g(27)) it is easy to check that (9.5) is
true for m = 27, hence the preceding formula proves part (d). [P. Erdds,
Some remarks on set theory, Proc. Amer. Math. Soc., 23(1950), 127-141]

56. This follows from Problem 60.
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57. Let @ > 1 be a successor ordinal. If « is finite, say a = a, but [ is infinite,
say (3 is of the form § = w-v+k, then a- 8 = w-v+ak, while - = w-vy-a+k,
and this latter ordinal is clearly bigger than the former one.

Thus, let o and § be infinite, a a successor and (§ a limit ordinal. By
Problem 18 if the normal expansion of a has k terms and the normal expansion
of 3 has [ terms, then the normal expansion of « - 8 has [ terms, while the
normal expansion of -« has [ 4+ (k — 1) terms. Thus, if o - 5 = - «, then
we must have k = 1, which means that « is finite (o was assumed to be
a successor ordinal), but this is not the case. [W. Sierpiriski, Cardinal and
Ordinal Numbers, Polish Sci. Publ., Warszawa, 1965, XIV.26]

58. See Problems 60 and 8.12. [W. Sierpiniski, Cardinal and Ordinal Numbers,
Polish Sci. Publ., Warszawa, 1965, XIV.26. Corollary 1]

59. This follows from the next problem, Problem 60. [W. Sierpiriski, Cardinal
and Ordinal Numbers, Polish Sci. Publ., Warszawa, 1965, XIV.10/3]

60. First let us consider the case when a and 3 are successor ordinals. If «
and (8 are multiplicatively commutative, then by Problem 63 there is a £ such
that a = €™ and 8 = £ with some natural numbers n, m. Thus, in this case
a = p[gm.

Conversely, suppose that for some n,m we have o™ = (", and let £ be
the smallest ordinal bigger than 1 that is multiplicatively commutative with
o™ = (™. Since « is multiplicatively commutative with o™, by Problem 62
we must have o = &F for some k, and for similar reasons § = ¢! for some I,
and this shows that a and § are multiplicatively commutative.

Now let o < (8 be limit ordinals. If they are multiplicatively commuta-
tive, then, according to Problem 61, there is a 6 and positive integers p,r
such that f = w?"a, and the highest power of w in the normal represen-
tation of a is w??. The latter property implies by the solution of Problem
18 that o = /@6y for s = 1,2,..., hence aPt" = 0 Ptr—Dry =
WO ) (p=1) 0 rg = gp.

Conversely, suppose that for some positive natural numbers n, m we have
a™ = (™, and let w™ and w? be the highest powers of w in the normal
representation of a and [, respectively. Then the highest power of w in the
normal form of o™ is w™™ and in the normal form of 8™ it is w? ™. Thus,
7-n = o -m, and hence, by Problems 51, 50 there is a # and some positive
integers k,! such that 7 = 6 - k and o = 0 - I. We also have o™ = w™ (1) .
a and ™ = W (™D . g thus W/ k=D Lo = W=D . 3 Here a < 8
implies 6 -I(m —1) <60 -k(n —1), so by Problem 8.10 we can cancel with the
common factor w?!(™=1 from the left to obtain f = w? k(r=1)—lm=1)) .
This and Problem 61 show that a and § are multiplicatively commutative.
[W. Sierpinski, Cardinal and Ordinal Numbers, Polish Sci. Publ., Warszawa,
1965, XIV.26. Theorem 1]

61. Let oo < 8 be two limit ordinals with the respective normal forms
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a=w"a,+ - +w - q

and
5:w<m-bm+---+wc"-bo.

Then (see Problem 18)
ﬂ o= van+€n C Qo + - + owJrfo . aO

and
a.ﬂ:wEnJrCm .bm+..._|_w§n+§g 'bOa

and these are normal forms. Thus, these two numbers are the same if and only
if n =m, a; = b; for all 7, and (, + & = &, + ;. For i = n this means that (,
and &, are additively commutative, and hence (see Problem 51) there is a 6
and natural numbers k, [ such that &, =6 -k and (,, = 0 -[. Since a < 3, we
must have [ > k, and so (,,, = &, +0-(I—k). But then &,4+0-(I—k)+& = &+,
which means that 6 - (I — k) 4+ & = ¢ for all 4, i.e., w?("Fa = 3, and this
proves the necessity of the condition.

It is also clear that if &, = 0k, ¢, = 60-1 and w? "R = 3, then ¢, +& =
&, + ¢, hence, as we have mentioned above, o and ( are multiplicatively
commutative, i.e., the condition is also sufficient.

62. According to Problem 57, £ is a successor ordinal.

First we prove that « is a finite power of &.

We have seen in Problem 46 that « can be uniquely written in the form
O = Qa1 P @m - Bm—1 -+ a1+ Po - ag where a; > 1 are natural numbers and
Bm = Bm—_1 > ... > [ are infinite prime ordinals of the form w”™ + 1. Now let
E=Cpnt1-VYn Cn Yn-1-"-C1 70" Co be the corresponding representation of &.
Then £ - a = « - € implies that both a¢ and ¢y are coefficients of the largest
power of w in the normal form representation of £-a = «-&, therefore ag = ¢p.
We can cancel this common right factor from the equation (see Problem 8.11)
to obtain

g1 - Pm - Gn—1 - Br—1---a1 - Bo - (@0Cnt1) *Yn - Cn - Yn—1--C1 Y0

= Cptl Vo Cn V-1 €17 - (CoGm+1) - Bm = Gm - Bm—1--- a1 - Po.

Now v and [ are infinite prime right divisors of the same ordinal, so they
must be the same by Problem 43. Cancelling them (see Problem 8.11) and
continuing this process we can see that the numbers a; and ¢; are equal and
so are the prime ordinals 3; and ~y; for i« = 0,1,.... This process terminates
only when ¢ reaches m or n. If n # m, then this implies that either £ or « is
a right divisor of the other one. If, however, m = n, then we obtain from this
procedure that o = £ (recall that ag = ¢y has been verified above). Thus, in
any case one of o and £ is a right divisor of the other one, and since £ < «, it
must be &: a = a1 -§ with some ordinal o;. Here a1-§-§ = a-é =&-a=€&-a1 €,
and so a1 -€ = &-aq, i.e., £ and oy are also multiplicatively commutative. Now
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continue this process with a; and &. It follows that either oy < £ or ag = aa-€,
and oy and ¢ are multiplicatively commutative. Repeat this process again and
again. Since the sequence {«;} is strictly decreasing, there will be a smallest
index ig such that «;, < £. Since «, is multiplicatively commutative with
& and o1 = ay, - €, it follows that oy, and «;,—; are also multiplicatively
commutative. Going back this way, we get that c;, and o are multiplicatively
commutative. But in view of the choice of £, this can only happen for a;, < &
if a;, = 1. Hence a;y—1 = &, ayy—2 = €2, ..., a = £ and this proves the
claim.

Now we prove by induction on § that if § is multiplicatively commutative
with « then it is a finite power of £. £ and 3 are right divisors of the the same
ordinal (namely «- 8 = - «), and we apply Problem 7. By the minimality of
¢ if B is a right divisor of ¢ then 8 = &, and we are done. If € is a right divisor

of 8, say B =~-&, then v < 8 and
ayE=a-f=fa=7Ea=y-aé

and since £ is a successor ordinal we can cancel the £ on the right of the two
extreme sides, and we get that v is multiplicatively commutative with a. So
in this case the induction hypothesis gives that v is a finite power of ¢, and
hence so is f = 7 - £ The only remaining possibility in Problem 7 is that
B =C+p, £ =C(+ q with some limit ordinal ¢ and 0 < ¢ < p integers. Since
a = (¢ + q)™ for some m, an application of Problem 8.21 yields

a-B=0C+m (C+p)=C-(C+q™ - (C+p)+q=alimit ordinal + ¢
while
B-a=(+p) - C+am=¢-((+q™+p=a limit ordinal + p

and these are different when ¢ < p. Thus, this possibility cannot occur, and
the proof is complete.

63. This follows from Problem 62.

64. Since
W+ w) - (W4 w?) =+t = (W +w?) (W +w),

these ordinals are multiplicatively commutative. But there is no ordinal £ for
which w? 4+ w = £" was true with some n > 2. In fact, then it would have
to be of the form w - k + [ and n would have to be 2. Furthermore w? + w
is a limit ordinal, which means [ = 0, but then (w-k)? = w? - k # w? + w.
Thus, if w? +w = €7, then n = 1, € = w? 4+ w, in which case £™ = w? + w? is
an impossibility. [W. Sierpiniski, Cardinal and Ordinal Numbers, Polish Sci.
Publ., Warszawa, 1965, XIV.26. (26.4)]
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65. The product of n ordinals oy, ..., a,, a; > 2 is independent of their order
if and only if each two are multiplicatively commutative. Now the statement
follows from Problem 60.

66. a; =w+1,i=1,...,n will do; see Problem 8.39.

67. Suppose that o and ( are different infinite ordinals that are additively
commutative. Then (see Problem 51) there is a £ and n # m such that « = &-n
and B =& -m. If £ is a limit ordinal, then a- 3 = €2 - m, while - a = €2 - n,
and these are different. If, however, £ is a successor ordinal, say § =w -7y + k
with £ > 0, then

Bra=(w-y+k) m-(w-y+k) n=w-y w-y-n+tw- v mk+k,
while

a-B=w-y+k) -n-(w-y+k)-m=w-y-w-y-m+w-y-nk+k,
and these are different: e.g., if n > m, then

w.fy.w‘f}/.m+w.ry.nk<w.f}/.w.f>/.m+w.f}/.w
<w-y-w-y-ntw-y-mk.

Thus, « and g are not multiplicatively commutative. [W. Sierpiriski, Car-
dinal and Ordinal Numbers, Polish Sci. Publ., Warszawa, 1965, XIV.26/12]

68. b) clearly implies a) (cf. Problem 8.13). Furthermore, if « = w“’ﬁ, 8 >0,
and 1 < £ < a, then in the normal expansion of £ the highest power is w” with
some v < wP. Thus, then ¢ - o < Wi+l . W’ = WrH+’ = (W’ — o < ¢ q,
and this is b). Thus, ¢) implies b) (the case § = 0 is trivial).

Finally, suppose that a) holds, and let o = w®" - a,, + - - - + w® - ag be the
normal form of a. If this has more than one term, then selecting £ = 6 = wé»,
we get two ordinals that are smaller than « such that their product w2 is
bigger than «a, thus a must be of the form w?” - a, and for the same reason as
before, here we must have a = 1, v > 0. Finally, selecting £ = w” and ( = w’
with p,o0 < v the condition in part a) implies that p + o has to be smaller
than +, i.e., v has to be an indecomposable ordinal. Thus, by Problem 37 ~ is
of the form w? for some f3, and this proves that a) implies c). [G. Hessenberg,
Grundbegriffe der Mengenlehre, Gottingen 1906, W. Sierpinski, Cardinal and
Ordinal Numbers, Polish Sci. Publ., Warszawa, 1965, XIV.20]

69. Let p be any infinite ordinal. Inductively define pg = p, piny1 = whn,
n=0,1,..., and let v be supremum of all the ordinals pu,,. If  is any epsilon-
ordinal such that ; < ¢, then by induction we find that ji, 1 = wh» < WS = (,
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thus all u, are at most ¢, and so v < (. But it is clear that { is an epsilon-
ordinal, since w® = sup,, w"* = sup,, ftny1 = . This proves that v is the
smallest epsilon-ordinal that is at least as large as p.

If we start from p = w, then we get that the smallest epsilon-ordinal is the
limit of the sequence w,w®,w*”, ..., which can also be written as the sum

WA w? +w?

70. See the preceding proof, and notice that if p is countable, then so are
W1, fh2, . .., and also sup,, fin.

71. (i) If £ < a = w?, then there is an ordinal 3 < « such that ¢ < w”, and
hence (see Problem 17) ¢ + a < w” + w® = w® = q.

(ii) In the same fashion as before, ¢ -a < w?-w® = WY = W = @, where
we used part (i).

(iii) With the notation before, a < £* < (wﬁ)a = WPl = w* = o, where
we used part (ii). [W. Sierpiniski, Cardinal and Ordinal Numbers, Polish Sci.
Publ., Warszawa, 1965, XIV.21. Theorem 2]

72. This is clear, for w® < 8% = o < w® (see Problem 11(iv)), hence w® = a.

73. If « is an epsilon-ordinal and §,7 < «, then 87 < % = a where we used
Problem 71(iii).

Conversely, if @ > w is a limit ordinal but not an epsilon-ordinal, then
a < w® (cf. Problem 11(iv)) and so there is a 3 < « such that a < w?,
and here both w and g are smaller than a. If, however, & > w is a successor
ordinal, & = B + 1, then clearly a < -2 < 32 < 3%, and here again both w
and 3 are smaller than a.

74. If « is a limit ordinal and 8 = 7 - @, where v > « is an epsilon-ordinal,
then (use Problem 71(iii)) o = a7% = (a”)* = 4%, while 3% = (y-a)®. Now
7 < (v a)® < (72)® = 4% = 4@ gives that o’ = 3% holds.

Now suppose that o = 3. First we prove that a and 8 cannot be simul-
taneously successor ordinals. Suppose, to the contrary, that they are successor
ordinals. If & = wé -a, +- -+ w -qg and B = W - b, + - - - +w - by is their
normal form, then £y = {3 = 0, ag, by > 0. If @« = o’ +ap and 3 = 3 + by, then
it easily follows that o = wén B b and [ = wéme’ . 390 and since the
last factors are successor ordinals, the smallest power of w in the normal form
of af resp. B¢ is wg"ﬂl, resp. wém e’ Hence we must have &n - B = (- .
Together with this it also follows that a? = 3% hence, by Problem 60, «
and (8 are multiplicatively commutative. But then (see Problem 63) there is a
& such that a = £P and 8 = £? with some natural numbers p and ¢. Therefore,
e = ¢2€”  which implies p - €9 = ¢ - €P. Now & must be a successor ordinal
since a and [ are, so it is of the form £ = v + k, where v is a limit ordinal
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and k > 1 is a natural number. Since then €% =%+~ - k+-- -+~ -k+k,
the equation p - £€7 = ¢ - £P means that

7‘1+fyq_1-k+-~-+7-k;+kp:fyp+fyp‘1-k+~-~+fy-k+kq,

which immediately implies p = ¢, and hence a = .

Next we show that it is not possible that, say, « is a limit ordinal and (3 is
a successor ordinal (in this part of the proof we will not use the assumption
a < [, so this proof also proves that it is equally impossible that § is a
limit ordinal and « is a successor ordinal). In fact, then using the preceding
notation we have & > 0 but ¢y = 0. o is still wén B ab, and /¢ is wém'@,
and these imply first of all that &, - 8’ < (,» - @, and then, since the equation
&n - B +0 = (-« is solvable for o, that a® = w” is a power of w, i.e.,
its normal form has only one component. Now apply Problem 19 to conclude
that the normal form of a also has only one component, say o = w® - a. Thus,
then af = w&P . q and 3% = wé'®, from which we obtain first that @ = 1,
and then that £ - 8 = (,, - . Thus, § and « are right divisors of the same
ordinal, and it follows from Problem 7 that one of them divides the other one
from the right (the third possibility from Problem 7 cannot hold here, since
« is a limit ordinal). If &« = - 3, then, since the normal form of « consists of
a single term, the same must be true of 5. But then § cannot be a successor
ordinal. Thus, we must have 8 = - «, which is not possible either, since then
[ again would be a limit ordinal.

Thus, the only possibility that is left is that both a and 3 are limit ordinals.
In this case & > 0 and {; > 0, and ws# = af = f = W', s0 we get
again &, - 0 = (- @, i.e., again « and (§ are the right divisors of the same
ordinal. Thus, exactly as before we can conclude that « is a right divisor of
3 (recall that we have assumed « < 3), say 8 = 7 - @. With this we also have
En v a=Cno o

Let w® be the highest power in the normal expansion of . Then (, =
0 + &,, and the preceding equation takes the form

(6+&) a=& 7 a
Here we cannot have § < &,, for then
(B+6) a<t 2 a<bya
because 2-a=a < 8 =+-a. Thus, § > &,, and
§n~w5'a§§no’y~a:(5+§n)~a§5~2~a:5~a§w50a§§n~w6~a,

which shows that we must have equality everywhere. In particular, &, -w®-a =
&, -7 - o, which implies that w® - a = v - a = 3, i.e., we may assume without
loss of generality that v = w?’.

Our aim is to show that J is an epsilon-ordinal (which, in view of v = w
amounts the same as v being an epsilon-ordinal), and at the end of the proof

)
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we shall also verify that it is bigger than a. If § = v = w?, then we are done.
In the opposite case v > § 4+ 1, and hence

§n-7-a=(5+§n)-agfn-(6+1)~a§§n-7-a,

which shows that v-a = (§ +1) -« = § - a (recall that « is a limit ordinal).
Thus, we have arrived at the equation ¢ - = w? - . If w? is the largest power
of w in the normal form of §, then the preceding equation yields

-
w’ o< w¥ -a§w6~a:5~a:w”-a,

o e 5 _ MU . . _ _ 6 _ w“ o
giving w® -a=w*¥ -a,ie,inf=7-a=w’-a=w’ -a we may assume

§ = w’ (and v = w*”). Now looking at the largest exponent in the normal
form of § - v = w® - & we obtain

oc+& =0+&,. (9.6)

Let us go back to the equation (v-«a)® = a7 “. It is not possible that here
v < o for some natural number m, for then

B = (,\/.a)a < (am-i-l)a _ a(m+1)~a —a® < O(B.

Therefore, v > o™ for all m = 1,2,..., and so v > o¥ = w¥ is also
satisfied. This gives for § that § > £, - w. Now o < &, - m is not possible for
some m =1,2,..., because then 0 + &, <&, - (m+1) <&, -w <5+ &, holds
contradicting (9.6). Thus, o > &, - w. Therefore, if w™ is the largest power
of w in the normal form of o, then on the left-hand side of (9.6) the highest
exponent is 7, while on the right-hand side it is ¢ > w”, which gives w™ < 7.
Since 7 < w7 always holds, we obtain 7 = w”, i.e., 7 is an epsilon-ordinal.
Using the inequality &, < o we can see that if ¢ > 7 then

o+fn§a-2<o~w:w7-w:w7+1Sw":(5<6+§m

which contradicts (9.6). Thus, we must have 0 = 7, and so § = w? = w”

and 7 =w® =w” = T.

Thus, so far we have verified that 3 = v - a, where « is an epsilon-ordinal.
We have also seen that v > o™ for all finite m, which yields v > o2 > «. This
proves the claim. [W. Sierpinski, Cardinal and Ordinal Numbers, Polish Sci.
Publ., Warszawa, 1965, XIV.27]

=T

75. The product H5 < Q¢ can be defined by transfinite induction in the same
way as ordinal exponentiation was defined in Problem 11. Transfinite mul-
tiplication is associative but not commutative or distributive. Ordinal expo-
nentiation is just repeated multiplication, i.e., 7¢ = H£<9 ~. More generally,

if 6= Z§<9 o, then ¥ = H§<9 v,

76. The case when there are only finitely many nonzero terms is obvious, so
we may assume the opposite. With no harm we may also discard all the zero
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terms, as well, i.e., we may assume «; > 0 for all i. We replace every «; with a
finite sum of powers of w. Then we get a sum By + (1 + - - - of powers of w such
that every permuted sum of ag + a1 + - - - is a permuted sum of Gy + 81 + - - -
(but not vice versa). If 8; = w7, then let § be the minimal ordinal for which
the set {i : ~5; > d} is finite. Call 3; of the first (second) type if 7, > 0
(v; < §). The finitely many j; of the first type can produce only finitely many
permuted sums. Every permuted sum of g + (1 + - - - can be written as x +y
where x is a finite sum ending with a (3; of the first type, and all terms in y
are of the second type. If some (; = w” of the second type is a term in x,
then there is a later 3; = w7 with v; > ;, so we can discard this term, as
well. Therefore, there are only finitely many possibilities for x. We show that
y = w’, and this will conclude the proof. Indeed, on the one hand every term
in g is smaller than w?, so ¥ < w®. On the other hand, if 7 < §, then there are
infinitely many £; with 7; > 7, so y is at least w™ +w” +--- = w™ 1. As this
holds for every 7 < 8, y > sup, sw’ ! = wd. [W. Sierpiriski, Sur les séries
infinies de nombres ordinaux. (French) Fund. Math. 36(1949), 248-253]

77. We use the notations from the preceding proof. Deleting finitely many «;
means deleting finitely many 3;, so we may work with the series Bo+ 31 + - - -
Let us delete finitely many terms, and let the remaining terms be 3, 81, . . .. If
we do not delete all §; of the first type, then every permuted sum of 8)+ 3]+ - -
can be written as ' +1v’, where z’ is a finite sum ending with a (3; of the first
type, and all terms in 3’ are of the second type, and just as before, there are
only finitely many possibilities for z’. The preceding proof also gives 3 = w?®,
and this concludes the proof in the case when there are non-deleted terms ;
of the first type.

If, however, all terms of the first kind are deleted, then z’ is the empty

sum, and (3} + 3, 4 - - - in any order is w’.

n—1

78. Consider the sum w*4+w? + w® + - -+ + w? +w+w+- - -. If we move exactly
k of the w®’s in front of w?, then the value of the sum is w*+w?- (n—1—k)+w?,
and these are n different ordinals for k¥ = 0,1,...,n — 1. (See also Problem

8.36.)
79. See the next proof.

80. We may assume «; > 0 for all i, otherwise the product is 0, unless all zero
terms are deleted.

Let w® be the highest power of w in the normal form of «;, and let
n = sup, &. We shall prove the statement by transfinite induction on 7. The
statement is clearly true if 7 = 0 (in which case all «; are positive natural
numbers, and their product is w unless only finitely many «;’s are different
from 1). Thus, suppose that the claim has been verified for all ordinals (in
place of ) that are smaller than .
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Now we distinguish three cases. First suppose that no &; equals 1. Then
no matter in what order we take the product and which finitely many terms
we delete, we always get w”. Next, if infinitely many of the &;’s agree with
7, then, just as before, no matter in what order we take the product and
which finitely many terms we delete, the product is always w"'. Thus, we
only have to consider the case when there are only finitely many terms in the
product, say «ag,aq,...,ag, for which the corresponding &’s are equal to 7.
Then 19 = sup,~;, & is less than 7, so we can apply the induction hypothesis
for the ordinals a1, kta,.... Let us now take any permutation 7 of the
natural numbers, consider the product a () - r(1) -+, and let us delete the
elements a(;), ¢ € I, from this product, where I C N is an arbitrary finite
set. If all the «;, ¢ < k, are deleted, then, by the induction hypothesis, we
can only get finitely many different values for such a product. If [ of the «;’s,
1 < k, are still in the product, and the one with the largest index 7 (o) of them
is ai, ; (ing €{1,2,...,k}), then [ ;) <rii. 1), sgr @) = w? =D, and
the rest of the product, namely Hﬂ(j)>7r(i,r71), ig1 n(j), can take only finitely
many different values by the induction hypothesis. Since there are only finitely
many choices for I < k and i, € 0,1,...,k, we can conclude that there are
only finitely many different values for the product.

81. Let > B, B > 0, be a sum from which one can get exactly n different
sums by taking permutations of the terms (see Problem 78). Then clearly

who P = wzi Fiis a product, from which one can get exactly n different
values by permuting the terms in the product.

82. Consider the sum w+w? 4+ w® +- - -+ 0. If we switch the position of w* and
0, then the sum becomes w* + w¥, and these are different for different k’s.

83. We show by transfinite induction on v < w; that if A is a countable set
of ordinals, then the set S, (A) of sums » 5 yg of type v with yg € A, is
countable. This is obvious for finite 7. Let S<(A4) = Us<yS5(A). The finite
sums in A form the countable set S<,,(A), and the infinite sums of type w are
limits of finite sums, hence the claim for v = w is true, since then S, (A) is in
the closure of S, (A), which is a countable set by Problem 8.42.

Assume now that the claim is known for all ordinals smaller than v < w;.
Then S<,(A) is countable. v can be written as a finite or w type sum of
smaller ordinals, so S,(A4) C S,(S<4(A)), and the last set is a countable
set by the induction hypothesis. [J. L. Hickman, J. London Math. Soc. (2),
9(1974), 239-244]

84. Consider the product w - w? - w? - - - - 1. If we switch the position of w* and
1, then the product becomes w“1*, and these are different for different k’s.

85. The proof is identical with the proof of Problem 83, just say “product”
instead of “sum” everywhere.
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86. We have I'(w) =1:2-3- =w and I'(w + 1) = I'(w) - w = w?. To calculate
I'(w - 2) consider that w* < (w+ 1) -+ (w+ k) < w**! for each k = 1,2,...

andso INw-2) = Nw+1)- (w+1)- (W+2) - = w? - limp wF = w? W = w?.
In a similar fashion as before one can see that [[,°,(w -k + 1) = w* for
all k =1,2,..., and hence I'(w?) = I'(w) - w® - w* = w - (W*)* = w*". [W.

Sierpinski, Cardinal and Ordinal Numbers, Polish Sci. Publ., Warszawa, 1965,
XIV.17

87. Since F(0) = F(0) + F(0), we have F(0) = 0. If we set F(1) = v, then
for all @ the equality F(a+ 1) = F(«) + 7 is true, and for limit « we have by
continuity F(a) = supg., F(f). Thus, we get by transfinite induction that
F(a) = v -« for all a. Conversely, all these operations satisfy the functional
equation F(a + ) = F(a) + F(B) and they are continuous in the inter-
val topology (see Problems 8.13 and 8.41). [cf. W. Sierpiriski, Cardinal and
Ordinal Numbers, Polish Sci. Publ., Warszawa, 1965, XIV.18. Theorem 1]

F(a)

88. For such an operation the equation w” (8 = (,FB) ., would be

true, and by Problem 90 there is no such operation.

89. We have F(0) = F(0) - F(0), so either F(0) = 0 or F(0) = 1. In the
former case F(a) = F(a+0) = F(a)- F(0) =0, i.e., F is identically 0. Thus,
suppose that F(0) = 1, and set F(1) = v. Then F(a+ 1) = F(«) -, so one
can easily get by transfinite induction that F(a) = v for all a. Thus, F must
be such an exponential operation, and clearly all these satisfy the equation
Fla+ p) = F(a)- F(B) and are continuous in the interval topology.

90. We show that there is no such operation. In fact, from the functional
equation F(a+ ) = F(B) - F(«) it follows just as in the preceding proof that
if F is not identically zero, then F(0) = 1, and if we set v = F(1), then for all
finite ordinals ¥ we have F(k) = v*. Thus, by continuity we get F(w) = v*.
Then F(w+1) = F(1)-F(w) = v-v¥ =4, and proceeding this way we obtain
that F(w+ k) =% for all k < w, and so F(w + w) = sup, F(w + k) = v*.
But then 7% = F(w + w) = F(w) - F(w) =¥ - ¥ = v, which is possible
only if v = 1. In this case transfinite induction shows that F is the identically
one operation.

91. (a) is straightforward from the definition of &.
(b) If @ and f are as in (9.3) and

7:W67L'Cn+"'+u)60'00,

then 8 < ~ implies b,, < ¢, for the largest m with b,, # c¢,. But then
the coefficients of w,--- w’+1 in o @ B and in a @ v are the same, while
Gm + b < @y + ¢, hence a @ B < a @ 7.

(¢) If « =0, then = =y = 0. If, however,
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a=wa, +-+w . q
with nonzero a;, then the solutions are
—_ , On So _ On do
T=w" ppt--+wW? - po, y=w '(an_pn)+"'+w '(aO_pO)a

where 0 < p; < a; are integers, and the number of solutions is (ag+1) - - - (an, +
1).

(d) The answer is NO: set « =1 and x,, = n for n < w. Then lim,, z,, =
sup,, £, = w, while

Im(1®z,) =limn+1)=w#w+1=1¢limz,.

(e) a1+ - - ey, is some sum of some powers of w, while a; @+ - - ® «y, is the
sum of the same powers of w but in nonincreasing order. As w? +w® = w? for
v < 4, it easily follows that a; +- - -+ a,, can only be smaller than a; ®- - - P,
if they differ.

Equality holds if and only if for all 1 < ¢ < n the smallest exponent in the
normal form of «; is at least as large as the largest exponent in the normal
form of ;4.

(f) Assume that

a:w(sn.an+...+w60.a0

is the largest of a1, ..., a,. Using (a) and (b) we get

@ Dan <ar - ar=w™ - (agn) + -+ 0 (agn).

The last ordinal is at most
On On—1 S0 — (1,07 S0
W (ap(n+1))4w “ap—1 - Fw(ag) = (W rap+- - Fwag) - (n+1).

[G. Hessenberg, Grundbegriffe der Mengenlehre, Abh. der Friesschen Schule,
N. S. 1(1906), 220]

92. To get a1 P - - - & v, we split every «; into the ordered union of subsets
of order type of the form w” and then consider the nonincreasing sum of all
these components. This shows that a; & - - - ® v, does occur as the order type
of some set described in the problem.

For the other direction suppose to the contrary that &« = a1 @& -+ - @ ayy,
and the order type of some S = A; U---U A, is bigger than « (where A; is of
order type o), and assume that « is minimal with this property. Let € S
be the element such that the initial segment T" of S determined by x has order
type a. We have T'= By U---U B,, with B; = A; N T. If ; is the order type
of B;, then 3; < q; for every i, and 3; < «; for at least one ¢ (namely for the
one with = € A;). But then this decomposition witnesses a decomposition of a
set of order type « into parts of order types (i, ..., O, and here, by Problem
91(a),(b) we have 8 := 1@ - ® B, < a1 ® -+ ® o, = . However, this
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contradicts the minimality of «, and this contradiction proves the claim. [P.
W. Carruth: Arithmetic of ordinals with applications to the theory of ordered
Abelian groups, Bull. Amer. Math. Soc., 48(1942), 262-271]

93. Monotonicity gives by transfinite induction on & the inequality F(«, 8 +
&) > Fla, B) + & for any «, 3,&, and hence commutativity shows that F(a +
&, B) > Fla,B) + € is also true. If

a:wén'a’n+"'+w60'a07 B:wén'bn+"'+w60'b07
we prove F(a, ) > a® [ by induction on n. For n = 0 we can write

Fwd-a,w’-b) > Fw-a,0) +w’-b>F(0,0)+w’ - b+uw’-a
2w5-(a+b):w5~a@w5-b.

If we have the statement for n terms, then set

On

a=w 'an+"'+w61'a1, B:w5"~bn+~~~+w51~b1.

Now using the induction hypothesis for @ and 3, we can write

Fla, B) > F(a, B) +w - by > F(@, B) +w’ - (ag + bo)

>@®B) +w - (ag+by) =adp.

94. (a) In each step exchange in the actual “superbase” form of n; written in
base b; the base b; by w. This gives an ordinal ;. For example, if n; = 23 =
22° 1921941 then ¢ o= w* +w+w+1. If ng;_1 > 0, then clearly Co; = Coi1,
and it is easy to see that because ng;1 = n2; — 1, we have (3,41 < (2; (see
Problem 8.8(e)). Thus, {¢2;}: is a decreasing sequence of ordinals, so it cannot
be infinite, i.e., there must be an ¢ with n; = 0.

The proof of part (b) is identical. [Goodstein, R. L., J. Symbolic Logic 9,
(1944). 33-41]



10

Cardinals

1. If only finitely many a;’s are different from 1, then the product is equal to
their product. If, however, there are infinitely many a;’s with ay > 2, then the
product is at least 2% = ¢. On the other hand, it is clearly not bigger than

o — (2N0)N0 _ 2&3 — 9% _ c,
and we find that then the product in question is c.

2. Since k < Kk - K is clear, it is enough to show that for all infinite cardinal
k we have Kk - Kk < k. This is true for kK = Xy, and from here we shall prove
the claim by transfinite induction. Thus, suppose that we already know for all
infinite cardinals o < & that 02 = ¢. It is enough to give a well-ordering < on
Kk X k such that every proper initial segment has order type smaller than .
In fact, then the order type of (k X k, <) is at most &, and so k X k is similar,
and hence equivalent to a subset of k.

Let < be defined as follows: (71,171) < (72,72) if and only if with {; =
max{7,m }, (o = max{r,n2} we have (; < (s or {1 = {3 and 7; < 79, or
G =Candn =mnand 7 < 7. For € < klet A = {(7,n) : max{r,n} =¢}.
On A¢ the ordering given by < is the following:

(&0) = (671) <= (075) = (175) <= (576)7

and this is well ordered and of order type £+ &+ 1. It is clear that (k x k, <) is
the ordered union of the sets (A¢, <), £ < k, and hence it is well ordered. Any
proper initial segment is included in a union Ug<qA¢ for some w < a < &,
and hence it is of cardinality at most

Do+ 1el+1) < D (ol + ol +1) = (la] + |l + Dol < (3]a])|of

{<a (<a

= 3la]* = 3la| < |a]” =|a| <&,
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where we have also used that || < a < &, and hence by the induction
hypothesis we have |a|? = |a].
This verifies the induction step, and together with it the claim, as well.

3. Let, e.g., kK > A. Then using the fundamental theorem of cardinal arithmetic,
we can write

k<k+A<2k <2< 2k%2 =2k < K?=k.

4. a) The set of sequences of elements of X of length £k = 1,2,... is of car-
dinality |X|*¥ = k¥ = &, and so the set of finite sequences is of cardinality
WK=K

b) The set of those functions that map a given finite subset S of X into
X is of cardinality | X |/l = |X| = &, and since by part a) there are s possible
choices for S, the cardinality in question is Kk = k.

5. Let X = AU B be a decomposition of X into two disjoint subsets of
cardinality k, and further let us decompose both A and B into k disjoint
subsets of cardinality x: A = UgcwAe, B = UgeyBe. If f 1 £ = A and g :
B — k are 1-to-1 mappings, then the decompositions X = Ugc,(Be U{f(£)})
and X = Ugcr(Ae U {g(§)}) show that both A and B are “small”. (cf. [W.
Sierpinski, Cardinal and Ordinal Numbers, Polish Sci. Publ., Warszawa, 1965,
IV.8. Exercise])

6. An ordinal « is a cardinal if and only if no £ < « is equivalent to o. Now
if A is any set of cardinals and « is its supremum, then for £ < « there is a
8 € A such that £ < . Therefore, the cardinality of £ is smaller than that of
3, and hence it is smaller than that of a.

7. The statement is clear for finite p; and p2, so suppose that p; < py and ps
is infinite. We can also suppose that each A¢ is at least 1.

Let I C « be the set of those £ for which A¢ is infinite. If po = > ./ Ae,
then using the fact that Ae = Ae+A¢, weget p2 =D, Ae, and p1 < D ey e
This last inequality means that there is a set A of cardinality p; which is a
subset of a union Ug<oB¢ where the B¢’s are disjoint and the cardinality
of Be is A¢. But then by looking at the sets A N B it is immediate that
p1= del )\é with some )\é < A¢. Thus, in this way we can set )\22) = ¢ for
all € and A = M if € € T and A = 0if £ ¢ 1.

If, however, po > > .c; A¢ (the third possibility > .c; A¢ > p2 is not
possible, for it would imply p1 + p2 = p2 < D occp Ae), then po = 3 .0 Ae =
>egr 1 =|a\ I|. Now select an I1 C o\ I of cardinality p; such that the set
(a\ I)\ I is still of cardinality po. If we set AL = Ae, ALY =0 for all € ¢ I

and )\22) =X —1, )\él) =1 for £ € I, then these cardinals are appropriate.
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8. Let (A, <) be an ordered set with cofinality « and let B C A be a cofinal
subset of order type a. It is clear that if C' C B is cofinal with B, then it is
cofinal with A, hence the order type of C is not smaller than «. This gives
cf (o) > «, and since o > cf (o) is always true, we get cf (&) = «. Since
cf (a) < |a| < a always holds, it follows that cf (o) = |a| = «, e, ais a
regular cardinal.

9. Let a = cf (x), and let v be the smallest ordinal « for which there is a
transfinite sequence {k¢}e<r of cardinals smaller than x with the property
K= o, Ke.

Choose in k a sequence {f¢ }e<q that is cofinal with . Then k = Ug< B¢,
and so £ < >, |G|, and all cardinals |3¢| are smaller than . This shows
that v < a. Thus, if v = k, then kK = v < a < &, and so we must have equality.

If, however, v < &, then the sequence {x¢}e<~ for which Z§<~/ Ke = K,
ke < K, is cofinal with . In fact, in the opposite case there was an ordinal
¢ <y such that ke < ¢ forall § <. Butthen y . ke <> . [C]=|7[|¢] =
max{|yl], ||} < k, which contradicts the choice of v and of the cardinals xe.
Thus, {k¢}e<y is cofinal with x, and so a < 7.

All these prove that, indeed, o = 7.

10. See the preceding problem, and note that if K = AT, then A\ < &.

11. If K = A", then the sum of fewer than s (i.e., at most \) cardinals all of
which are smaller than  (i.e., at most A) is at most A\ = A.

12. w = Ny is regular, and so are each X,,, n = 1,2,.. ., since they are successor
cardinals. But N, is not regular, since its cofinality is w, hence this is the
smallest infinite singular cardinal. In a similar fashion, the next two ones are
No.)-i-w and Nw+w+w-

13. If &« = +1 is a successor ordinal, then X, = (Ng)™ is a successor cardinal,
and so by Problem 11 it is regular, hence cf(X,) = X,. If  is a limit ordinal,
then {Ng}g<q is a cofinal sequence in R, hence it has the same cofinality as
R,, (see the proof of Problem 8), and this gives cf (R,) = cf («).

14. First we prove the necessity of the condition, i.e., assume that the cardi-
nality of H is at most N,,. Without loss of generality, we may assume H = N,,.
The n = 0 case was the content of Problem 2.25, and from here we proceed
by induction. Thus, suppose that if the cardinality of a set K is at most
R,,_1, then K™*! can be represented in the form A; U---U A, 1, where Ay is
finite in the direction of the kth coordinate. Consider H"*2. It can be writ-
ten as the union of the sets S; and R; ;, i, = 1,...n + 2, where S; is the
set of those (n + 2)-tuples (&1,...&n42), & < N, for which all &, i # j are
smaller than ¢;, and R; ; is the set of those (n + 2)-tuples in which §; = §;
and all other & < &;. It is enough to represent each S; and each R;; in the
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form A; U--- U A,42, where Ay is finite in the direction of the kth coor-
dinate. For R; ; this follows from the induction hypothesis, for R; ; can be
identified with a subset of H™t!, since the ith and jth coordinates are the
same. The set S; is the disjoint union of the sets S;¢, & < N, where Sj ¢
is the set of those (n + 2)-tuples in S; for which & = ¢ (and recall that
this was the largest component). Since the jth component is fixed in the el-
ements of Sj¢, each Sj¢ can be identified with a subset of H"!, and so
by the induction hypotheses S; ¢ = Ui<k<n+2, kjAre, Where Ay ¢ is finite
in the direction of the kth coordinate. Now set Ay = Ugen, Are (for k = j
this gives A; = (). Tt is clear that S; = UT2A4,. Now A; is actually the
empty set, and if k # j and &1,...,8k—1,&k+1,---Entra < N, are fixed, then
(€1, 3 &k-1,& a1y - - - Enan) € Ag exactly when this (n + 2)-tuple belongs
to Ag.¢;. Hence by the selection of the sets Ay ¢, there are only finitely many
such &’s. This proves the induction step, and the necessity is proved.

The sufficiency is also proved by induction. The n = 0 case was done in
Problem 2.25. Now we verify the induction step, so suppose the sufficiency
has already been verified for (n — 1) instead of n. Let H"*2 be represented
in the form A; U---U A, 42, where Ay is finite in the direction of the kth
coordinate, and suppose to the contrary that H has cardinality at least N, ;1.

n+1
—~
Select a subset K of H of cardinality X,. Then (H X (K X -+ % K)) N A
is of cardinality at most N,,, since for each z1,...,2,41 € K the number of

y's with (y,z1,...2n41) € Ap is finite. Thus, there is a yo € H for which
there are no z1,...x,41 € K such that (yo,x1,...2p41) € Aj. But then
{y} x K" = Upt2 Ay, and here each Ay is finite in the direction of the kth
coordinate. Thus, by the induction hypothesis, K must be of cardinality at
most N,,_1, and this contradiction proves the claim.

15. This problem can be solved along the same lines as the previous one. Since
the induction steps are the same, we only have to verify the n = 0 case, from
where the induction starts, but actually that was the content of Problem 2.40.

16. Since 2" is the cardinality of the set of subsets of x (see Problem 3.10, c)),
the statement is equivalent to what was proved in Problem 3.13.

17. Let A; be disjoint sets of cardinality p; and B; be sets of cardinality ;.
We have to show that if F': UjerA; — [[,c; B; is any mapping, then I’ is
not onto. For each i € I the set {F(a)(i) : a € A;} is of cardinality at
most p;; thus, there is a point a; € B; \ {F(a)(i) : a € A;}. Now for the
choice function f(i) = a; belonging to [],.; B; there is no b € UjerA; such
that F'(b) = f. In fact, if b € U;er4;, then b € A;, for some iy € I, and then
f(io) = a;, # F(b)(ip) by the choice of a;,. This proves the claim.

18. Clearly 0 is a limit ordinal. We may assume that {x¢}¢<p, is an increasing
sequence. Then k¢ < kg1, and so by the preceding problem k = sup, ., k¢ <

Decotie <Ilecqriers = [lecq e
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19. If k is regular, then

Hﬁggﬁﬁg(zm)&_fi: H

(<K

Let us now assume « to be singular. Then the supremum of the cardinals
k¢ must be k, therefore we may assume that {ff£}§<H is an increasing transfi-
nite sequence. Using the fundamental theorem of cardinal arithmetic we can
write cf (k) = Ug<cf (x) Lo, Where the I,’s are disjoint and each of them is of
cardinality cf (k). Thus,

reE () — H K= H (sup/@)S H HKZ{
gel

a<cf (k) a<cf (k) & a<cf (k) \{€la
= Hfig < Hn: ket (5)
E<k E<k

20. If & is regular, then k() = g% > 2% > gk (see Problem 16). If, however,
Kk > w is singular, then & is the supremum of all the infinite cardinals smaller
than x, hence by Problems 18 and 19 we have xf (¥) > .

21. If we had cf(A*) < &, then we would have (A%)f (") < (Ar)x = =" = \»
and this would contradict the preceding problem.

)

22. k* is the cardinality of *k; the set of functions f : A — k. But since
A < cf (k), the range of such a function cannot be cofinal with &, so such an
f actually maps A into some ordinal £ < k. Thus,

B =kl = ueae <0 D01

pP<K[§|=p

S [ N PR

P<K|&|=p pP<K pP<K

23. Tt easily follows that cf (k) = cf («); therefore, we can apply the preceding

problem. Now
DI DTS SRS P
{<a p<kK (<a {<a
hence by the formula in Problem 22

SO ED I

(<a {<a
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24. Clearly, 2* > k (by monotonicity of exponentation). As ) is singular, it can
be written as A = > {\, : @ < cf(\)} with A\, < A. Then 2* = [To<crn 22 <
kM) = g since the assumption gives that 7 = k for every 7 < A:if u < 7 < A
then k™ = (27)" =27 = k.

25. Assume that v > w. Let § be the minimal ordinal such that § + v > 7.
Clearly, w < § < and 4 is a limit ordinal. Pick a cardinal 8, > § and let A =
Ry 16, a singular cardinal (note that cf (Rqys5) = cf (§) < [0] < Ry < Nays).
Then for any 7 < §

2Nt =Ry =Ny

As X = N, 44 is singular, we get from Problem 24 that 2* = X, ., and at the
same time

A
27 = Na+6+'y > Na+'ya

because § + v > 7y, hence a + § + v > a + «. This contradiction shows that ¢
has to be finite.

26. (a) We show how to calculate, by transfinite recursion, 2*. If k is regular,
then 2% = k" = k(") Assume that k is a singular cardinal and we know
27 for T < K. Set Kk = 3 (. e With ke < k. If the sequence {27¢} is
eventually constant then this eventual constant value will be 2% by Problem
24. Otherwise, if A = ZE <cf(r) 2%¢_then A is a singular cardinal with cofinality
cf(k) and

9K — H ke S )\cf()\) S (QK)Cf()‘) S (QK)N — 9QRR _ 9F
E<cf(k)

so 2F = \F(),

(b) We determine x* by transfinite recursion on #, and inside that, by trans-
finite recursion on A. k" = k for 1 <n < Ry. If A < cf(k), we use Problem 22.
If A\ = cf(k), then x°f(®) is given. If A\ > &, then x* = 2* an already calculated
value (see part (a)). If cf (k) < A < &, then « is singular. In this case if there
is some 7 < k with 7% > &, then £* = 7*. If, on the other hand, 7* < & holds
for every 7 < k then let {k¢ : £ < cf(k)} be cofinal in x, and then

A

kN < H K¢ = H ngg H k= k) < A,

£<ctf(k) £<cf(k) E<ct(k)
27. (a) For n = 0 the statement is clear, and we use induction on n. Thus,
suppose that (a) has been proven for some n. If A > R,4,,11, then

A A Ratnt1)d _ 9ARaint1 _ oA
20 SNJ g S (20erna) T = 2M ekt = 92
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and a similar computation show that the right-hand side in (a) is also 2*.
Thus, in this case the claim is true.

If, however, A < V1,41, then A is smaller than the cofinality of N, y,,11
(see Problem 13), and so we obtain from Problem 22 and the induction hy-
pothesis that

A _ A A
Na+n+1 - Z 4 Na+n+1 S Na+nNa+nNa+n+1
P<Natn
An2 A
= NaNa+nN(¥+n+1 = NoRapn1.

(b) If A is finite, then (b) is clear. On the other hand, for infinite A it follows
from the o = 0 special case of part (a), since then, as we have seen in the
solution of part (a) above, 8} = 2*. [F. Hausdorff, Jahresb. deutschen Math.
Ver., 13(1940), 569-571, F. Bernstein, Math. Annalen, 61(1905), 117-155]

28. If Hn<w R,, = 2% then 2% must be larger than every R,,, i.e., 2% > X,
But by Problem 21 we must have cf(2%) > wg = cf(R,), hence 2% > R,. On
the other hand, if 2% > X, holds, then 2% < [, R, < (2%)"* = 2% Thus,
we have [[,_, R, = 280 if and only if ¢ > X,,.

29. Monotonicity gives [], R, < NRo_ For the other inequality notice that
N = (3, -, N,)¥, when multiplied out, is the sum of ¢ many terms, each
the product of infinitely many of the N,,’s. We have, therefore,

R0 < 9o H N,,.

n<w

As the first term of the right-hand side is clearly less than or equal to the
second, we have the desired inequality R0 < IL, Rn.

30. If 28k = N, (k) then N — Ili<o PALIES [1rco Rn(k), and this is equal to

L as 1t 1s the product of infinitely many Ni’s (we can cut out repeti-
H,KWN it is th d f infinitely y Ni's ( i
tions). Now apply Problem 29.

31. Clearly, for all cardinal x of the form \? we have k? = (AP)P = X\*" = A =
A. On the other hand, if p > cf (k), then by Problem 20 we have k? > k.

32. Let k be an arbitrary cardinal. We find some A > s with AN < A\ For
a < w construct the following sequence: Ao = K, Aqy1 = 2, and if a is a
limit ordinal, then let A\, = sup{A\g : B8 < a}. If A = A, then p™° < X holds
for ;1 < ), therefore ANo = X by Problem 22. On the other hand, cf()\) = Ry,
so AN = \f(N) > X\ by Problem 20.

33. Assume that x is the least counterexample to the statement: there are
T0 <71 <---that 2" < k and K™ < K™ < ---. Assume first that for some n
we have p™ < & for every p < k. If 7, < cf(k), then
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K™ = (Z p”’)/@ =K

P<K

by Problem 22. If, however, 7,, > c¢f(k), then k is singular, k = Z&Cf () K&
k¢ < Kk, and then by Problem 19

P f(k) < KT — HTan Hﬂﬂl < I€

Taking into account that {k™}, <, is an increasing sequence, it follows that
for all but 2 of the 7,,’s there is some p < k that p™ > k, so for n > N we have
a minimal p, with pJ» > k. As py > pny1 > -+, this sequence is constant
from some point, so there is some p < k such that p™ > k for n > M. Now
2™ > p is impossible, for then we would have 27 = 2™ > p™ > k. Hence
2™ < p and clearly p™ = k" also hold, so p is a smaller counterexample, a
contradiction. [A. Hajnal]

34. By Problems 2 and 20 we have Xy < p < cf (k). If p was singular, then we
could write p = 3\ pe, where A := cf (p) < p and each p¢ is smaller than
p. Thus, by the definition of p we would have

/@p:H/{%:Hn:nA:

E<A E<A

which contradicts the definition of p. Thus, p must be regular.
Clearly, po, = pu, = No because the cofinality of these cardinals is w.

35. Assume that & is singular with cofinality p. Then k = ZE <y e for some
infinite cardinals k¢ < x. By assumption, 2%¢ = ¢ for every £ < u, and 2* = c.
This gives 2% =[], , 2" =[[,, ¢ =c! = (2!)" = 2" = ¢, a contradiction.

36. Clearly, N,, = sup,, X, = sup,, X,41 = k. On the other hand, if A = N},
then A > w = Ko, and by induction A = Ry > N, = Kk,41, i.e., A > sup,, k.
Thus, this supremum is indeed the smallest cardinal with the stated property.

37. Given any cardinal A construct as in the preceding problem ko = A,
Kknt1 = Ry, and kK = sup,, k,. Then exactly as there, x = X, so for any
cardinal A there is a “large” cardinal x > A. Now if we enumerate the large
cardinals as A\g < A\; < --- < Ay < ---, and starting with kK = A\g we define
Kn+1 = Au,, then A = sup,, k, will be a cardinal with index > sup,, K, = A,
so it is a “large” cardinal, and there are sup,, k, = A “large” cardinals that
are smaller than \.

38. Assume GCH. If 2 < x < ¥y then % = Ny, &Nt = Ny, k%2 = N3, If,
however, £ > Ny, then x < kY0 < KN < KR2 < P < (27)" =28 = kT, 50 each
one of the values of k%0, k%1, k®2 is either k or k*; therefore, there cannot be
three different values of them. Thus, the answer is 2 < k < Ny.
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39. Assume first that « is a limit ordinal. Then, as
No=> Rg< [[Ns
B<a B<a

(see Problem 17), we find that the product is at least R,41. On the other
hand, it is at most Ngj‘rl = (QNH)N“ = 2% =N, by GCH; therefore, in this

case Hﬁ<a N3 = Nyp1.
Assume next that a = v+ 1, v is a limit ordinal. Then, using the already
proved limit case, we get

H Ng = (H Nﬁ) Ry =Ry Ry =Ry =R
B<y+1 B<y

Assume now that o = v + 2, v is arbitrary. Then the product is at least
R, 41 as this is a factor. On the other hand,

[v+2] Ry ol A\Ny ogr,
IT R <X <y, = (2%)7 = 2% =Ry
B<y+2

The uncovered cases are o = 0,1 when the result is immediate.

40. Assume & is infinite. If A = 0, then £* = 1.
If 1 < X < cf(k), then k* = Kk as (see Problem 22)

P H(Z T)‘) < /{(Z QmaX(T’k)) = H(Z maX(T+7)\+)) <KX=k

T<K T<K T<K

(the inequality x* > & is trivial).
If cf (k) < A\ < K, then k* = kT as (see Problem 20)

ko< /W <M <R < (290 =28 = T
If kK < A, then & = AT as

A =22 <P <M< (@) =2 =22 =0T



11

Partially ordered sets

1. Suppose that (A, <) is partially ordered and it does not include an infinite
antichain. Fora € Alet BA={z €A : a<z}and ' ={rc A : z <a}
be the set of elements that are bigger or smaller than a, respectively. Let C
be a maximal antichain (see Zorn’s lemma in Chapter 14). Then every element
of A\ Cy is either bigger or smaller than an element of Cp; thus, there is an
element xy € Cy such that either Bfo or Sfo is infinite. In the former case set
Ay = B;Lf‘o7 in the latter case set Ag = Sfo. Now repeat this process with Ag
to get an element x; € Ay and an infinite set A; C Ay such that 4A; = Bflo
or A; = Sflo. Repeat again the same thing with A; instead of Ay, etc. It is
clear that the process never terminates, and we get a set {xg,x1,...} that
is ordered. [W. Sierpiniski, Cardinal and Ordinal Numbers, Polish Sci. Publ.,
Warszawa, 1965, X1.2/2]

For an alternative proof, see Problem 24.3.
2. The statement immediately follows from the next problem.

3. Let (A, <) be the partially ordered set in question. For a € A let p(a) be
the length of the longest increasing chain having a as its smallest element.
By the assumption 1 < p(a) < k for all a € A, and the statement follows if
we show that the elements that have the same p value are incomparable. But
that is clear: if a < b, then the definition of p shows that p(a) > p(b) + 1.

4. First we prove the claim for finite sets.

Let (A, <) be a partially ordered set of n elements with at most k pairwise
incomparable elements. The statement is clear if n = 1, and from here the
proof goes on by induction of n. Thus, suppose we know the statement for all
sets with at most n — 1 elements, and let C' be a maximal chain in (4, <). If
A\ C has at most k— 1 pairwise incomparable elements, then by the induction
hypothesis A\ C = Ujf;lle with some chains C}, and we are done. In the
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opposite case let X = {z1,..., 21} be a maximal antichain of k elements in
A\ C, and set

Ay ={r e A : x <z, forsomej}, Ay={xre€A: z; <z for some j}.

By the maximality of X we have A = A; U As, and by the maximality of C'
the largest element of C is not in A7, and the smallest element of C is not in
Aj. Thus, |A1],|A2] < n, and we can use the induction hypothesis to write

A = U;?:lB](l) and Ay = U?ZlBj@) with some chains Bj(l) and Bj(.z). Note that

each z; belongs to exactly one of the B](l)’s and to exactly one of the Bj(-2)’s,
so we may assume that x; € Bj(l) and x; € BJ(Q). But then C; = Bj(l) U BJ(-Z)
is a chain, and since A = U;?:lcj, the induction step is complete.

Now we turn to the general case where we allow (A, <) to be infinite. We
use induction on k, the case k = 1 being trivial. Thus, suppose that the claim
has already been verified for k — 1, and we are going to prove it for k. Let
M be the set of all subsets H of A for which it is true that if S C A is any
finite subset, then there is a decomposition of S into k chains such that HN.S
is included in one of them. By the finite case of the problem that we have
already verified above, each one element subset is in M, and clearly every
element of M is a chain. It is easy to see that the union of any subset of M
that is ordered by inclusion is again in M, hence by Zorn’s lemma (Chapter
14) there is a maximal (with respect to inclusion) set H* in M. We claim
that every antichain in A\ H* has at most & — 1 elements. Since then the
induction hypothesis says that then A\ H* can be represented as the union
of at most k£ — 1 chains, and these chains with H* form a family of at most &
chains that cover A, the proof will be over.

Let us suppose to the contrary that A\ H* has a k-element antichain
K ={a1,...,ax}. By the maximality of H*, for each a; € K there is a finite
subset S; of A such that S; does not have a representation as the union of
k chains such that one of them includes S; N (H* U {a;}. Since on the other
hand, H* does have this property, it follows that necessarily we have a; € S;.
Apply again the same property of H* for the finite set S = S; U --- U Sk,
to conclude that there is a representation S = Cy U ---U Cy of S as a union
of k chains such that for some jo we have H* NS C Cj,. Note that each

C; contains exactly one of the points a1, as,...,ar (the C;’s are chains and
Ci,...,Cy cover §), and we may number them in such a way that a; € C;
forall j =1,2,...,k.

But then

Sjo = (C1NSj,) U+ U (Cr N Sj)

is a representation of Sj, into the union of & chains such that H* N S;, C
Cj, N'Sj,, which implies

(H* U {ajo}) N Sjo - Cjo n Sjo’
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which is not possible in view of the definition of a;,. This contradiction proves
that there are at most k — 1 pairwise incomparable elements in A\ H*, as was
claimed.

The reduction of the general case to the finite one can be also done via
the de Bruijn—Erdds theorem (Problem 23.8). In fact, consider the graph with
vertex set A where two points are connected if they are incomparable. In a
coloring a set of points with the same color forms a chain, hence a subgraph
is colorable with & colors if and only if it is the union of k£ chains. Now the
de Bruijn—Erdés theorem asserts that if every subset of A is the union of &
chains then so is the set itself. [R. P. Dilworth, A decomposition theorem for
partially ordered sets, Ann. Math. 51(1950), 161-165]

5. The counterexample will be built on the Cartesian product w; x w;. We
make (a, ) < (o, ) if and only if @ < o and § > /. In a supposed in-
finite decreasing/increasing sequence the first/second coordinates would give
an infinite decreasing sequence of ordinals, which is impossible. For a contra-
diction assume that w; X w; = Ag U A1 U Ay U --- is a decomposition into
countable many antichains. For every a < w; there is some natural number
i() such that for uncountably many § we have (o, ) € A;(,). By the pi-
geon hole principle there are ordinals @ < o/ and some number ¢ such that
i = i(a) = i(’) holds. Pick an (o, 8') € A;. As there are arbitrarily large 3
with («, 8) € A; we can select with 8 > " and then we get («, ), (¢, ') € A;
that is («, 8) < (/, 3'), a contradiction.

6. Consider the partially ordered set (w1 Xw1, <) from Problem 5. Set («, 8) <
(o/,3) if and only if @ < o' and 8 < (@ with equality at most in one place.
This is a partially ordered set, and two different pairs (o, ) and (o', 3")
are comparable with respect to < if and only if they are incomparable with
respect to <. Thus, the chains of (w; X wy, <) are precisely the antichains of
(w1 X wy, <), and the antichains of (w1 X wy, <) are precisely the chains of
(w1 X wy, <). Now the statement follows from Problem 5.

7. Suppose that in the partially ordered set (A, <) all antichains are countable,
but the set is not countable. We are going to show that (A, <) includes an
infinite chain. We use the notation of the solution to Problem 1, and follow
the argument given there. Let Cy be a maximal antichain (see Zorn’s lemma
in Chapter 14). Then every element of A\ Cy is either bigger or smaller than
an element of Cy, thus there is an element xy € Cy such that either B;‘O is
uncountable, or 5;40 is uncountable. In the first case set Ay = Bfo and in the
second case set Ag = Sfo. Now repeat this process with Ay to get an element
r1 € Ag and an uncountable set A; C Ag such that A, = Bflo or A; = S;;‘IO.
Repeat again the same thing with A; instead of Ag, etc. It is clear that the
process never terminates, and we get an infinite set {zg,z1,...} C A, which
is ordered.
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8. The proof is similar to what we have done in the preceding problem. Suppose
that in the partially ordered set (A, <) all chains are countable, but the set is
not countable. We are going to show that (A, <) includes an infinite antichain.
Let Cy be a maximal chain (see Zorn’s lemma in Chapter 14). Then every
element of A\ Cj is incomparable to an element of Cy, thus there is an
element zo € Cp such that the set B,, of elements that are incomparable
with zg is uncountable. Now repeat this process with By (select a maximal
chain, etc.) to get an element z1 € By and an uncountable set By C By such
that all elements of B; are incomparable to ;. Repeat the same thing with
B, instead of By, etc. It is clear that the process never terminates, and we
get an infinite set {xg, z1,...} of pairwise incomparable elements.

9. Consider R with its usual ordering < and also let < be a well-ordering on
R (see Problems 14.1 and 14.3). For z,y € Rput z < y ifx < y and z < y. In
the partially ordered set (R, <) every chain is a well-ordered subset of (R, <)
(since on a chain < and < are the same), and every antichain is a well-ordered
subset of (R, <*) with the reverse ordering on R. But R has only countable
well-ordered subsets (see Problem 6.37), so in (R, <) every chain and every
antichain is countable.

10. The case when & is finite follows from Problem 2, thus we may suppose
that & is infinite. We show that if (A4, <) is a partially ordered set of cardinality
bigger than 27, then it includes either a chain or an antichain of cardinality
bigger than k. Consider the graph G with vertex set A where two points are
connected if they are comparable in (A, <). By Problem 24.19 either G or its
complement includes a complete subgraphs of cardinality bigger than . But
it is clear that a complete subgraph of G is a chain, and a complete subgraph
of its complement is an antichain in (A4, <).

11. We can copy the argument that was used in the proof of Problem 9 (which
is the k = Vg case) if we can construct an ordered set of cardinality 2 such
that all of its well-ordered subsets as well as its reversely well-ordered subsets
are of cardinality at most x. But such a set was given in Problem 6.94.

12. Without loss of generality,  is infinite. We will use the notation L(z) =
{y 1y 2 xz}. We call asubset A C P good if |A| < k, and L(z)NL(y) = 0 holds
for distinct z,y € A. We construct (P, <) as follows. P = [J{P, : @ < '}, an
increasing, continuous union. Py is a set of 2" incomparable elements. P, 1
is obtained from P, by adding for every good A C P, an element u,(A) with
U (A) = x for x € A, incomparable with the other elements of P,; \ P, and
comparable with only those elements of P, with which it must be, i.e., with
the elements in | J{L(z) : x € A}. Notice that for z,y € P,, L(z) N L(y) =0
holds in P if and only if it holds in P,.

We claim that (P, <) is as required.

For the first property assume that < y. There is a unique o < k* such
that © € P, and y € Pyy1 \ P,. We show that [z,y] is finite by transfinite
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induction on «. Indeed, if x, y are as above, then y = u(A) for some good
A C P,, so there is a unique z € A with = € L(z). Now obviously [z,y] =
[z, 2] U{y} and [z, 2] is finite by the induction hypothesis since z € Pg41 \ P3
for some § < o, and if x # z, then z € P;.

For the other property assume on the contrary that f : P — & is a coloring
in which every color class is an antichain. If A C P is a good set, call it £-good
for some £ < k if for every x ¢ A, if AU {z} is good, then f(z) # £. Notice
that if A C B are good sets and A is £-good, then so is B.

We claim that there is a good set A C P such that for every £ < & if
there is a &-good B D A, then A is already &-good. For this, construct the
increasing, continuous union A = (J{A¢ : £ < k} with Ay = 0, and if A¢ is
given we let Agy1 D A¢ be &-good, if there is a £-good set extending A¢, and
A¢i1 = Ag, otherwise. Now A clearly has the required property.

Let U C k be the set of those £’s for which A is £-good, and let V =
k\U = {ve : £ < k}. By transfinite recursion on § < k we choose z¢ such that
AUA{x, :n <&} is good and f(x¢) = ve. This is possible, as AU {z, : n < &}
is good (by induction) and by our conditions it is not ve-good. There is some
a < k1 such that AU {z¢ : £ < k} C P,. Finally, set B = {z¢ : £ < Kk}, a
good set, and y = uy(B). Note that y € P,y \ P,, hence y ¢ A, and actually
AU {y} is good, because L(y) = UyepL(z), and AU B was good. The color
f(y) cannot be in U, for if u € U, then, as A is u-good, f(y) # u. And f(y)
cannot be in V, either, for if f(y) = ve € V, then f(z¢) = ve = f(y), and so
the comparable z¢ € B and y = v, (B) get the same color, a contradiction.

13. (a) The statement is obvious if ¢(P, <) is a successor cardinal. Assume that
k = ¢(P, <) is a singular cardinal and there is no strong antichain with size
k. For z € P let ¢(z) be the supremum of the size of those strong antichains
that consist of elements that are smaller than . First we claim that for every
x there is some y < x with ¢(y) < k. If this was not the case, then we
could choose below z a strong antichain of size at least cf (), and below its
elements larger and larger strong antichains with sizes converging to x. Their
union would then be a strong antichain of cardinality x (note that if z,y are
strongly incompatible the so are any 2/, 3" with 2/ < z and ¢y’ < y), which is
not possible.

Choose a nonextendable set A of incompatible elements with ¢(z) < &
(possible by Zorn’s lemma, see Chapter 14). Notice that A is a maximal strong
antichain. Indeed, if ¢ A, then if y < x is such that ¢(y) < &, then y is
strongly compatible with some element z of A, but then z and z are also
strongly compatible, so we cannot add x to A. By our indirect hypothesis
Al < k. If kK = > {c(x) : © € A}, then the argument from the preceding
paragraph shows that there is a strong antichain of size k (below the elements
of A). Therefore, > {c(z) : * € A} < K, and there is a strong antichain
B with |B| > > {c(x) : © € A}. For every y € B\ 4, as A is a maximal
strong antichain, there is some x € A such that for some element, denote it
by f(x,y), we have f(x,y) < z,y. For some x € A there is a B’ C B such
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that x is selected for y € B’ and |B’| > ¢(x). But this is a contradiction as
{f(z,y) : y € B’} is a strong antichain (for B’ is a strong antichain) below z
of cardinality > ¢(x). This contradiction proves part (a).

(b) Let P consist of those regressive functions which are defined on a
finite subset of k. Set f < ¢ if f properly extends g. Notice that f, g are
incompatible in (P, <) exactly if they are incompatible as functions, that is,
they assume distinct values at a certain point. For every cardinal A < k there
is a strong antichain of cardinality \: {f, : @ < A} where the domain of f, is
{A} (@ < A) and fo(N) = a.

It is left to show that there is no strong antichain of cardinality . Assume,
in order to get a contradiction, that {f, : @ < k} is a strong antichain.
Applying Problem 25.3 to the finite sets formed by the domains of these
functions, we get a set Z C k of cardinality x such that for a € Z the domain
is of the form s U s, where the sets {s} U {s, : @ € Z} are disjoint. As the
functions are required to be regressive, the number of possibilities for fq| is
less than k (namely, the product of the cardinalities of the elements of s). But
then, if o, 8 € Z and fa‘S = fg‘s, the functions f, fs are compatible, which
is a contradiction. [P. Erdds, A. Tarski]

14. By the well-ordering theorem we can enumerate A as A = {p, : a < @} for
some ordinal . Put p, into B if and only if there is no § < o with p, < pg.

We show that B C A is as required. (B, <) is well founded: if there is a
decreasing chain --- < g1 < go in B, that is, -+ < ps, < Da, then, by the
well-ordering property of ordinals we have a,, < ay,41 for some n, that is, p,,,
is greater than the later p,, ,, a contradiction.

B is cofinal: assume that p € A. Choose p, > p with « minimal. Then
Do € B, indeed, otherwise, there is some p =X po < pg with 3 < «, but that
contradicts the minimal choice of «.

15. For ¢ € P set U(z) = {y : y > =z}. Notice that U(x) is infinite for
every x € P. Call x € P good, if |U(y)| = |U(z)| holds for every y > z. By
Zorn’s lemma (see Chapter 14) we can find a set A of good elements such
that U(z) N U(y) = 0 holds and A cannot be extended with this property
preserved. We claim that B = (J{U(y) : y € A} is cofinal. Indeed, if x € P is
arbitrary, choose y > x with |U(y)| least possible. Clearly, y is good. As A is
nonextendable, there is some z € A with U(2)NU (y) # 0, say, t € U(2)NU (y).
Then t € B and t > z, so we showed that B is cofinal.

As cofinal subsets of cofinal subsets are cofinal, it suffices to find disjoint
cofinal subsets in B. This again reduces to finding two disjoint cofinal subsets
Yo, Zy in U(z), then Y = ({Y, : v € A}, Z = U{Z, : v € A} will be
two disjoint cofinal subsets in P. Given z € A, enumerate U(x) as U(z) =
{Zs : @ < K} with some cardinal k. By transfinite recursion on «a < k choose
Ya, Za = ZTo such that they differ from each other and from all earlier yg3, 2.
This is possible, as 2|a| < & elements have been selected so far, and |U(z,,)| =
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k as x is good. Finally, both YV, = {y, : @ < k} and Z, = {z, : @ < Kk} are
cofinal in U(x), and they are disjoint, so we are done.

16. Let G be the set those open sets on R that can be written as the union of
finitely many intervals with rational endpoints. Clearly, |G| = Rg. We define
(P, <) as follows. (s,G) € P if s is a finite set of reals, G € G with Lebesgue-
measure A(G) less than 1/]s|, and s C G. We make (s',G’) < (s,G) if and
only if s/ D s, G C G.

We show that (P, <) is the union of countably many centered sets. For
this, we put the elements with identical second coordinate into one class. We
have to show that every (s1,G), ..., (sp,G) has a common lower bound. Set
s =581 U---Us, and choose a G’ € G with s C G’ C G and measure less than
1/|s|. This (s, G") is clearly a common lower bound.

Assume that F C P is a filter. Set X = (J{s: (s,G) € F}. We claim that
X has Lebesgue-measure zero. This is obvious if X is finite. If not, let 1, zo, . ..
be distinct elements of X. There is (s,,G,) € F with s, 2 {x1,...2,}
and A(G,) < 1/n. If now (s,G) € F is arbitrary, there is in F' an element
(s',G") 2 (s,G), (50, Gp), s C G' C Gy; therefore, X C (2| Gy,, which is of
measure zero.

This concludes the proof: indeed, if Fy, Fy,... C P are filters, then their
first coordinates, the union of countably many sets of measure zero, cannot
cover the reals, therefore |JF, # P. [I. Juhdsz, K. Kunen: On o-centred
posets, in: A Tribute to Paul Erdds, (eds. A. Baker, B. Bollobds, A. Hajnal),
Cambridge University Press, 1990, 307-311]

17. Consider the sets from Problem 6.25. Their characteristic functions form
an ordered subset (with respect to <) of cardinality bigger than continuum
of the partially ordered set of real functions.

Now suppose that F is a well-ordered set of real functions with respect to
<. For every f € F, except for the largest element in F if there is one, there
is a successor f. But then there is a real number z; such that f(z;) < f(xf)
If ; = x4, = x, then the intervals (f(a:),f(x)) and (g(x),g(x)) are disjoint
because, e.g., g < f, and then g(z) < f(z). Thus, by Problem 2.14, the set of
those f € F for which x; = x is countable. Hence there are at most continuum
times countably infinite many elements in F, so it is of cardinality at most
continuum (see Problem 4.12).

18. The identity mapping is an order-preserving mapping from (“w, <) into
(*w,<), and if for an f € “w we set F(n) = (f(n) +n)?, then f — F is an
order-preserving mapping from (“w, <) into (“w, <).

It is clear that there is no element in (“w, <) is lying in between fo(n) =0
and f1(n) = 1, while it is easy to see that if f < g, then there are infinitely
many elements in between them in (“w, <) (in fact, uncountably many ele-
ments as is shown by h,(n) = f(n)+[z|g(n) — f(n)|], x € (0,1)). Thus, these
two sets are not isomorphic.
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19. See Problem 2.28.

20. Based on the preceding problem, by transfinite induction build a family
fa € Yw, a < w; such that each f, is bigger than any fs with 8 < a. Then
this family has order type w; in (“w, <).

21. For k = 1,2,... and x € (0,1) we set fx.(n) = [zn'/*], where [-] denotes
the integral part. It is clear that for x <y we have fi . < fry, and for k£ <!
we have fi o < fi,, for all ,y € (0,1). Consider now for x = (21,...,2m) €
(0,1)™ the function Fx = > ;" fi.z.- Based on what was said it is easy to
see that they form a subset of (“w, <) of order type \™.

22. Consider a representation of 6 in (“w, <), i.e., an (A, <) with order type 6.
For f € A replacing f(n) by F(n) = maxg<, f(k)+n we get a representation
of @ consisting of strictly monotone functions, and then replacing f(n) by 27
we get a representation by functions with f(n) > 2". We define Invy(k) =
min{n : f(n) > k}. Then this < [log, k] + 1, and if f < g, then for k large
Inv, (k) < Invy(k) with strict inequality if & = g(s) and s is large. Therefore,
H¢(m) = Z%@ Inv (k) is less than m (for large m it is less than C'v/mlogm),
and for f < g we have Hy; < Hy. Thus, the functions G(m) = m — H¢(m),
f € A are smaller than the identity and they form a subset of (“w, <) similar
to (A, <).

This proof actually shows that there is an order-preserving mapping of
(Yw, <) into its subset lying below the identity function.

23. For 6" see the functions Hy, f € A in the preceding proof.

Let the type of (4;, <) be §; for i = 1,2. A; can be chosen to lie below the
identity function, and similarly A, can be chosen to lie above it (Problem 22).
Then clearly (4; U As, <) has order type 61 + 6. Next consider the functions
of the form Hy,(n) = 290" + f(n), where f € A; and g € A,. Clearly, if
g1 = 92, g1, g2 € Ao, then irrespective of f1, fo € A1 we have Hy, 4, < Hy, g,
and if f; < fa, then Hyf 4 < Hy, 4. Thus, with respect to < these functions
Hy , form a subset of “w of order type 0 - 05.

24. By now it is clear what we have to do (see the previous solution). Represent
0; by (A;, <) where A; lies below the identity function, and let {f; : ¢ € I'}
be a set lying above the identity function such that the ordered set (I, <,)
is similar to ({f; : ¢ € I}, <) under the mapping i — f;. Consider the set
of functions of the form h; 4(n) = 25" + g(n), where g € A;. Exactly as
in the preceding solution it follows that if 7 < j, g1 € A; and go € Aj, then
hig, = hig,, and for g1, g2 € A; we have h; 4, < h; g,. Thus, these functions
form a set of order type Ziel(<) 0;.

The last statement is proved by transfinite induction on a < ws. FEach
such « can be written as a sum o = » By Qi of ordinals «; smaller than «
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with some ¢ < w;. Now the induction is easy to carry out based on the first
part of the problem (recall also Problem 20 for the representability of wy).

25. By selecting a cofinal sequence {aj}72 in ¢ and considering {fa, }72,
and {ga, }72,, it is sufficient to work with the case ¢ = w. Let Nj be an
increasing sequence such that f;11(n) — fi(n) > k, g;(n) — giv1(n) > k and
gi(n) — fi(n) > k for all 0 < ¢ < k and n > Ni, and set F(n) = fr(n) if
N < n < Ngi1. This function F' clearly lies strictly in between the f,’s and

)

ga's.
26. We construct the functions with the following extra properties:

1. For a < B < wy we have fg < fo < go < 93;

2. for a < wy, n < w the set
Alnya)={f<a:xz>n— f3(z) < ga(z)}

is finite.

To show that this suffices, assume that f, < f < g, holds for every a < wj.
Then there are some n < w and N; ordinals « such that for x > n we have
fa(z) < f(x) < ga(x). Select, among those, one that is preceded by at least
w many. Then A(n,«) is infinite, which is a contradiction.

We construct the functions by transfinite recursion on «. Set fo(n) = 0,
go(n) = n. The successor case is easy, given f, and g,, for = large enough
we have f,(2) < ga(z) and the interval (fa(z),ga(z)) gets wider and wider.
Therefore, we can split this intervals into larger and larger intervals with
values fo+1(x) and go41(z) in such a way that go+1(x) < go(x) always holds.
A moment’s reflection shows that for every n the set A(n,« + 1) can contain
at most one more element (namely: «) than A(n, a).

Assume that o < wp is a limit ordinal, and assume that we have al-
ready constructed fg, gg for 8 < a. We first determine g,. Let the increasing
sequence oy < a3 < --- converge to . We select inductively the natural
numbers kg < k1 < --- in such a way that

foi(z) +1i < fOéi+1 (z) < fai+1 () +i < gai+1(m) < 9o, (),

holds for x > k; moreover if 8 € A(k;, ajv1), a; < 8 < @41, then there is an
x with k; < x < k41, for which f,, (2) < fs(z) holds. (This can obviously be
done.) Define g, as follows: below kg it is arbitrary, and for k; < z < k;11 we
st ga () = for (2).

For the g, so defined we quickly get the first property required as for
x > k; the values gq(x) — fo,(z) and gq, () — go(x) are at least i.

To check the other property assume that 8 € A(k;, o). If now 8 < «; then,
as for > k; we have go(x) < g, (z), we will also have 5 € A(k;, ;) which
is satisfied by only finitely many (3. On the other hand, we show that 5 > «;
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is not possible. Assume, toward a contradiction, that § is such an ordinal.
Then there is a j > 4, such that if o; < 8 < aj41, then for x > k; we have
J8(x) < ga, . (x), that is, B € A(kj, a;j1). But we selected k1 in such a way
that there is a k; < x < k;;; for which f,,(x) < fs(z) and the first value is
go(2). We get, therefore, that no 5 of the above type exists.

And finally with a diagonal process (or use Problem 25) construct f, in
such a way that that for every ¢ the inequalities f,, < fo < go hold.



12

Transfinite enumeration

1. Let I = {i¢}¢<q be an enumeration of the elements of I, and for £ < «
recursively set

Bi, = Ai. \ (Uc<eBi,) -

It is clear that these B;’s are pairwise disjoint and U;c;B; C U;erA;. But
if @ € UjerA; and € < « is the first index for which a € A;,, then clearly
a € Bi,, so the union of the B;’s is equal to the union of the A;’s.

2. First consider the case k > Ngy. Let the sets be X¢, £ < k. Choose, by
recursion on « < k, and within this recursion by recursion on £ < « distinct
elements a¢ o € X¢. This is possible, since a¢ o can be any element of

Xe\({anps 1 n<p<afUfaga @ n<E}),

which is not empty, since it is the difference of a set of cardinality x and of a
set of cardinality
<la|? +|al < la| + X < . (12.1)

If we set Ze = {aga @ & < a < k}, then |Z¢| = k and the sets Z; are
pairwise disjoint. As 2k = k, we can split Z¢ into two disjoint parts Ye and
Y{ each of cardinality x. Now the system {Y; : ¢ < w} is as required:
[Xe \ Yel > [¥Z] = r.
For k = N; the above argument works, only the calculation in (12.1) reads
as
<o’ + o] <Ro =,

since in this case every « is finite.
3. Select pairwise disjoint sets Zg C X¢, & < & of cardinality  as in the

preceding problem, and let Z; = Uy<xZ¢ o be a decomposition of Z¢ into x
pairwise disjoint sets (since x? = &, this is possible). Now it is clear that the
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sets Y, = UgcrZe.a, o < K are pairwise disjoint and they intersect all X in
a set of power continuum.

4. Let {x¢ }e<w be an enumeration of the elements of X in a sequence of type &,
and let { f¢ }e<x be a similar enumeration of those functions g in F which have
the property that the intersection of the range of g with X is of cardinality «.

First of all we remark that if Y C X is of cardinality smaller than x, and
the function g with domain X is such that its range intersects X in k points,
then there is an element z € X \ Y with g(z) € X \ Y. This immediately
implies that if Y C X is of cardinality smaller than x, and G is a family of
cardinality smaller than s of functions g such that each g € G has domain
X and a range intersecting X in s points, then there is a set Z C X \' Y
of cardinality at most 2|G| such that for every g € G there is a z € Z with
g(z) € Z. In fact, all we have to do is to select for each g € G an element
zg € X \Y with g(z4) € X\Y, and then take the union of all pairs {z4, g(z4)}
for all g € G. It is obvious that this Z has cardinality at most 2|G|.

After this we define by transfinite recursion pairwise disjoint sets Ag, Aé,
¢ < k of cardinality at most max(|£],Ng) as follows. Let A} = A} = ), and
suppose that for all a < ¢ the sets A%, Al have already been defined for
a < &, where £ <k, and let Y = Ua<e(AQ U A}). Select a set A2 C X \ Ve
of cardinality at most 2|¢| such that for all & < £ there is a z € Ag such that
fal(z) € A2, and then select a set A% Cc X\ (YU Ag) of cardinality at most
2|¢] such that for all a < £ there is a z € Aé such that f,(z) € A%. Since the
cardinality of Ag, A% is at most 2|¢|, the set Y¢ has cardinality smaller then
K, and the induction can be carried out.

Let £ be a family of cardinality 2 of transfinite 0-1 sequences € = {e¢ }e<x
such that for €, ¢’ € £ there are x indices £ with e # e’E. By Problem 18.3
there is such a family (apply Problem 18.2 to the set x and identify a subset
by a 0-1 sequence in the standard manner). For each € € £ consider the
set He = Ugcr A, Let €, € & be two different sequences in €, and let
f € F be arbitrary. If the range of f intersects X in a set of cardinality
smaller than x, then clearly f[H = H. cannot hold, for each H. is of
cardinality x. On the other hand, if the range of f intersects X in a set of
cardinality x, then f = f, for some o < k. There are  indices £ with e¢ # 6/5;
therefore, there is such an index with £ > a. Let, e.g., ez = 0, 6’5 = 1. By the
construction of the sets H. and Ag, there is an element z € Ag C H,. such
that fn(z) € Ag C X \ Hy, and this shows that f[H.] # H. Thus, the 2~
sets He, € € £ satisfy the requirements. [W. Sierpinski, Cardinal and Ordinal
Numbers, Polish Sci. Publ., Warszawa, 1965, XI1.4]

5. Since X is equivalent to X x X, it is sufficient to construct a similar family
on X x X. We obtain H by taking the graphs of some functions f; : X —
X, & < kT, Le., taking the sets G(fe) = {(z, fe(z)) : = € X}, &€ < kT
(technically speaking, this G(fe) is fe itself, but it is instructive to consider
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it as a graph). Suppose f, is known for all n < & where £ < ™. Then there
is an f¢ such that its graph G¢ is almost disjoint from all G(f;,), n < &. In
fact, to this end it is enough to show that if g, 7 < k are k functions from
X into X, then there is a function f : X — X such that its graph G(f) is
almost disjoint from all the graphs G(g.). Let 24, a < k be an enumeration
of the points in X. We can define by transfinite recursion the values f(z) so
that f(zq) # gr(zq) for 7 < «. This is possible, for we can always select a
value for f(z,) from the nonempty set X \ {g-(zo) : 7 < a}. Then clearly,
G(f)NG(gr) C {(xa,9-(xa)) = a < 7}, so the graphs G(f) and G(g,) are
almost disjoint. [P. Erdds]

6. We define N¢ with the additional property that the intersection of finitely
many N¢’s is infinite. Then N¢ can be easily defined by transfinite recursion
if we can show that if My, M1,... are subsets of N such that for all m the
intersection My N - --N My, is infinite, then there is a subset M C N such that
MNMyN- - -NM,, is infinite for all m, and M\ My, is finite but M\ M is infinite
for all k. But that is easy, namely if we select numbers x,,, € My N --- N My,
such that z,, # zg,21,...Tm—1, then clearly the set M = {zg,x2,24,...}
satisfies all the requirements.

7. Let £¢, £ < ¢ be an enumeration of the lines of the plane into a transfinite
sequence of type c. We shall set A = Uy<cAq, where the A,’s are increasing
sets (by this we mean that A, C Ag for a < () in such a way that A, has
at most two points on every line of the plane, and for £ < « the set A, has
exactly two points on £¢. Then clearly A will have exactly two points on every
line.

The construction of the A, ’s is given by transfinite recursion on «, and it
will be done in such a way that |A,| < 2(|a|+1) is satisfied for all a.. Suppose
that Ag, f < «, have already been constructed with the above properties.
Then the set B, = Ug<qAp also has at most two points on every line and
it has cardinality at most 2|a|. Let L, be the set of lines connecting any
two points of B,. Then L, has cardinality at most 4|a|?. If B, has exactly
two points on £, then we set A, = B,. If B, has one point on ¢,, then let
Ay = BoU{x,}, where ,, € £,\(Urer, ). Since two different lines in the plane
intersect in at most one point the set £, N (Uger, ¢) has cardinality at most
4|al? < c, thus £, \ (Ueer, ?) is not empty, and the selection of z, is possible.
In a similar way, if B, has no point on ¢, then let A, = BoU{Zw, Yo}, where
Zas Yo € Lo \ (Uger, £) are two different points. This completes the definition,
and by the choice of the set A, we can see that |4, N ¢| < 2 for every line
¢, and |A, N £y| = 2. Since the sets A, are increasing, these also prove that
|Ag Nle] =2 for all £ < a. It is also clear that |A.| < [Bo|+2 < 2|af + 2,
so the induction runs through. [S. Mazurkiewicz, C. R. Soc. Sc. et Lettres de
Varsovie 7(1914), 382-383]

8. We extend the argument of the previous proof. Let f¢, £ < c be a listing
of the lines on the plane so that each line is repeated continuum many times,
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ie,Ce={(<c : {; =L} is of cardinality c. A will be the increasing union
of sets A,, o < ¢, where the A,’s are of cardinality at most |« 4 1| < c. The
inductive conditions are: |fe N Ay| < my, for all £ < c, [€,N Ayl > min(|Cy N
al,my, ), and A, has at most 2 points on every line £¢ with Ce N v = 0.

As in Problem 7 we let B, = Ug<qAg but now let L, be the set of lines
¢ except £, such that [¢ N By| > 2. At step «, if |[B, N £y| = my,,, then we
set Ay = By. If, however, |B, N {,| < my,, then we add one more point to
B, N, doing as little harm as possible. As |L,| < |a+1|? < ¢, the lines in L,
hit the line 4, in less than c points, and we can select a point P € ¢, different
from them and not lying in B, N¥4,. This point P can be added to B, to form
A,. Clearly, with this step all the induction properties are preserved, and the
construction runs through all a < c.

Since each line is listed continuum many times, eventually we will have
|¢ N A| = my for all lines £.

9. Let Ly = {a¢}eca,, @1 < cand Ly = {by}y<a,, @2 < ¢ be the enumeration
of the sets L, and Ls into two transfinite sequences of length at most c. For
a point P on the plane let £(P) resp. n(P) be the smallest £ < a resp. n < 8
such that P € ag¢ resp. P € b, and if there is no such & or n then let {(P)
resp. 7(P) be equal to c. Finally, let A; be the set of points P for which
n(P) < &(P), and A, its complement in R?. If a¢ € Ly and P € Ay N ag,
then by the definition of A;, there is an n < & such that P € b,, ie., P is
the common point of a¢; and b,. But this means that there can be at most
|€]+1 < ¢ points on ag from A;. In the same fashion, there can be at most |7|
points on any b, from As. [P. Erdés, cf. W. Sierpinski, Cardinal and Ordinal
Numbers, Polish Sci. Publ., Warszawa, 1965, XVI1.4/5]

10. A nonempty perfect set is of cardinality continuum and there are contin-
uum many perfect subsets of R. Therefore, this problem is a consequence of
Problem 3.

A direct construction runs as follows. The number of nonempty perfect
subsets of R is of power continuum; therefore, we can list them into a trans-
finite sequence of type c:

Ao,Al,...,A§7...7 ¢ <ec,

in such a manner that each nonempty perfect subset of R is repeated con-
tinuum many times in this sequence. We also know that each A¢ is of power
continuum (see Problem 5.21). Now for fixed @ and for § < a < c select
different points P, g € A, by transfinite recursion in such a manner that the
P, s are different from all P,/ g with /' < o/ < c. Since the number of points
Py g with 8/ < o/ < ais at most |a|? < ¢, such a selection is possible. It is
clear that if for 8 < ¢ we set Hg = {Pa,3}s<a<c, then each Hp is of cardinal-
ity continuum and each Hp intersects every A¢. To get a decomposition of R
just add the points outside Ug<cHpg to, say, Hp.
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11. The sets in the decomposition R = Ug<cHg in the preceding solution
are nonmeasurable. In fact, a measurable set of positive measure includes a
compact set K of positive measure. Now by Problem 5.20 we have K = AUB,
where A is perfect and B is countable. Thus, A must have positive measure,
and this shows that a measurable set of positive measure includes a nonempty
perfect set. The nonmeasurability of Hg follows, since neither Hg nor its
complement includes a nonempty perfect set.

12. A set of the first category is included in the countable union of closed sets
with empty interior. Now a construction similar to the one in the solution of
Problem 5.21 shows that if Fy, F, ... are closed sets with empty interior, then

R\ ( inFi) includes a nonempty perfect set. In fact, all we have to make sure

is that when selecting the nth-level intervals (in the notation of the solution
of Problem 5.21 the sets E;, ;. ) we select them from the complement R\ F,,
of F,,. Thus, the complement of a set of first category includes a nonempty
perfect set. Therefore, the sets Hg from the solution of Problem 10 must be
of second category.

13. First of all we note that if a set on the plane intersects every compact
set of positive (planar) measure, then it cannot be of measure zero. In fact,
in a set of positive measure (in particular in the complement of a set of zero
measure) there is a compact set of positive measure.

Next we note that a compact set of positive (planar) measure cannot be
covered by less than continuum many lines. In fact, let L = {¢} be a set of
less than continuum many lines, and let us choose a line 1 that is not parallel
with any line in L. If K is a compact set of positive measure, then, by Fubini’s
theorem, there is a line lg parallel with 1 that intersects K in a set of positive
measure, and hence in a set of power continuum (cf. the solution of Problem
11). But since each ¢ € L intersects lg in at most one point, the set K Nl is
not covered by the lines in L.

After these let K¢, £ < ¢ be an enumeration of the compact sets of positive
measure on R? into a transfinite sequence of type c. We shall construct by
transfinite recursion increasing sets A¢, £ < c in such a way that each A¢ is of
cardinality at most |{|+ 1, each A, intersects every line in at most two points
and A¢ N K¢ # (0. Then clearly A = Ugc A will be a set that has at most two
points on every line and that intersects every K¢, hence it is not of measure
Zero.

Let Ag be a one-point set containing a point from K, and suppose that all
A, are already known with the above property for all @ < £ < c. Then the set
Ua<eAq is of cardinality at most |€], hence if L is the set of lines determined
by the points in Uy<gAq, then L is of cardinality smaller than continuum.
Therefore, according to what we have said before, L cannot cover the set K¢,
so there is a point P: € K¢ that is not on any of the lines in L. But then the
set A¢ = (Ua<cgAa) U{P:} intersects K¢ and has at most two points on every
line, and this completes the construction.
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14. Let H be the collection of those subsets of R? that are a countable union
of closed sets without interior points. Every set of first category is included
in a set in H, and H is of cardinality continuum (see Problems 4.6 and 4.7).
Thus, if a set intersects the complement of every set in H then it is not of the
first category.

We can copy the preceding proof provided we can show that the comple-
ment of any H € H cannot be covered by less than continuum many lines,
and this follows exactly as before if we can show that with any line 1 there
is a parallel line 1o that intersects the complement of H in continuum many
points. Let H = U2 o F},, where each F), is a closed set with empty interior.
Without loss of generality, we may assume that 1 is horizontal, and for each
interval I with rational endpoints let Y7 ,, be the set of those y € R for which
I'x{y} C F,. Since F,, is closed, we can infer that Y7 ,, must be nowhere dense
(for otherwise F,, would include a rectangle I x J); therefore, Y = Uy , Y7, is
of the first category. Thus, there is a horizontal line lg such that its intersec-
tion with every Fj, is a closed set that does not include a segment. But then
lp \ U2, F), includes a nonempty perfect set (cf. the solution of Problem 12),
hence it is of power continuum.

15. Let x¢, £ < ¢ be an enumeration of the real numbers. By transfinite
recursion we define increasing sets A,, @ < c¢ in such a way that |A,| <
2(Ja| +1) and every real number can be represented in at most one way in the
form a + b, a,b € A,, and x,, has such a representation. Then clearly the set
A = Up<cAq will satisfy the requirements. Let Ag = {a, b} where a + b = xy,
and suppose that the sets Ag, f < a < c have already been defined and satisfy
the above properties. Then Ug.,Ag is of cardinality smaller than continuum,
hence the set of numbers of the form a + b — ¢, (a +0)/2, (2o + a — ¢)/2,
(a +x4)/3, (2xq —¢)/3 with a,b,c € Ug<oAp is also of cardinality smaller
than continuum. Therefore, there is a real number y, such that neither y,,
nor T, — Yo is of the aforementioned form. Now if z, can be represented
as a + b with a,b € Ug<qAg, then let A, = Ug<nAg, and otherwise let
Ay = (Ug<calp) U {yasTa — Yo} Since each Az had cardinality at most
2(|8| +1) and these sets are increasing, A, has cardinality at most 2(|a|+ 1).
Furthermore, it is impossible to have two different representations a + b and
c¢+d with a,b,c,d € A, for any number z. In fact, since Ug<oAg possessed
this property, we may have a +b = ¢+ d only if at least one of these numbers,
say d, IS Yo Or T — Yo But then by the choice of y, either a or b also has to
be yq, resp. To — Yo, i-€., the two representations are the same. In fact, the
excluded numbers were exactly those for which we would have two different
representations; e.g., Yy, = a + b — ¢ was excluded to avoid a + b = ¢ + y,, or
(2x4 — ¢)/3 was excluded to avold (zq — Ya) + (o — Ya) = €+ Ya, €tc.

16. First of all we mention that if A N (a,z) has the same cardinality, say
Kk > R, for all € (a,b), then there is a 1-to-1 map ¢ : (a, 0] N A — (a,b] N A
such that g(x) < z for all z € (a,b] N A. In fact, enumerate the elements of



Solutions Chapter 12 : Transfinite enumeration 291

(a,b]N A into a transfinite sequence z,, @ < k. Then it is easy to define g(z4)
by transfinite recursion in such a way that g(z) < zo and g(z,) # g(zg) for
8 < a.

Now for © € A let k(z) = {y € A : y < z}|. This is a mapping from
A with cardinal values such that x(z1) < k(z2) implies 1 < x2, hence by
Problem 6.37 its range is countable. Let Y be the subset of the range that
consists of infinite cardinals. For k € Y let A, = {x € A : k(z) = x}. This
set is of the form INA with an interval I (I can be closed, open, or semi-open).
It is clear that if I has endpoints ay, by, then (a,,x) N A has cardinality x for
all z € (ax,bs), hence there is a 1-to-1 mapping g, from (a.,b;] N A, into
itself that maps every element into a smaller one. Now let A’ be the one-point
set consisting of the smallest element of A if A has a smallest element, and
otherwise let A’ be a countable subset of A that is coinitial with A. Let f
agree with g, on each (ay,bs] N A, and all other elements of A be mapped
by f into A’ in such a way that f(xz) < z for all =, except perhaps for the
smallest element of A. Since A\ Uﬁey((am be] N AH) consists of the smallest
elements of A, (if there are such) and of those elements = of A for which
{y € A : y < x} is finite, this set is countable, and hence the claim follows
with this f.

17. Let z,, a < ¢, be an enumeration of the reals. If f is a real function,
then define by transfinite recursion two functions g,k in such a way that
9(za)+h(zs) = f(zs) for all @, and the values g(z,) resp. h(z,) are different
from every g(zg) resp. h(zg), 8 < a. Then g, h will be 1-to-1 functions and
f =g+ h. [A. Lindenbaum, Ann. Soc. Pol. Math., 15(1936), 185]

18. There are continuum many monotone real functions (Problem 4.14, d)),
therefore we can enumerate them into a transfinite sequence f¢, & < c. Let
us also enumerate the reals into a transfinite sequence z¢, £ < ¢, and by
transfinite recursion define the real function f in such a way that f(z¢) is
different from every fo(z¢) with o < & Then f agrees with any f, only on a
set of cardinality smaller then continuum, hence it can be monotone only on
a set of cardinality smaller than continuum, for any function that is defined
and monotone on a subset of the reals can be extended to a monotone real
function (see the solution to Problem 6.18).

19. There are continuum many triplets (I, f, y) consisting of a nondegenerate
interval I C R, a continuous real function f, and a real number y (cf. Problems
4.11 and 4.12), hence we can enumerate them into a transfinite sequence
(Ie, fe,ye), & < c. Now define by transfinite recursion a sequence z¢, ¢ < c,
in such a way that the x¢’s are different, and z¢ € I.. Now set F(z¢) =
ye — fe(xe), € < ¢, and define F' arbitrarily for other values. Clearly, if f is a
real continuous function, I C R is an interval and y € R is a number, then
there is an € I with (F + f)(z) = y, namely z = z¢ for the index £ for

which (I, f,y) = (I, fe, ye)-
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20. Consider the pairs of real sequences ({z,}2%g, {yn}5%y) where the num-
bers x,, are different and the numbers y,, are arbitrary. Their number is con-
tinuum (see Problems 4.3 and 4.12), therefore we can enumerate them into a
transfinite sequence ({z5}5%,{y5}52,), £ < c. By transfinite recursion we
define increasing sets X¢ C R of cardinality at most [£|+ X, and real numbers
z¢ in the following way: let Xo = {22}°° (. 29 = 0 and if X,, z,, n < &
have already been defined, then let z¢ be a real number for which z¢ + 25,
n =0,1,... all lie outside the set U, X,,, and set

Xe ={ze + xi}i’f:o U (Un<eXy) .

It is clear that the property | X¢| < [£| + ¢ is preserved, hence the induction
can be carried out and the numbers ¢ + 25, € < c, n € N are all different.
Now all we have to do is to define f(z¢ + 25) = y5 for all £ and n, and set
f(xz) = 0 otherwise. The definition of the numbers z¢ guarantee that f is
uniquely defined, and if {z,}5%,, {yn}S2, are arbitrary with x,, # x,, for
n # m, then there is an x with f(z +z,) = y,, namely = = z, is appropriate
where ¢ is the index for which ({28152, {v5}520) = ({@n}oZo, {Un}ilo)-
21. The sets X1, Xo,...,X¢,... £ < w; are closed and form a nonincreasing
transfinite sequence, hence by Problem 6.38 there must be a 0 < § < w; with
Xop11 = Xp. But then Xpo0 = X(J)L_s_1 = XGL = Xp4+1 = Xp, and in a similar
fashion we obtain by transfinite induction Xy, = Xy for all a. It is also
clear that Xy is either empty or perfect, for it is closed and coincides with
the set of its limit points. Since X411 \ X consists of the isolated points
of Xz, it is a discrete set, hence it is countable (Problem 5.3). Furthermore,
X\ Xy CUgcp(Xp\ Xps1). In fact, if v € X \ Xy, and « is the smallest index
with z € X, then by the definition of the set X, the ordinal o < 6 is not a
limit ordinal, i.e., « = 3+ 1, and then z € Xg \ Xg41. All these prove that
X \ Xpy is countable. [G. Cantor]

22. If X C R" is closed, then all the sets X, in the preceding problem are
included in X, in particular Xy C X. Now the claim follows from the repre-
sentation X = Xy U (X \ Xp).

23. It is clear that the H,’s form an increasing family.

Let S be the o-algebra generated by H. Then each H, is included in
S, hence it is enough to show that H,, is a o-algebra, i.e., it is closed for
countable union and complementation. If A € H,,,, then A € H, for some
a < wi, and then its complement X \ A is contained in Hoy1 € Hey,. In a
similar manner, if 4, € H,, for i = 0,1,..., say A; € H,,, a; < wp, and
o = sup, o, then o < wy and U;A; € Hy1 C H,,, - These prove that H,, is
indeed a o-algebra.

24. Let H be a family of sets of cardinality at most continuum. Consider
the families H,, from the preceding solution. Since a set of power continuum
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includes at most continuum many countable subsets (Problem 4.6) and since
the union of continuum many sets of cardinality at most continuum is of
cardinality at most continuum, we obtain by transfinite induction that each
Ha, a < wy, is of cardinality at most continuum. For @ = w; this is the
statement of the problem.

25. Let H be the set of open subsets of R™, and consider the following hierarchy
Hea, a < wi:let Hg = H and for every ordinal 0 < o < wi let H,, be the family
of sets that can be obtained as a countable intersection or a countable disjoint
union of sets in Ug<oHg. Exactly as in Problem 23 one can easily show that
H = Un<w, Ho is the smallest family of sets containing the open sets and closed
under countable intersection and countable disjoint union. All we have to show
is that H is closed under taking complement with respect to R”, for then it
is closed under countable union (recall that U;A; = R™\ (N;(R™\ 4;))).

We prove by transfinite induction that if A € H,, then (R™\ A) € H, and
this will complete the proof. For o« = 0 this is clear, for the complement of an
A € Hy is a closed set, and it can be represented as a countable intersection of
open sets. Suppose now that we know this property for all 8 < . Let A € H,,.
If A is obtained from A; € Ug<oHg, j =0,1,... by disjoint union, then

R"\A=(R"\4;) eH

J

by the induction hypothesis. If, however, A is obtained from A; € Ug<aHpg,
7 =0,1,... by intersection, then

RM\A = [ J®R"\4)) = (R"\AO)U(AOQ(R”\Al))U(AoﬂAm(R"\Ag))u -

and here on the right-hand side we have a disjoint union. Therefore, we get
from the induction hypothesis that (R™\ A) € H, and the proof is over.
For an alternative proof see the solution to Problem 1.13.

26. It is clear that the B,’s form an increasing family of functions, and that if
B is the smallest set of functions that is closed for pointwise limits and that
includes C0, 1], then B, C B for all . Thus, it is enough to show that B,,
is closed for pointwise limit. Let f; € B, for i = 0,1,..., and let f be the
pointwise limit of the functions f;. We have, say, f; € B,,, a; < wi. But then,
if & = sup; o, then o <wy and f € By41 C By, and this proves that 5, is
closed for pointwise limit.

27. Let F be the set of all the operations in the algebra (A, ---), and let B C A
be a subset of cardinality at most £ > Xg. Then the set of finite subsets of B is
again of cardinality at most k, hence if B* is the set that we obtain by adding
to B all elements of the form ¢(by,...,b,) with b; € B and g € F, then
B* is of cardinality at most x - p < max(k, p,Ng). Now starting from By = B
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construct the sets By, as By1 = (Bg)*, k =0,1,2,..., and let By = U2, By.
As we have just mentioned, each By, is of cardinality at most max(k, p, Ng),
hence By is of cardinality at most max(k, p,Ro) - Rg = max(k, p,Rg). It is
clear that each By is contained in the subalgebra generated by B, hence the
same is true of By, and what is left to prove is that B, is a subalgebra, since
then it must be the subalgebra generated by B. Let g € F be an operation
of arity m, and let by, ...,by,, € By be arbitrary elements. Then b; € By, for
some k; € N, hence with k¥ = max; k; we have b; € By for allt =1,...,m,
and then g(b1,...,b,) € Biry1 C Boo, verifying that By is closed for all the
operations.

28. First of all we note that if F is any field of cardinality at most kK > N
and p(z) = an - 2™ + -+ + a1 - & + ag is any polynomial with coefficients in
F, then there is a field F C F; of cardinality at most x such that p has
a zero in Fi. This is well known, but a sketch of the construction runs as
follows. We may assume that p is irreducible over F (if not, just work with
an irreducible factor of it). Let £ be a symbol, and consider the set F; of
all formal expressions by 4+ by - € 4+ -+ + b1 - E"71, b; € F, with termwise
addition and multiplications except that in multiplication we simplify with
ap &+ a1 - &+ ap = 0. It is easy to see that with these operations Fj is
a field. For example, the existence of the multiplicative inverse of an element
bo+by-E+ -+ b,y - "1 with not all b; = 0 runs as follows. Since p(x) is
irreducible, p(x) and by +by -z +- - -+b,_1-2" "1 have only constant (elements
of F) common divisors. Hence by carrying out the Euclidean algorithm, we
get that there are polynomials r(z) and s(x) such that

T(Zl')p(l') + 5($)(b0 +bi-z+- -+ by .a:nfl) -1
Substituting here x = £ we obtain
r(&)(bo+b1 &+ +bp_1- gnfl) —1,

i.e., 7(£) is the multiplicative inverse of by + by - & + -+ +b,_1 - "L It is also
clear that F can be considered to be part of F;, and that F; has cardinality
at most k.

The set of polynomials with coefficients in F is of cardinality at most  (see
Problem 10.4(a)), and let us enumerate them into a sequence p¢, £ < £ (with
possible repetition). Starting from Fy = F we recursively define increasing
fields F¢, & < K, where F¢ is a field of cardinality at most s that is an
extension of the field Uy<¢F, in such a way that p¢ has a zero in F,. Based
on what we have said in the beginning of this solution, this F¢ can be easily
defined by transfinite recursion for all £ < k, and it has cardinality at most
k. Now let i = Uz Fe. Then Ff is a field of cardinality at most s, and
every polynomial with coefficients in F has a zero in F;. Now repeat the same
process starting from F; rather than F, to obtain a field ;" C F5 such that
every polynomial with coefficients in 7} has a zero in F3. In a similar manner
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we get fields F7 C Fp,, for all k = 1,2,... such that every polynomial with
coefficients in F} has a zero in F}, . Now it is clear that if F* = UpZ Fy,
then F* is a field of cardinality at most x« that includes F. Furthermore it
is algebraically closed. In fact, every polynomial with coefficients in F* has
coefficients in JF for some k € N, and so it has a zero in Fj ; C F*.

29. Let (A, <) be an infinite ordered set, k = |A|, and let "= "{0, 1} be the
set of transfinite 0—1 sequences of type x with lexicographic ordering <*. Let
A = {a¢}e<x be an enumeration of the elements of A in type x. By transfinite
recursion we define a monotone mapping F' from A into T.

Actually we shall show more, namely let T be the set of those elements
f of T that contain a largest 1, i.e., for which there is a v < k such that
fv)=1Dbut f(&) =0 for all v < £ < k. We are going to construct F so that
it maps A monotonically into 7.

First we consider the case when & is regular. Before the actual construction
we establish a few facts about T™ for regular .

a) If B C T™* is of cardinality smaller than x, then there is an h € T* that
is smaller than any element of B. In fact, let us select v < k in such a way
that f(§) = 0 for all f € B and £ > v, and set h(v) = 1 and h(¢) = 0 for
& # v. This h is clearly smaller than any element of B.

b) If B C T* is of cardinality smaller than «, then there is an h € T™* that
is bigger than any element of B. In fact, again let v < & be such that f(£) =0
for all f € Band £ > v, and let h(§) =1 for £ < v and h(§) =0 for £ < v.
This h is bigger than any element of B.

¢) If B,C C T* are of cardinality smaller than x such that every element
of B is smaller than any element of C, then there is an h* € T™* that is bigger
than any element of B and smaller than any element of C. First we construct
a function h € T'. We define h(a), o < &, by transfinite recursion. Let h(0) = 1
if there is an f € B with f(0) = 1, and otherwise let h(0) = 0. Suppose now
that a < k and h(Q) is already defined for all 8 < . Then let h(a) = 1 if there
is an f € B such that f| = h|, and f(a) = 1, and otherwise let h(a) = 0.
By transfinite induction we prove that for all f € B and « < x the inequality
f ‘ o =<* h‘ o holds, where <* denotes again lexicographic ordering (ordering
with respect to first difference). This is clear for o = 0, and if it is true that
f‘ﬁ =* h‘ﬁ for all B < a and « is a limit ordinal, then clearly f‘a =* h‘a‘ If,

however, a = 8 + 1, then h‘a <* f‘a together with f‘ﬂ =* h‘ﬂ would imply
f‘ﬁ = h‘ﬁ and h(B) = 0, f(B) = 1, but this contradicts the choice of h(3).
Thus, f‘a =* h‘a in all cases. In a similar manner, by transfinite induction
we verify that h‘a =<* g‘a for all @ < k and g € C. This is clear for a = 0,
and if it is true that h‘ﬂ =<* g‘ﬁ for all # < a and « is a limit ordinal, then
clearly h‘a =<* g‘a. If, however, a = 3 + 1, then g‘a <* h‘a together with
h‘b’ <* g‘ﬁ implies that h‘ﬁ = g‘ﬁ and g(8) = 0, h(8) = 1. This latter one
means that there is an f € B such that f‘ﬂ = h‘ﬂ and f(8) = 1. But this is
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impossible, for then we would have g <* f, contradicting the assumption on
the sets B and C. Thus, h|, =" g|, in all cases.

What we have verified so far implies that f <* h <* ¢ for all f € B and
g € C. Next note that h = g is impossible for g € C. In fact, in the opposite
case if v is such that g(v) = 1 but g(¢) = 0 for £ > v, then h(v) = 1 would
imply an f € B with f|,, = k|, and f(v) = 1, but then we would have g =* f
contradicting the assumption on the sets B and C. Thus, h <* g for all g € C.
Now let v < k be an ordinal such that f(§) = 0 and ¢g(§) = 0 for all £ > v
and f € B, g € C. Then clearly h(§) = 0 for & > v; therefore, if we set
h*(&) = h(€) if € # v and h*(v) = 1, then this h* will be strictly bigger than
any element in B and smaller than any element in C.

After these preparations let us return to the construction of the mapping
F for regular k. As in the beginning of the proof, let A = {a¢}e<. be an
enumeration of the different elements of A in type k. We are going to define
F(aq) by transfinite recursion on «. Let F(ag) be any element in 7%, and
suppose that for some o < & all the values F(a¢), £ < a have already been
defined, and F is monotone on its domain. This domain is divided into two
parts by ao: Ho = {as : £ <, as <aq}tand Hi ={as : { <, aq < ac}.
We set B = {F(a¢) : & € Ho} and C = {F(a¢) : & € Hi1}. Then B and
C are subsets of T™* of cardinality smaller than k, and every element of B is
smaller than any element of C. Now let F(a,) = h*, where h* € T* is the
element constructed in part ¢) above for this B and C. If one of the sets, say
B, happens to be empty, then just select an element h € T* as F(a,) that
is smaller than any element of C' (see property a) above), and in a similar
manner if C' = (), then let F(a,) be an element of T* that is bigger than any
element of B (see property b)).

This recursion runs through a < k, and this proves the existence of F
for regular k. Note that for regular x we have also shown the following: if
|A] = k and A" C A is of cardinality smaller than x, and G : A” - T* is a
monotone mapping, then this can be extended to a monotone mapping of A
into T*. Now let x be singular, and let kg < kK1 < -+ < K-+ < K, a < cf (k)
be infinite cardinals with sum equal to k. By considering k! instead of r, if
necessary, we may assume that each k, is a regular cardinal, and by similar
method one can achieve that for each o we have ko > > 5, rg. Also let
A = Uqcef (r)Aa be an appropriate representation of A as a disjoint union
of some sets A, of cardinality k.. We shall define by transfinite recursion
on a a monotone mapping F, from Ug<,A, into T, where T} is the set of
those elements of f € T* for which f(§) = 0 for all £ > K, (note that T is
isomorphic with T* constructed for the cardinal k). We shall define F, in
such a way, that for § < a the mapping F,, is an extension of Fj. In fact,
the mapping Fj has just been constructed above. Suppose we know Fj for all
B < a. If « is a limit ordinal, then the mappings Fz, 3 < «, have a common
extension G, defined on Ug<,Ag: just set Go(§) = F3(§) for £ € Ag, 8 < o
Now | Ug<a Ag| = >3-4k < Ka, hence, as we have seen above, this G,
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can be extended to a monotone mapping of Ug<qAs = (Ug<adpg) U A, into
T}. If, however, « is a successor ordinal, & = 3 + 1, then again, the mapping
Fg:Uy<gAy — T'5 can be extended to a monotone mapping £y, from Uy<ady
to T7.

Finally, we set F(§) = F, (&) if £ € A,. This is clearly a monotone mapping
from (A, <) into T™*.

30. Let (A, <) be an ordered set, and let {x¢}¢<, be an enumeration of the
elements of A. Since every ordered set is a subset of a densely ordered set
(Problem 6.65), without loss of generality we may assume (A, <) to be densely
ordered. Let (Ag, <¢) be an ordered set of type we, and let (B, <) be the
ordered union of the ordered sets (Ae, <¢), £ < K, with respect to (4, <), i.e.,
the element z¢ in (A, <) is replaced by A¢ with the order <¢ on it, and these
well-ordered sets (A¢, <¢) follow each other exactly as the elements z¢ follow
one another in (A, <). It is clear that (A4, <) can be considered as part of
(B, <) (in (B, <) the smallest elements of the sets A¢ form a subset similar
to (A, <)). It is also clear that for each £ < k there is a unique maximal
well-ordered subinterval of (B, <) with order type we, namely A¢ (use that
(A, <) is densely ordered).

We claim that no two different initial segments of (B, <) are similar. In
fact, let S7 and Sy be two similar initial segments of (B, <), and let f : S} —
So be a similarity mapping. The initial segment S; has the following structure:
it is the ordered union of two sets Si and S?, where St is the ordered union of
some of the sets (Ag, <¢) with respect to ¢’s lying in an initial segment A; of
(A, <), and S% is an initial segment of one of the sets (Ag,, <¢,). Also, since
(A, <) is densely ordered, there is no end segment of Si that is well ordered.
Thus, S? can be recognized as the (possibly empty) largest end segment of Sy
that is well ordered. Now let Sy = S3 U S2 be the analogous representation
of Ss. Since a similarity mapping maps a well-ordered interval/end segment
into a well-ordered interval/end segment, it follows that f maps S? into S7,
and hence it also maps S into S3. If Ac C Si, ie., £ € Ay, then A¢ is a
maximal interval in S} that is well ordered (recall that (A, <) was assumed
to be densely ordered). Thus, its image is also a maximal interval in S3 of
type we, which is possible only if £ € Ay. The argument can be reversed with
& € Ag, and it follows that the two initial segments A; and As of (A4, <) are
the same. Thus, S} = S5, and then S7 and S3 are similar initial segments of
the well-ordered set (Ag¢,, <g,), which is possible only if they are the same:
S? = S82. Thus, S; = Sa, which means that different initial segments of (B, <)
are nonsimilar.
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Euclidean spaces

1. Let f : R — R™ be a continuous mapping from R onto R". Based on
Problems 5.35 and 5.36 it is easy to see that there is such a mapping. Now
the family of sets {f~![U] : U € U} is a family of open subsets of R that is
well ordered with respect to inclusion. Thus, the claim follows from Problem
6.38.

2. In the proof we need the following simple fact: for different ¢1,...,¢ty; > 0
and different a7, ..., @y a determinant of the form [t %:1 is nonzero. One
can prove this by induction, the case M = 1 being trivial. Now suppose
that the claim is true for M — 1. Replace t); by a free variable ¢. Then
the determinant becomes a generalized polynomial S(t) = Zgl a;t* , which,
by the induction hypothesis, has nonzero coefficients. This S(¢) vanishes for
t = t1,...,tp—1, and so it is sufficient to show that a nontrivial S of the
above form cannot have M positive zeros. This is proved again by induction
on M. If S had M positive zeros, then so would S(t)/t*™ = Zf\il a;t T OM

and hence by Rolle’s theorem its derivative

M-1
Sl(t) = Z ai(ai — OéM)tai_aM_l

i=1

would have M — 1 positive zeros. This S; is of the same form as S just M is
replaced by M — 1, so we can apply induction to conclude that S can have
only at most M — 1 zeros, by which we have proved the claim.

After this let us choose rationally independent positive real numbers
a1,Qs9,...,0,, and consider the set

B={(t,... ,t) : te0,1]}

We claim that every algebraic variety A intersects B in at most finitely many
points. In fact, let
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N
_ E i1 i
P(xl,...,xn)— iy, in L] ...xnn

i1 yeeeyin =0
be a nontrivial polynomial with zero set A. For t € [0, 1] we have

N
p(tozl7 o ’tan) —_ E ail,...,inti1a1+mﬂ"a"7

and since the numbers «; are rationally independent, all the exponents on the
right are different. Thus, if there are (N +1)" different points ¢y, ..., t(y41)n €
[0,1] that lie in A, then at these points we have

ST g T 0, j =12, (N 1)

But, according to what we proved above, the determinant of this (N 4 1)™ x
(N +1)" linear system of equations is nonzero, which implies that all a;, .,
are zero, i.e., the polynomial P is identically zero. This contradiction proves
that BN A can have at most (N + 1)™ — 1 points.

Now it is clear that R™ cannot be covered by less than continuum many
algebraic varieties, for less than continuum many algebraic varieties can cover
less than continuum many points of the set B, and B is of power continuum.

3. Consider the set H of all subsets A of R? which have the property that if
we connect the different points of A by a segment then all these segments are
disjoint. It is easy to see that if F is a subset of H ordered with respect to
inclusion, then the union of the sets in F also belong to H. Thus, by Zorn’s
lemma (see Chapter 14) there is a maximal (with respect to inclusion) set A
in H. All we have to show is that A is of cardinality continuum.

Suppose that to the contrary that A is of cardinality less than continuum.
If we consider all three points of A and the planes that they span, then we get
less than continuum many planes (more precisely, |A|> = |A| many planes).
By Problem 2 the space R3 cannot be covered by less than continuum many
planes. Thus, there is a point P in R3 that does not lie on any plane spanned
by any three points of A. But then it is easy to see that P can be added to
A, because the lines through P and through points of A do not intersect lines
that connect two other points of A. This contradicts the maximality of A, and
this contradiction verifies the claim.

There are also easy constructions for the set in question. For example
A = {(t,t%,t3) : t € [0,1]} is appropriate, for no plane intersects A in
more than 3 points. [W. Sierpiniski, Cardinal and Ordinal Numbers, Polish
Sci. Publ., Warszawa, 1965, IV.7/6]

4. Let H be an uncountable set in R™, and first suppose that each sphere in
R" contains only countably many points from H. We select points Py, £ < wy
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by transfinite induction in such a way that all the distances between them
are different. Suppose P, £ < 7, have already been selected for some 7 < w;.
Let D,, be the set of all distances between the points in the set {P¢}¢<,, and
let S,, be the union of all the spheres with center at some Pe, £ < n and
with radius d € D,,. Then S, is the union of countably many spheres, so our
assumption implies that in S, there are only countably many points from the
set H, hence we can select a point &, € H \ S,. This procedure can be carried
out for all n < wy, and it is clear that all the distances between the selected
points are different.

Now suppose that there is a sphere .S such that SN H is uncountable. Then
work on S with the set SN H instead of H in the same fashion as we have done
above. It is still possible that for this set there is a sphere S’ different from
S such that on S’ the set S N H has uncountably many points, but then on
the lower-dimensional sphere S NS’ the set H has uncountably many points,
Thus, if we choose a sphere S with the smallest possible dimension on which
H has uncountably points, then the previous procedure can be carried out on
S with the set SN H instead of H.

5. Let M be the set of all finite 0—1 sequences, and let f : M — N be a 1-to-1
and onto mapping; furthermore, let b; = (0,...,0,1,0,...) be the element of
{5 which has zero coordinates except for the jth coordinate, which is 1. With
an = 1/3/2-27" for an infinite 0-1 sequence € = (€1, €a, .. .) define the element
he € £y as

he = Z anDf((er,e2,e0))-
n=1

This way we define continuum many elements of /5, and we claim that if
€ = (e}, €, ...) is another 0-1 sequence, then the distance between h, and h.
is rational. In fact, if m is the smallest index with €, # €/, then the distance
between h. and h¢ is

1/2

[e's) 1/2 [e'e)
(Z 2ai> = (Z 222271) s

6. This is an immediate consequence of the separability of /5, i.e., that there
is a countable dense set (e.g., the set of those elements that have rational
coefficients of which only finitely many are nonzero). In fact, if all the distances
between points of a set H are the same, say p, then the balls about points of
H of radius p/3 are disjoint, and each such ball contains at least one point
from our countable dense subset.

7. Assume that fo = Ay U A; U--- is a decomposition. Let {bs : s} be an
orthonormal basis where we index with all finite strings of natural numbers.
If f:w — w is an infinite sequence of natural numbers we let
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<1
ap =3 o b,
n=0

where f|n denotes the string of the first n elements of f. It is easy to see that
if f, g are infinite sequences of natural numbers, then the square distance
between a; and a, is 2(4™" + 47+ 4 ...y = 2/(3.4771), where f and g
first differ at the nth place.

We are done if we can find some 7 < w and some finite string s such that
for every extension s’ = sk (k =0,1,...) of s there is some f; : w — w such
that fx|(n+ 1) = sk and ay, € A;. Indeed, then these ay,’s will all have the
same distance from one another. Assume therefore that on the contrary, this
latter statement fails. Then the choice ¢ = 0, s = ) is not good, i.e., there is
some ko such that ay ¢ Ay for any f with f(0) = k. Next, the choice ¢ = 1,
s = ko is not good either, hence there is some k; such that ay ¢ A, for any f
with f(0)f(1) = kok1. Continuing this way, we get a sequence ko, k1, - - - such
that if f(¢) = k;, ¢ = 0,1,..., then ay is not in any of the sets A;, which is a
contradiction, and this contradiction proves the claim.

8. There is a family H of cardinality continuum of subsets of N such that
the intersection of any two members of H is infinite, but the intersection of
any three members is finite (see Problem 4.35). For H € H consider the point
by = (£1,£1/2,4£1/4,...) € {2, where the nth coordinate in by is 1/2" if
n € H, and otherwise it is —1/2™. If by and bk are two such points, then in
by — bg the nth coordinate is 0, £2/2", and it can be 2/2™ only if the nth
coordinate in by is —1/2", and it can be —2/2™ only if the nth coordinate
in by is 1/2". Tt follows that if by, bk, bg are three different points of the
above type, then it is not possible to have simultaneously 2/2" for the nth
coordinate in by — by and at the same time to have —2/2" for the nth
coordinate in bg — b . But this means that the inner product of by — bg
and bg — b is nonnegative. It is actually positive, since H NS is infinite but
H N SNK is finite, so there is an n € (H N S) \ K, and for this n the nth
coordinate both in by — by and bg — by is 2/2™.

Thus, the inner product (by — by, bs —bg) of by — by and of bg — by
is positive, which means that the angle at bx in the triangle (by, bk, bg) is
acute (recall that if ¢ is this angle, then

cosp = (by —bk,bs —bk)/||bu — bx||[|[bs — bx||).

9. We show that there is a well ordering < of R? such that for every point
x € R? the set

{y <z:d(y,x) € Q}
is finite. (Here d(z,y) is the Euclidean distance.) This suffices, as then we

can color R? by a simple transfinite recursion along < with countably many
colors, since at every point x we can extend the previously defined coloring on
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{y : y < x} to the point z by omitting that finitely many colors that appear
at rational distances from .

In order to prove the existence of < we show that for every X C R? there
is such a well-ordering, and this we do by transfinite induction on x = |X|.

For k < w any well order into type < w will do, and now assume that x > w
and that the claim has already been verified for sets of cardinality smaller than
k. Call aset S C R? ‘closed’ if #1, 22 € S and d(z1,y) € Q,d(x2,y) € Q imply
y € S. If S is any subset of R?, its ‘closure’ is U2, S;, where Sp = S, and each
S; is obtained from S;_; by adding all points that are of rational distance
from some two points of S;_1. As for any pair (z1,22) of points the set

{y e R*:d(z1,9) € Q, d(z2,y) € Q}

is countable, it follows from Problem 10.4 that each S; is of cardinality
max(]S|,Np), and hence the cardinality of the ‘closure’ of S is also at most
max(]S], Rg).

Now we can decompose X as the union X = U,<,X, of increasing sets
X4, a < K, of cardinality less than s such that each X, is ‘closed’ and for
limit ordinal o we have X, = Ug<oXg. This is easily achieved by transfinite
induction from any enumeration of X into a transfinite sequence of type
if we apply the ‘closure’ procedure and for limit ordinals o we set X, =
Ug<aX 3 (note that the union of increasing ‘closed’ sets is again ‘closed’). By
the inductive hypothesis, each X,y1 \ X, possesses a well-ordering <, as
needed. We can now define < on X as follows: let x < y if either x € X,,
y ¢ X, for some a < k or if 2,y € Xq41 — X, and © <, y for some a < k.
This is a well-ordering (in fact, (X, <) is the ordered union of well-ordered
sets with respect to « < k). Furthermore if € X, \ X4, then, since X, is
‘closed’, there is at most one point y € X, of rational distance from x, and,
by the choice of <, there are only finitely many points y € Xo41\ Xa, y <
of rational distance from .

10. Similarly as in the preceding solution, we show that there is a well-ordering
< of R such that for every x € R" the value

5(a) = nf{d(y,) : y < 2, d(y,x) € Q} (13.1)

is positive. This done, we can color the points as follows. The color of z € R"
be an ordered pair (¢, q) where 0 < € < §(z) is a rational number and q € Q™
is a rational point with d(x, q) < €/2. This is indeed a good coloring. In fact, if
d(zx,y) is rational and x and y would have the same color (e, q), then we would
have d(z,q), d(y,q) < €/2, and (say) x < y, which give d(z,y) < € < d(y),
which is a contradiction.

We prove the existence of the well-ordering < for every X C R"™ by trans-
finite induction on k = | X|. For k < w any well-ordering into type < w will
do.

Given X of cardinality x = | X| > w we first decompose X into the union
X = Ug<x X of increasing subsets X, a < k of cardinality less then x such
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that for limit o we also have X, = Ug<X3. We shall also need one additional
property.

First of all we mention that if ag,...,aq (d < n) are points in R™ in
general position (which means that there is no (d — 1)-dimensional hyperplane
containing them), H is the d-dimensional hyperplane spanned by these points

and rq, ..., rq are any rational numbers, then there can be at most one x € H
with d(z,a9) = ro,...,d(z,aq) = rq. Indeed, if x,y € H are both good then
y — x is orthogonal to a; —aq, ..., aq — ag, therefore to every vector in H — aqg.

In particular, it is orthogonal to itself, hence x = y. We can therefore require
(see the preceding proof), that each X, is ‘closed’ in the following sense:

if ag,...,aq € Xo (d < n) are points in X, in general position, H is the
d dimensional hyperplane spanned by them and rg,...,rq are any rational
numbers, and if there is an © € H with d(z,a9) = 10, ...,d(x,aq) = rq, then

this « belongs to X,.

By the inductive hypothesis, each X411 \ X, has a well ordering <, as
required. We show that we can take < as follows. If x € X, y ¢ X, for some
a, then set z < y. If, however, z,y € X441 \ X, for some «, then set x < y
if and only if x <, y. This is clearly a well-ordering, and we have to show
that this < satisfies the property that 6(x) from (13.1) is positive for all x,
and this boils down to proving that if ¢ X,, then there cannot be points
in X, in rational distance from x and arbitrarily close to x. Assume to the
contrary, that this is not true, and that a; — =, as i — oo, where a; € X, and
d(a;,z) € Q. We can assume that ag,...,aq is a maximal subsystem of the
points a; in general position. Let H be the hyperplane spanned by ag, ..., aq.
For ¢ > d we have a; € H, and, as a; — x, we get x € H. But then we would
have z € X, by the construction, and the proof is over.

11. Identify the plane with C, and note that x,y,z € C are the nodes of
an equilateral triangle if and only if z = wx + Wy or z = wy + wz, where
w = (1++/3i)/2 and @ = (1 —/3i)/2. Thus, our task is to decompose C into
countably many classes in such a way that the equation z = wx + wy has no
solution in any of the classes.

Let Q(v/3) be the set of numbers of the form a4 bv/3 where a,b € Q. This
is easily seen to be a subfield of C, and C is a vector space over Q(v/3). Let
B be a basis of this vector space, and let < be an ordering on B. Then every
nonzero x € C has a unique representation

xr = )‘iobio + 4 )\inbin7 (132)

where the coefficients \;,,...,\;, € Q(v/3) are nonzero numbers and b;, <
-+ < b;, are from the basis B. Notice that there are countably many possible
ordered (\;y,..., N, ), n=1,2,... sequences from Q(+/3), so we can decom-
pose C into countably many classes in such a way that numbers in the same
class have the same ordered coefficient sequence, and let 0 alone form a class.
We show that this decomposition of C is as required.
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Assume that the elements x,y,z of some class, say the one associated
with (Aig, ..., \i,), satisfy z = wz + @y. Although the sequence (A, ..., A, )
is the same for z,y, 2, the associated sequences of basis vectors (b ,...,b7 ),
O ..., 0] ), (b7, ..., bF,), can be different. Let b be the smallest (with respect
to the ordering < on B) of all the occurring basis elements, that is the minimal
element of

{b,, - -,bfn,b?07---7bg",bfo, N

Let the coefficient of b in x, y, and z be respectively «, 3, and ~. Each of a, 3,y
is either 0 or one of the numbers A;,, ..., A;,, and since b is the smallest of the
basis vectors appearing in the representation of x,y, z we can conclude that
of a, 3,7 is either 0 or A;, (recall that the b;,’s in the representation (13.2)
are in increasing order). Also, since the representation (13.2) is unique, we
must have v = wa +wf. But these imply that either o = 8 = v = 0 (which is
impossible) or a = 8 = v = \;,. We have, therefore, by = blyo = b , and this
common term can be cancelled from z,y, and z. We can continue in the same
fashion, and get b7, = b?l = b , etc., finally all the components of z,y, 2 are
equal, that is, x = y = 2. This proves the claim.

12. We call a set C C R? a partial circle if there is a point P, called the center
of that partial “circle”, such that every half-line emanating from P intersects
C in at most one point. It is enough to cover the plane by countably many
partial “circles”.

Since the real line is part of a partial “circle”, it is enough to cover the
complement R? \ R. We shall prove that for any countably infinite set K =
{Py, P,,...} on the real line and for any set H C R? \ R there are partial
“circles” with different centers in K that cover H, and we shall do that by
induction on the cardinality of H. The case |H| < X, being trivial, let us
assume that |H| = k > 8y and that the claim has been verified for all sets of
cardinality smaller than &.

Let us call H ‘closed’ if it contains every point that is the intersection of
two lines determined by one—one points of H and K (i.e., the lines go through
at least one points of H and K). Exactly as in the proof of Problem 9 one
can easily show that H is included in a ‘closed’ set of cardinality k, hence
without loss of generality we may assume H to be ‘closed’. Represent H as
H = Uy« H,, where the sets H, are of cardinality smaller than «, they are
‘closed’ and increasing, and for limit o we have H, = Ug<oHp (see the proof
of Problem 9). We shall define by transfinite recursion on « an allocation of
the points of H, into partial “circles” C; o with center in P; € K in such a way
that we keep previously defined allocations (i.e., C; g C C; o for § < «), and
the partial “circles” C; o, themselves are also defined during the process. There
is nothing to prove if « is a limit ordinal; therefore, suppose that a = v + 1,
and let Hy = Cy ,U---UC; 4 U---, where C; , is a partial “circle” with center
at P; € K. The induction hypothesis gives that the set H.,.; \ H,, which
has cardinality smaller than x, can be covered by “circles” D, Ds, Ds, ...
with center at Py, P3, Ps, ..., and also by “circles” Fs, Fy4, Eg, ... with center
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at Py, Py, Ps,.... Thus, an arbitrary point P € H,1; \ Hy is contained in
a “circle” Daj1 and also in a “circle” Eyj. Let the corresponding half-lines
emanating from P41 resp. from Ps;, and containing P be [; and l. It is not
possible that both {; and [l intersect H,, for then we would have P € H,
because H., is ‘closed’. But if, say, Iy N Hy = @, then P can be added to the
partial “circle” Cy;11,5,1i.e., we can put P € Cy;11,o. This gives the allocation
of the points in H, 11\ H, into the partial circles C;, and the proof is complete.

13. Let P,, o < ¢ be an enumeration of the points of R? into a sequence of
type c. By transfinite recursion we define sets Cy,, o < ¢ where either C,, = ()
or C, is a circle of radius 1 disjoint from every Cj, § < o, and in any case
P, € Upg<aCjp. Clearly, then U,<.C, is an appropriate decomposition of R3.
The induction step is clear: for a@ < ¢ if P, € Ug<oCpg, then set C, = 0,
otherwise select as C, a circle of radius 1 through P, that is disjoint from
Ug<aCp. That this is possible can be seen as follows. The nonempty circles
Cp, B < o lie in less than continuum many planes, therefore there is a plane S
through P, different from all of them. Thus, S intersects every Cg, 8 < a, in

at most 2 points, so SN <U3<a0g> is of cardinality smaller than continuum.
Therefore, there is a circle C of radius 1 that lies in S, goes through P, but
does not go through any of the points belonging to the set SN (U5<QC’5).
Then, clearly, C N Cs =) for all § < «, and so we can select C, = C.

14. The proof is along the same lines as in the previous problem. Let P,,
a < ¢, be an enumeration of the points of R3 into a sequence of type ¢ and
by transfinite recursion we define sets l,, o < ¢, where either I, = 0 or [,
is a line not parallel with any line I3, 8 < «, and in any case P, € Ug<alg.
Again, for a < c if P, € Ug<alg, then set I, = (), otherwise select as [, a line
through P, that is not parallel with any of the lines I3, # < a. This selection
is possible, just select [, so that P, € [, and [, is different from the fewer
than continuum many lines l’ﬁ that go through P, and are parallel with the
corresponding lg’s.

15. The proof below shows that it is indifferent if the intervals in question are
open, closed, or semiclosed, hence without loss of generality we may assume
A =10,1], B = [0,b], b > 1. It is enough to prove that there are a disjoint
decomposition B = U2, B; and a 1-to-1 mapping F' : B — A such that the
restriction F‘Bi of F' to any B; is a translation. In fact, let G : A — B
be the identity mapping. By Problem 3.1 there are disjoint decompositions
A=A"UA"” and B = B’UB" such that F maps B’ onto A’ and G maps A”
onto B”. Let Bl = B;N B', B! = B;NB", A, = F[B]], and A = G7'[B/].
Since F is translation on B; and G is the identity, we obtain that A} is a
translated copy of B] and A} is a translated copy of B}, which, together with
the disjoint representations

A= (uzoa)) J(umoa?). B = (uzeBr) U(uiBY).
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verifies the claim in the problem.

To get the representation B = U2 B; and the 1-to-1 mapping F': B — A,
consider on R the equivalence relation x ~ y <> x —y € Q. Clearly, each
equivalence class intersects the interval [0,1/2]; therefore, we get from the
axiom of choice that there is a set H C [0,1/2] such that H intersects every
equivalence class in exactly one point. Since the sets H + r with different
r € Q are disjoint and every real number belongs to exactly one of these sets,

it follows that
U @+r <o,
reQnlo,1/2]

while
U @+rn200,0]

reQN[—1/2,b]

and this latter shows that

B= ((H+r)ﬂ[0,b])

reQN[—1/2,b]

is a disjoint representation. Now let ¢ : Q N [=1/2,0] — QN [0,1/2] be a
1-to-1 mapping, and define F as F(z) =z + (9(r) —r) if z € (H +r)N[0,b],
r € QN[—1/2,b]. This F is a translation on (H + r) N [0,b], and maps this
set into H + g(r) C [0,1]. Thus, F maps [0,b] into [0,1] and it is left to show
that it is 1-to-1. In fact, g is an injection, hence if F(z) = F(y), then z and
y both belong to the same (H + r) N [0,b], and since F is a translation on
(H +r)N|[0,b], it follows that x = y.



14

Zorn’s lemma

1. Let (P, <) be a partially ordered set satisfying the condition on chains. By
the well-ordering theorem it can be well ordered as P = {p, : @ < ¢} for some
ordinal ¢. We construct a chain L by determining with transfinite recursion
if po € L holds. First, put pg into L. For a > 0, add p,, to L if and only if
Do is greater than any pg selected into L, with 8 < «. This obviously gives
a chain L. By condition, there is an upper bound p, to L. We claim that p,
is a maximal element. Assume not. Then some ps > p,. When we considered
ps, we observed that it was bigger than every pg selected into L with 3 < 6,
so we must have chosen it into L, that is, ps < p, which is a contradiction.

2. Let {A; : i € I} be a system of nonempty sets. Define the partially ordered
set (P, <) as follows. f € P if and only if f is a function with Dom(f) C I and
f(@) € A; holds for every i € Dom(f). Set f < f’ if f’ is a proper extension
of f,i.e., Dom(f’) is a proper superset of Dom(f) and f(i) = f’(i) holds for
every ¢ € Dom(f). Notice that P is nonempty as the empty function is in it.

Let L C P be a chain in (P, <). That is, if f, f’ are two elements of L, then
either f < f’ or f' < f holds. In either case, if f(i), f'(i) are both defined,
then they are equal. With this in mind, we can define a function F' as follows.
Dom(F) = |J{Dom(f) : f € L}, and for an ¢ in this set we let F(i) be the
unique value f(4) assume by all f € L which are defined at i. Clearly, F € P
and f < F holds for every f € L.

We can now apply Zorn’s lemma and get a maximal element F' of (P, <).
We claim that Dom(F') = I (and that finishes the argument). If not, then
there is some ¢ € I\ Dom(F). Pick an element = € A; and extend F to F’
as follows. Dom(F") = Dom(F) U {i} and F'(i) = . Then F’ > F and that
contradicts the maximality of F'.

3. Let A be a set for which we show, with the help of Zorn’s lemma, that it has
a well-ordering. We first define a partially ordered set (P, <). The elements
of P will be the ordered sets of the form (B,<p), where B C A, <p is a
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well order on B. P is a set as it is a subset of P(A4) x P(A x A). Partially
order P the following way: (B1, <p,) < (Ba,<p,) if and only if B; C By and
(Bg,<p,) end-extends (B, <p,), that is, the ordering <p, extends <p, and
for x € By, y € By \ By, we have x <p, y. Let L C P be a chain, we show
that it has an upper bound. Indeed, set C = |J{B: (B,<p) € L}, and for
x,y € C, set x < y if and only if z < y holds for some/all (B, <p) € L with
z,y € B.

We show that (C, <) is a well-ordered set. Pick some z € C (if the set is
empty, it is obviously well ordered). There is some (B, <p) € L with = € B.
As every (B',<p/) € L with (B,<p) < (B’,<p/) end extends (B, <), we
have (Clz, <) = (B|z, <), so every initial segment of (C, <) determined by an
element is well ordered. Hence by Problem 6.36 (C, <) is well ordered.

Next we show that (B,<pg) < (C, <) holds for every (B,<p) € L. For
every (B',<p/) € L with (B,<pg) < (B’,<p/) we have that (B’,<pg/) end
extends (B, <p), so (C, <) end extends (B, <p), as well.

We now apply Zorn’s lemma and get some maximal (B,<p) € P. We
claim that B = A, and so we are done. Assume otherwise, so B # A. Pick an
element a € A\ B. Define (B’, <p/) as follows. B’ = BU{a} and let (B’, <p/)
extend (B, <p) with making a greater than every element of B. Then clearly
(B,<p) < (B',<p), so (B, <p) is not maximal, a contradiction.

4. Assume that (P, <) is a counterexample. By the axiom of choice there are
functions F' and G such that if L C P is a chain, then F(L) is an upper bound
for L and if p € P, then G(p) > p (we use the axiom of choice to choose an
element from the nonempty set of elements bigger than p and similarly for
the chains). Using transfinite recursion, define for every ordinal « the element
Pa € P as follows. Let pg € P be arbitrary. For « limit then {pg : § < a} is
a chain and then let po, = F ({ps : B < a}). Further, let poy1 = G(pa)- It is
easy to see that a > p, is a strictly increasing operation, and so it is defined
for every «. But it is impossible to inject a proper class into a set; see the
argument in Problem 3.

5. From the previous problems.

6. (a) Consider the partially ordered set (P, <) of the disjoint pairs (A, B)
where A, B C R™T, neither A nor B is empty, both are closed under addition
and multiplication by a positive rational number. There are such pairs, for
example, we can take A = QN RT and B = Qv2NR*. Order P as follows.
(A,B) < (A,B’) if and only if A C A’ and B C B’. It is easy to see that the
condition on chains holds, so Zorn’s lemma applies, and there is a maximal
(A, B) € P. We claim that AU B = R". Assume not, say, a ¢ AU B, a > 0.
We cannot extend A by a, so there is a rational number 0 < ¢ € Q and z € A
such that ga + x € B. Similarly, we get a 0 < ¢’ € Q, and a y € B such
that ¢'a + y € A. But then g¢'a + ¢’z € B, and q¢'a + qy € A. As A, B are
closed under addition and multiplication by positive rational numbers we get
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that ¢¢’a + ¢'x + qy is both in A and B, so (A, B) is not an element of P, a
contradiction. [Zsigmond Nagy]

(b) Assume that R is a ring with a unity and Iy is a proper ideal. Consider the
following partially ordered set (P,<). I € P if I is an ideal of R, Iy C I and
1 ¢ I. Clearly, Iy € P, so P is nonempty. We show that the condition on chains
holds. Assume that L = {I, : a € A} is a chain. Then I = |J{I, : a € A} is an
upper bound. Indeed, it is a proper ideal, as 1 ¢ I holds. Let I be a maximal
element of (P, <). Then clearly I is a maximal ideal in R.

(c) Let A be some set, ' C P(A) a filter on A. Then F has the finite inter-
section property (f.i.p.), that is, if Xy,...,X, € F, then X;N---N X, # 0.
Set p € Q if and only if FF C p C P(A) and p has the f.i.p. Partially order
Q by putting p < ¢ if and only if p C ¢. Then clearly, (Q, <) is a nonempty
partially ordered set.

We show the condition on chains. Let L C Q be a nonempty chain. We
show that ¢ = |J L is an element of Q (then obviously it will be an upper bound
for L). Assume that Xi,...,X,, € ¢. Then for appropriate p1,...,p, € L we
have X; € p; (1 <i < n). We can as well assume that p; < --- < p,. Then
Xi,...,X,€ppso X;N---NX, #0, and we are done.

We can, therefore, apply Zorn’s lemma, and get a maximal p € Q. We show
that it is an ultrafilter. First, assume that X € p, X CY C A but Y ¢ p.
Then, p U {Y} has the fip., asif X;,...,X,, €p, then X;N---NX,NY D
XiNn---NX,NX #0, sopU{Y} was a proper extension of p, contradicting
maximality. Next, assume that X, Y € p but X NY ¢ p. Again, pU{X NY}
has the f.i.p., so it was a proper extension of p. Finally, assume that X C A
yet neither X nor A\ X is an element of p. Then, both pU{X} and pU{A\ X'}
fail to have the f.i.p., so there are Y7,...,Y, € p and Z3,...,Z,, € p such
that YiNn---NY,NX=0and Z;N---NZ,, N(A\ X) = 0. But then

yin---nY,nzZin---NZ, =10

and so p fails to have the f.i.p.

(d) Assume that V is a vector space, I a set of linearly independent vectors.
Let P be the partially ordered set of all linearly independent sets Iy C I. We
show the condition on chains. Indeed, if L C P is a chain, then the union of
the elements of L is also a set of linearly independent vectors as any finite
subset is in some I € L, therefore a supposed counterexample to independence
would appear in some I € L. Applying Zorn’s lemma, we get a nonextendable
I € P. Tt is a basis, as should it not generate some xz € V then I U {z} would
extend I.

(e) Let G be a generating system of the vector space V. We cannot work
with the reversely ordered generating subsets of G and seek for a minimal
element (the intersection of decreasing sequence Gy 2 G D - - - of generating
sets may be empty). Instead we let P be the partially ordered set of linearly
independent subsets I C G. We can now repeat the previous argument. If a
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maximal element I € P is not a basis then it does not generate some x € G
(recall that if every element of G is generated then so is the whole space) so
we can extend it to I U {x}.

(f) Let P be the set of those isomorphisms ¢ that map some B; onto some By
where A < By < D; and A < By < D5 and ¢ is the identity on A. Set ¢ < 4 if
and only if ¥ extends . P is nonempty as it contains, for example, the identity
on A. The condition on chains holds: if L is a chain, then |J L (the union of
all elements of L) is an isomorphism extending every element of L. Let ¢ be
a maximal element of (P, <). We show, and that suffices, that ¢ is defined on
D;. Assume not, and a ¢ B; for some element a € D;. Let n > 0 be the least
natural number with na € By. Then b = p(na) € Bs; therefore, there is some
a’ € Do, such that na’ = b. We can extend ¢ to the generated subgroup (B, a)
as follows: ¥ (x + ka) = p(z) + ka’ for x € By, 0 < k < n. We claim that this
is sum preserving, i.e., ¥ ((z + ka) + (y + ¥'a)) = Y (x +ka) +1(y+k'a). This
is immediate if k+ k" < n. However, if k + k' = n+ £ for some 0 < £ < n then
ka+k'a = na+Y£a and this indeed is mapped to b+£fa’ = na’+4a’ = ka' +k'a’.

(g) Assume that (F,0,+,-) is a field. To get some elbow space let S O F be a
set of cardinality greater than that of I if F' is infinite, and of cardinality N
if F is finite. Let P be the set of those fields (K, 0, +,-) where FF C K C S and
(K,0,+, ) is an algebraic extension of (F,0,+, ). Set (K,0,+,-) < (K’,0,+, ")
if (K’,0,+,-) is indeed an extension of (K, 0, +, -). Notice that by the condition
on algebraicity over (F,0,+, ), the inequality |K| < |S| always holds. It is
easy to see that the condition on chain holds (i.e., if {(K;,0,+,) :i € I} are
algebraic extensions of (F,0,+,-) then so is their union). Now let (K,0,+,-)
be a maximal element in (P, <). If it is not algebraically closed, then there is
some irreducible p(x) such that p(z) = 0 is not solvable in K. As | K| < |S| we
can extend K in the usual way to some (K’,0,+, -) in which there is a solution
to p(z) = 0. So this would be a proper algebraic extension of (K,0,+,-), a
contradiction.

(h) Let F be an algebraically closed field. Let P be the set of all subsets X C
F that are algebraically independent, i.e., if a1, ..., a, are distinct elements
of X and p(z1,...,2,) is a nonzero polynomial over the prime field, then
p(ai,...,a,) # 0. Partially order P by making X, < X; if and only if X C
X;. P is nonempty as () € P.

We show that (P, <) satisfies the condition on chains. Let L C P be a
chain. Set Y = |J L. If we show that Y € P, then it will be obvious that Y is

an upper bound for L, and so we have our claim. Indeed, if ay, ...,a, € Y, then
a; € Xq,...,a, € X, for some elements X1, ..., X,, of L, and as L is ordered,
one of them, say X, is the largest among them. So we have a1,...,a, € X,

and therefore they are algebraically independent.

Applying Zorn’s lemma we get a nonextendable B € P. B is a transcen-
dence basis. Indeed, if a ¢ B, then BU{a} cannot be in P, so p(as, ..., an,a) =
0 holds for some nonzero polynomial p(z1,. .., Z,,y) and elements a4, ..., a, €
B. Therefore, a is the root of a nonzero polynomial over B.
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(i) We first argue that it suffices to find a subset P C F which is closed under
addition, multiplication, and division, 0 ¢ P, and for every 0 # a € F either
a € P or —a € P. Indeed, given such a P C F we can define z < y exactly
when y — z € P. Easy arguments show that < gives an ordered field on F.

In order to find such a set P C F, let P be the collection of those sets
Py C P C F for which 0 ¢ P, z,y € P implies x + y,zy,x/y € P, and P is
the set of nonzero elements that can be written as the sum of finitely many
squares. Observe that Py has the above closure properties: addition is trivial,
multiplication follows from the identity (3 a?)(3-b3) = > (asb;)?, and for
x/y we argue that z/y = (zy)/y? so if zy = > a? then z/y = > (a;/y)?. P is,
therefore, nonempty, and if we order it by P < P’ if P C P’, then it obviously
satisfies the condition on chains. We must show that if P is maximal, then
F = PU{0} U (—P). Assume indirectly that a # 0 is such that a ¢ P and
—a ¢ P. We show that —a ¢ P implies that P can be extended with a, and
that, with the maximality of P, implies a € P.

Let P = {x + ya : x,y € P}. We have to show that P’ € P. Indeed, if
0 = z + ya, then —a = z/y € P, a contradiction to our assumption. P’ is
manifestly closed under addition. If « + ya, 2’ + y'a € P/, then (x + ya)(z' +
y'a) = (za’ +yy'a®)+ (2'y+ 2y’ )a € P', and finally for division we argue that
(x +ya)™! = (z +ya)(x +ya)~2 € P'.

(k) Let B be a subgroup of G maximal with respect to the property that
AN B = 0 (the trivial subgroup). Such a B exists by Zorn’s lemma. We claim
that A+ B = G and therefore G is the direct sum of A and B. Assume that this
is not the case, and © ¢ A+ B for some element 2. Then (B, x), the subgroup
generated by BU{x}, properly extends B, therefore by the maximality of the
latter group we have AN (B, x) # 0. That is, for some a € A, a # 0, we have
a = b+ nx with b € B and n a nonzero integer. We found that there is some
element = ¢ A + B such that nz € A + B holds for some positive integer.

Let p be the least positive number that occurs as such an n. Necessarily p
is prime. Let = be such that © ¢ A+ B yet px = a+b for some a € A, b € B.
As A is divisible, there is some a’ € A such that pa’ = a. Then py = b holds for
y = x—a’. Notice that y ¢ A+ B as otherwise we had that x = o’ +y € A+ B.
Once again, AN (B,y) # 0, so a”’ = b" + ky for some 0 #£ o” € A, V' € B.
k is not divisible by p, as otherwise b + ky and therefore a” would be in B,
which is not the case. As p is prime, mk + pf = 1 holds for some integers m, £.
But then y = (mk + pl)y = m(a” — ")+ £-b € A+ B, a contradiction.

(1) Let X be (the edge set of) a connected graph. Consider the partially
ordered set P of circuitless subgraphs Y of X with Yy < Y7 if and only if Yj
is a subgraph of Y7. The condition on chains holds for this partially ordered
set. Indeed, if {Y; : ¢ € I} is a chain, then Y = [ J{Y; : ¢ € I} is in P (every
purported circuit of Y would be in some Y;). Let Y be a maximal element of
(P, <).Y has no circuits. If it is not a spanning tree, then, as X is connected,
there is some edge e such that Y U {e} is still curcuitless, so properly extends
Y, a contradiction.
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(m) Let P be the partially ordered set of partitions of V that are good colorings
(that is, vertices in the same class are not joined). Define P < @ in P if P is
finer than Q), i.e., every class of P is a subset of some class of (). Redefine P as
those good colorings that are above a certain P which is a k-coloring. (This
will ensure that every element of P is a k-coloring.) We show that (P, <)
satisfies the condition on chains. Indeed, assume, that L = {P; : i € I} is
a chain. Define z ~ y in the graph if there is some P; in which they are in
the same class. Clearly, ~ is an equivalence relation. It is equally clear that if
x ~ y, then x and y are not joined in X. ~ therefore defines a partition in P
which is an upper bound for every element of L. By Zorn’s lemma, there is a
maximal P in P. Clearly, P is a partition, as required.

(n) Let (P, <) be the partially ordered set of all closed, nonempty subsets
F C X with F+ F C F with the reverse inclusion as partial ordering. P
is nonempty, as X € P. We show that the condition on chains holds for
(P,<). Indeed, if {F; : i € I} is a chain of nonempty closed subsets of X
with the above property, then, by compactness, F = ({F; : i € I} is closed
and nonempty, and for every ¢ € [ we have F + F C F, + F; C Fj;, so
F + F C F indeed holds. Applying Zorn’s lemma, there is some minimal,
nonempty F' with FF + F C F. Pick p € F. Clearly, p + F # 0 and by right
continuity p+ F' is closed. Furthermore, (p+ F)+ (p+F) Cp+ F+F+F C
p+ F,and p+ F C F+ F C F and so by minimality p + F = F. Hence
there is some ¢ € F with p+¢=p. Set ¥ ={g € F:p+q=p} F'is
nonempty, by the right continuity of +, it is a closed set in X, and obviously
F'+ F’" C F’, so again by the minimality of F' we have F' = F, therefore
p+p = p. [S. Glazer, see: W. W. Comfort: Ultrafilters—some old and new
results, Bull. Amer. Math. Soc., 83(1977), 417-455]

7. Define the partially ordered set (P, <) as follows. G € P if and only if
G C F and for every finite X C S there is a subfamily of G which is an exact
cover of X. P is nonempty, as F € P. Set G < G’ if and only if G’ C G, that
is, we consider the reverse of the natural order.

We show that the condition for chains holds. Assume that some {G; : i € I'}
is a chain in (P, <). We have to find a G € P such that G; < G holds for every
i € I, that is, G C G; holds for every ¢ € I. Therefore, we have to show
that G = ({G; : ¢ € I} is an element of P. Let X be a finite subset of S.
Consider some z € X. Let ¢ = i(z) € I be such that {F : z € F' € G;} has
the least possible number of elements. Then, if i > i(x) and x € F € G;(,),
then necessarily F' € G; holds as well. Set i* = max{i, : ¢ € X} (exists, as
we consider the maximum of finitely many elements of an ordered set). By
condition, G;~ includes a subfamily F, ..., F; which is an exact cover of X. By
the above arguments each F) is in every G;, so each F; isin G = ({G, : i € I},
so G itself includes a subfamily which is an exact cover for X, therefore we
proved that G € P.

We can therefore apply Zorn’s lemma and let G € P be a maximal element.
We argue that G is an exact cover of S. It is clearly a cover (that is, S = |JG).



Solutions Chapter 14 : Zorn’s lemma 315

Assume that some x € S is covered twice: x € F} € G, ©x € F5 € G. Then by
the maximality of G, neither G\ {F}} nor G\ {F5} is an element of P, that is,
there are finite X7, Xo C S that G\ {F1}, resp. G \ {F2} does not include an
exact cover of. But, by condition, some G’ C G is an exact cover of X; U X»
and G’ surely misses either 7 or Fy, and we reached a contradiction.

8. (a) Let P be the set of partial orders on P that extend <. That is, R € P
itRCPxP,(z,z) ¢ R(x€P),{x,y) €R, (y,2z) € Rimply (z, z) € R, and
if ¢ <y, then (z,y) € R. Set R; < Ry if and only if Ry C Ry. The condition
on chains holds for (P, <): indeed, if L C P is a chain, then (J L (the union
of the elements of L) is an upper bound for L. By Zorn’s lemma, there is a
maximal element R € P. In order to show that R is an order on P, assume
that @ # y are elements of P with (z,y), (y,z) ¢ R. Let R’ be the partial
order “generated” by (z,y), that is,

R = RU{(u,v) : {u,x2) € R or u=1m,(y,v) € R or v=y}.

Inspection shows that R’ € P and it is strictly larger than R. As this is
impossible, R is indeed an order of P.

(b) If 2,y € P are incomparable, by the closing argument in part (a) there is
a partial ordering <’ on P extending < and with # <’ y, and another one <"
for which y <” . As <’ and <” can both be extended to an order, we are
done.

(c) Let (P, <) be a well-founded partially ordered set. Let r be a rank function
on P, i.e., an order-preserving map from P to the ordinals (see Problem 31.5).
Let <, be any well-ordering of the set P. Define x <’ y if and only if either
r(z) < r(y) or else r(z) = r(y) and = <, y. As the well-ordered union of
well-ordered sets is well ordered, this will give a well-ordering of P. Also, if
x <y, then r(z) < r(y) and so certainly z <’ y.

(d) It doesn’t. If (P, <) consists of incomparable elements and P happens to
be an unorderable set, then (a) is false for (P, <) yet (b) holds vacuously.

9. Assume that X is not compact. There is a base B such that every element
of B is the intersection of finitely many members of S and by our indirect
assumption there is some Uy C B that covers X but includes no finite subcover.
Let P be the partially ordered set of those covers Uy C U C B, which do not
include finite subcovers. Set U < U’ if U C U’. The partially ordered set (P, <)
satisfies the condition on chains: indeed, if {¢4; : ¢ € I'} is a chain in (P, <) and
we set U = |J{U; : i € I}, then U € P as any possible finite subcover would
be included in some U;. By Zorn’s lemma there is a maximal element U/ in P.
Pick some G € U. G can be written as G = S;N---NS, with S1,...,5, € S.
We claim that one of Sy,...,S, must be in &. Otherwise, by maximality of
U, for every 1 < i < n there would be a finite subfamily U; of U such that
U; U{S;} is a cover of X. But then U; U---UU, is a finite cover of X \ G,
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so Uy U---UU, U{G}, a finite subfamily of U covering X, a contradiction.
We have that for every G € U there is some G C S € SNU, so SNU
covers X, but no finite subfamily covers X, which is in contradiction with the
assumption. [J. W. Alexander: Ordered sets, complexes, and the problem of
compactification, Proc. Nat. Acad. Sci. USA, 25(1939), 296-298]

10. Assume that X is the topological product of the spaces {X; : i € I} so
the elements of X are the choice functions f(i) € X; (for ¢ € I). By the
previous problem it suffices to find a subbase which has the property that
every cover includes a finite subcover. We show that S = (J{S; : i € I} is
such a subbase where G € §; if there is a nonempty open set U in X; such
that G = G;(U) = {f € X : f(i) € U}. Notice that if {U; : j € J} cover X;,
then {G,(U;) : j € J} cover X. Assume that some &’ C S covers X. Clearly,
S =U{S!: i€}, where S| CS;. Let S = {G;(U) : U € C;}.

If for some i € I C; is a cover of X;, then we can choose a finite subcover
C! of C;, (as X; is compact) and then {G;(U) : U € C!} is a finite subcover
of X. Otherwise, for every i € T there is some f(i) € X; uncovered by C;, so
f € X is not covered by &', a contradiction. [A. N. Tychonoff: Uber einen
Funktionenraum, Math. Ann., 111(1935), 5]
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Hamel bases

1 See Problem 14.6(d).
2 See Problem 14.6(e)

3. Let the cardinality of some Hamel basis be k. We can easily calculate the
cardinality of the generated vector space: it is Ro(k + k2 +---) = Rok = x and
since this must be equal to ¢, we obtain x = ¢

4. Assume {b; : ¢ € I} is a Hamel basis. From the previous problem we know
that I is of cardinality c. Observe that if X C I then

is also a Hamel basis. As we have produced one Hamel basis per every subset
of I, there are at least 2¢ Hamel bases. On the other hand, the total number
of subsets of R is 2¢, so there cannot be more than 2¢ Hamel bases.

5. Let B be a Hamel basis and separate some infinitely many elements {b;}
so that as B = {bg,b1,...} U B’ be a Hamel basis. Enumerate the intervals
with rational endpoints as Iy, I, . ... Choose the rational numbers Ag, Ay, ...
in such a way that A\;b; € I; holds for ¢ = 0,.... Then {Aobo, A\1b1,...} UB’ is
an everywhere-dense Hamel basis.

6. Let C be the Cantor middle-third set. It is well known that C is nowhere
dense and of measure zero. It is also known that C'+ C contains every real in
[0,1] so C is a generating set in R. By Problem 2 it includes a Hamel basis,
which then must be of measure zero.

7. B is a Hamel basis with full outer measure if B intersects every perfect
set of positive measure. As the number of perfect sets of positive measure
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is continuum, we can enumerate them in a well-ordered sequence of length
continuum: {P, : a < ¢}. In a transfinite recursion of length ¢ we select the
elements b, the following way. If Y = {bg : § < a} have already been selected,
let X be the linear hull of Y. As |[Y| < ¢, we have |X| < ¢, as well, so we
can pick b, € P, \ X. This will give a linearly independent set {b, : a < ¢}
intersecting every perfect set of positive measure. Extend it to a Hamel basis
(see Problem 1). [W. Sierpinski]

8. Assume that B is a measurable Hamel basis with positive measure. Pick by €
B. B’ = B\ {bo} is still measurable with the same measure. By Steinhaus’s
theorem, if A > 0 is small enough, then h is the difference of two elements of
B’. But then this is true for some gbg with ¢ # 0 rational, so B is not linearly
independent.

9. Assume that B C R is a Hamel basis that is an analytic set. Let by € B be
an arbitrary element, and A the set linearly generated by B’ = B\ {bg} over
Q. We claim that A is also analytic. In fact, B’ is analytic. Now if H, K are
analytic sets, then H + K, being the projection of the plane analytic set H x K

onto the line y = x, is also analytic. By induction, if Hy, Ho, ... are analytic,
then so is Hy + --- + H,, for finite n. Finally, A = J{MB 4+ -+ \, B’ :
Aly--, An € Q}, hence it is analytic. Every analytic set is measurable, in

particular A is measurable. Since A — A = A # R, A must be of measure
zero (recall Steinhaus’ theorem that the difference set of any set of positive
measure includes an interval). But then R = [J{gbo + A : ¢ € Q} would
be the union of countably many sets of measure zero, a contradiction. [The
results of the last three problems are from W. Sierpinski: Sur la question de
la the mesurabilité de la base de M. Hamel, Fund. Math., 1(1920), 105-111;
see also F. B. Jones: Measure and other properties of a Hamel basis, Bull.
Amer. Math. Soc. 48(1942), 472-481. A. Miller proved that if the axiom of
constructibility is assumed, then there is a coanalytic Hamel basis. A. Miller:
Infinite combinatorics and definability, Annals of Pure and Appl. Logic 41
(1989), 179- 203]

10. By CH, there is a Hamel basis of the form {b, : @ < w;}. Every nonzero
real x can be written as

= Al(x)bocl(a:) +oeeet An(x)ban(w)

with nonzero rational numbers A (z),..., A\ (z) and ordinals o;(x) < --- <
ap () for some natural number n. Denote o, (x) by G(x). We define the de-
composition R\ {0} = AgUA; U- - as follows. For every ordinal o < w; there
are exactly Ny reals with 8(x) = a. We distribute them such that every A;
gets one and only one of them.

We claim that each A; is a Hamel basis. Indeed, let p1, ..., 1, be nonzero
rationals and z1, ..., x, € A; different elements. The ordinals 3(z1), . ..,0(x,)
are different, and if 3(x,) is the largest of them, then the coefficient of bg(,, )
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is pp A # 0 with some A # 0 in the linear combination p121 +- - - + pp @y, hence
this linear combination cannot be zero. Thus, A; is a rationally independent
set.

To show that A; is a generating set, it suffices to verify that it generates
every b,. This we prove by induction on «. Assume we have reached b, and
we have already proved the statement for all earlier basis elements. There is
one x € A; with 8(x) = «. x can be written as x = y+ \b,, with y generated by
earlier elements, hence, in view of the induction hypothesis, by A;. Therefore,
bo = (1/X)(x — y) is also generated by A;. [P. Erdés, S. Kakutani: On non-
denumerable graphs, Bull. Amer. Math. Soc., 49(1943), 457-461]

11. Assume indirectly that ¢ > Ny yet R\ {0} = By U By U - - - is the union of
countably many Hamel bases. As Xy + Ny = Ny < ¢ we can find sets X, Y C R
such that |X| = Ny, |Y| = Ry, and even X UY is independent. Color the
complete bipartite graph on classes X, Y as follows. For x € X, y € Y let the
color of {z,y} be that n < w for which z + y € B,,. By Problem 24.27 there
are x1,%2 € X, y1,%2 € Y, and some n < w such that x; + y; € B, holds for
1,7 = 1,2. But then, as (z1 +y1) + (x2 + y2) — (1 + y2) — (x2 +y1) =0, B,
is not independent, a contradiction.

12. We are going to construct a Hamel basis B such that B is a Lusin set, i.e.,
it is of power continuum but intersects every set of first category in a countable
set. This suffices, as every Lusin set is of measure zero (see Problem 16.20(b)).
Let D = {d, : @ < w1} be an arbitrary Hamel basis and enumerate the first-
category F, sets as {H, : @ < wi}. Recall that every first-category set is
included in a first-category F, set; therefore, it is sufficient to consider the
sets H,. Suppose that at step a < w; we have already constructed a countable
part By of B, and we have countably many sets {Hg : # < a} to worry about
in the sense that in the continuation of the construction we should not select
any point from these sets. That is, we have to ensure that no element of B+
with positive coefficients in B \ By will be in H = |J{Hs : 8 < a}. Let d
be the first element of D, not generated by By. The idea is that we add two
elements to By, namely x and x+d for some z € R. This way, B will generate
every element of D, so it will be a Hamel basis. Of course, we need to make
sure that x,x + d are not linear combinations of elements of By, moreover,
no element of the form u + pz + q(z + d) is in H where u € Bf, p,q € Q,
p,q > 0, p+q > 0. The first condition excludes countably many real numbers
x. The second can be rewritten as x ¢ K, where K is a first-category set.
Hence x can be chosen to satisfy all conditions above, and then we can set
B,+1 = BoU{z,x+d}. This completes the construction (for limit o’s let B,
be the union of all Bz with 8 < «). [P. Erdés and S. Kakutani, Bull. Amer.
Math. Soc., 49(1943), 457-461, P. Erdés, Coll. Math. X(1963), 267269

13. (a) Let B = {b; : i € I} be a Hamel basis, {¢; : ¢ € I} arbitrary reals,
indexed with the same index set I. We claim that there is one and only



320 Chapter 15 : Hamel bases Solutions

one additive function f with f(b;) = ¢;. As the mapping > Ab; — > A
is additive, one direction is clear. For the other direction we have to show
that if f is additive and the coefficients A; are rational, then f (> \;b;) =
> A f(b;), which boils down to showing that f(Az) = Af(z) if A is rational.
From additivity, we get f(nx) = nf(z) for n =1,2,..., and f(0) =0 is also
clear. As f(—z) = —ux, the equality f(nz) = nf(x) also holds for negative
integers. Finally, if 2 is a rational number, 2 € R, then f(éa:) = % (x) and
f(%x) = %f(x) by the previous remarks.

(b) If there is some x with f(x) = 0, then f is identically 0. Otherwise, as
flx)=f (%)2, f is everywhere positive. Then f(z) = e9(®), where g: R — R
is additive, and so is described in (a).

(¢) £(0) is either 0 or 1 and its value is independent of the other values of f.
If for some = # 0 we have f(x) = 0, then f is identically 0 on all nonzero
reals. As for z > 0 we have f(x) = f (\/5)2, we may assume that f(z) > 0
for x > 0. f(—1) = £1 so either f(—x) = f(x) or f(—z) = —f(z) holds.
Therefore, we can restrict to the calculation of f on positive reals. There, if
we set f(z) = e90°8%) then g(logz + logy) = g(logz) + g(logy), that is, g is
additive, and is described in (a).

(d) If g(z) = f(z) — £(0) then we find that g(*t¥) = M holds, and
g(0) = 0. Substituting y = 0 we obtain g(x/2) = g(z)/2 and that transforms
the identity into g(z + y) = g(z) + g(y). So the general solution is f(z) =
g(x) + ¢, where g is an additive function, described in part (a).

(e) For F(z) = f(x) + c the functional equation takes the form F(z + y) =
F(z) + F(y), hence part (a) can be applied. Thus, the solutions are the ones
from part (a) with some constant ¢ added to them.

(f) £(0) = g(0) + h(0), hence
f(x) = f(0) = f(z+0) — f(0) = g(x) + h(0) — (g(0) + h(0)) = g(z) — g(0),

and similar computation gives f(z)— f(0) = h(x)—h(0). Thus, for the function
F(z) = f(z) — f(0) we have F(z +y) = F(x) + F(y), hence part (a) can be
applied. Thus, the solutions are as follows: take any solution F' from part (a)
and let f(z) = F(z)+a, g(z) = F(z)+band h(z) = F(x)+¢, where a = b+¢
are constants.

(g) We have f(0) = (a + b)f(0); thus, if a + b # 1, then f(0) = 0, and
we get from the equation (by setting y = 0) f(z) = af(x), and similarly
f(x) =0bf(x). Thus either f(x) =0ora =b=1and f is an arbitrary solution
from part (a). On the other hand, if a + b = 1, then for F(z) = f(x) — f(0)
we get the equation F(x +y) = aF(z) + bF(y), and as here already F'(0) =0
we obtain F'(z) = 0 as before (in this case a = b = 1 is not possible). In
summary: if a +b = 1, then f is constant; if a = b = 1, then f is a solution
from part (a); and for all other a, b, the function f is identically zero.
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14. a, 8 are not commeasurable exactly when they are rationally independent,
hence by Problem 1 they can be embedded into a Hamel basis, and by Problem
13(a), we can arbitrarily prescribe f on that basis.

15. Let a,b be two noncommensurable reals. By Problem 1 there is a Hamel
basis B with a,b € B. Every real  can uniquely be written as x = Aob;, +
<o+ Apb;, where B = {b; : i € I}, \; € Q. Separate the term containing a;
x = Aa + (the remaining terms) = f(x) + g(x). As the first term of x + b is
Aa = f(z), the first term of z + a is (A + 1)a, and the remaining terms are
unchanged, we get that f(z) is periodic with period b and g(z) is periodic
with period a

16. Let a, b, ¢ be 3 reals, linearly independent over Q. By Problem 1 there is
a Hamel basis containing them. Every real can be written in this Hamel basis
as

& = A1a + A2b + (some other terms) = f(z) + g(z) + h(z)

and here (see the preceding proof) f(x) is periodic with period b and ¢, g(z)
is periodic with period a and ¢ and h(x) is periodic with period a and b. So
22 can be written as the sum of nine terms (like f(z)g(x), g(x)h(x), etc.),
each periodic by either a, or b, or ¢ (e.g., f(z)h(z) is periodic with period b).
Grouping this representation of 22 so that the functions with the same period
get into a single group, we get the desired representation as the sum of three
periodic functions.

To prove that F(x) = 2?2 is not the sum of two periodic functions, assume
that F(z) = f(z) + g(x), where f(z) is periodic with period a > 0 and g(z)
is periodic with period b > 0. We claim that for every real z,

Flz+a+b)—F(x+a)—F(z+b)+F(z)=0
holds. Indeed, by rearranging, we get

Fx+a+b)—F(zx+a)— F(x+b)+ F(x)
=(f@+ta+b)— flz+d)— f(z+a)+ f(z))
+(g(x+a+0b) —glz+a)—g(z+b)+g(x)) =0.

But the left-hand side is
(x+a+b)?—(x+a)—(x+b)?*+2%=2ab#0,
which is a contradiction, and this contradiction proves the claim.

17. The proof is similar to the previous one. As in the preceding proof let
a1,a2,...,a5+1 be k4 1 reals linearly independent over Q. By Problem 1
there is a Hamel basis containing them. Every real can be written in this
Hamel basis as



322 Chapter 15 : Hamel bases Solutions

T = Aaj + Ag2as + -+ + Agax + (some other terms)

= fi(@) + f2(@) + - + fi(@) + (fr41(2))

and here (see the preceding proof) fi(z) is periodic with period aj, j =
1,2,...,k + 1 for every j # i. Now raising this expression to the kth power
we find that z¥ can be written as the sum of (k + 1)* terms each periodic by
either ay, ag, ...a or ag41 (the point is that when we multiply out « - - - -z,
no product can contain all of the f;’s, and if f; is missing from a particular
product then this product is periodic with period a;). As we have seen in the
preceding proof, that is enough if we collect the terms with the same period.

To prove that F(x) = z¥ is not the sum of k periodic functions, let
Ay f(x) = f(z + a) — f(x). Note that for a # 0 if f is a polynomial of
degree m with leading term cz™ then A, f(x) is a polynomial of degree m —1
with leading coefficient cma. It is also clear that if f is periodic with period
b, then A, f is also periodic with period b, while if f is periodic with period
a then A, f(z) = 0. These imply that if 2% = fi(2) +--- + fr(z), where f;(z)
is periodic with period a; # 0, then on the one hand

Ay Ay, - -Aakmk = klayas - --ap # 0,
and on the other hand,
Ay Ay -+ Az = Agy Ay -+ Ag (f1(@) + -+ + fo(@)) = 0.
This contradiction completes the proof.

18. Let B be a Hamel basis, b € B, and let A be the linear span of B\ {b} over
Q. Then R = Uxeq(A + Ab) is a disjoint decomposition and A + b, A € Q
are the only subsets of R that are congruent to A (note that —4 = A). [W.
Sierpiriski, Fund. Math., 35(1948), 159-164]

19. Let B be a Hamel basis, and let A be the linear span of B over Z, i.e.,
A consists of those elements y € R such that if y = 7161 + - - + Ymby, is the
representation of x in terms of the basis B with rational coefficients, then all
~v; are integers. Clearly, if b € B, then b/2 ¢ A, so A # R. Now let x € R
be arbitrary, and let x = A\1b} + -+ - + \,b), be a representation of z in terms
of elements from B with nonzero rational coefficients A;. If N denotes the
common denominator of Ay,..., \,, then Nz € A, and since A is closed for
addition it follows that A + Nz = A, hence A+ (k+ N)ax = A + kx for all
k€Z. Thus,only A, A+z, A+2zx,...,A+ (n— 1)x can be different in the
sequence A, A+ x, A+ 2x, A+ 3x,.... [E. Cech, see W. Sierpiriski, Cardinal
and Ordinal Numbers, Polish Sci. Publ., Warszawa, 1965, XVII.1]

20. Let B ={b; : i € I} be a Hamel basis and assume that < is an ordering
of I.If x € R, x # 0, write it as © = Aob;, + --- + A\pbi,,, where ig < --- < iy,
and none of the rational coefficients Ay, ..., A, is zero. Set x € A if and only if
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Ao > 0. Assume that a € R\ {0}. If the least (by <) coefficient of a is positive
then A+ a C A, if it is negative, then A+ (—x) C A, so A C A+ q, and it is
easy to see that A and R\ A are both everywhere dense.

21. Let B = {b; : i € I} be a Hamel basis with b; = 1. Let < be an
ordering of I in such a way that j is the maximal element (but otherwise < is
arbitrary). If z € R\ Q, write it as x = Agb;, + - -+ Anb;,, whereig < -+ < iy,
and none of the rational coefficients Ag, ..., A, is zero. Set x € A if and only
itz g Qand \g >0, and let B=(R\Q)\A (that is, when \g < 0). A and B
are both closed under addition, as if A\g and Aj are the leftmost coefficients of
x and y, respectively, and they are both positive/negative, then the leftmost
coefficient of x + y is either Ag, Aj, or Ag + Ap.

22. Let B = {b; : i € I} be a Hamel basis that contains positive as well
as negative elements. If z € R™T, write it as x = Agb;, + -+ + Apb;, where
bi, < b;, < --- < b;, and none of the rational coeflicients A, ..., A, is zero.
Set z € A if and only if z > 0 and \g > 0, and let C = R"\ A. Both A and C
are closed under addition. Indeed, if g, A, are the leftmost coefficients of z,y,
respectively, and they are both positive/negative then the leftmost coefficient
of z+y is either Ao, Aj, or Ao+ Aj. If @ is a positive element of B then a € A,
while if ¢ is a negative element of B then —c € C. Thus, A and C are not
empty.

23. We remark first of all that if {a1,...,a17} satisfy the property in the
problem, then so do the systems {a;—b, ...,a17—b} and {cay, ..., cai7}, where
b, ¢ are real numbers. Assume first that the numbers {ay, ..., a;7} are integers.
By adding the same integer to them, we can achieve that they are natural
numbers and one of them is zero. The decomposition property implies that
upon removal any of them the remaining 16 numbers have an even sum, so all
numbers have the same parity, in this case, they are even. Dividing by 2, we get
a family of 17 numbers with exactly the same properties, i.e., they are natural
numbers, one of them is zero, and they have the decomposition property.
Again, they are even, we can divide by 2, etc. Division by 2 unboundedly
many times is only possible if all the initial numbers are equal to zero, so we
have the result for integers.

Assume now that the numbers ai,...,a17 are rational. By multiplying
them with an appropriate natural number we get a system of 17 integers that
must be equal by the preceding argument so our original system also consists
of equal numbers.

Assume finally that we have a system aq, ..., a7 of real numbers. If B =
{b; : i € I'} is a Hamel basis, then our numbers can be written as

a; = Z /\ibz

icl
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and now for each 7 € I the system {/\z :1 < j <17} is a system of 17 rational
numbers with the original property. We get, therefore, that A} = \;, that is,
our original numbers are equal.

24. Let B = {b; : i € I} be a Hamel basis. Every nonzero real number z can
be uniquely written as

= Nigbiy + -+ A by,

where \;,,...,\;, are nonzero rational numbers and b;, < --- < b;, . Notice
that there are countably many possible ordered (A, ..., A, ) sequences, so
we can decompose R into countably many classes in such a way that reals in
the same class have the same ordered sequence of rational numbers (and let
0 alone form a class). We show that this decomposition of R is as required.

Assume that the distinct elements z,y, z of some class, say the one as-
sociated with (\;,,...,A;,) form a 3-element arithmetic progression, i.e.,
2y = = + z. Although the sequence (\;,,...,\;,) is the same for z,y, z, the
associated sequences of reals (b7 ,...,b7 ), (b7 ,...,b] ), (b7 ,...,bi ), can be
different.

Let b be the least of all the occurring elements, that is the minimal element
of {bf,...,bf b} ,...,b¢ b7 ..., b7 }. Let the coordinate of b in x,y, and 2
be a, 3, and 7. Each of «, 3,7 is either 0 or A;,. Also, 26 = o + . But these
two latter properties imply that either « = 8 = v = 0 (which is impossible) or
a =3 == \;,. We have, therefore, that b = bi-/o = b7 . We can continue,
and get b7 = bfl = b7 , etc.; finally, all the coordinates of x,y, z are equal,

1 117

that is, z = y = z. [R. Rado]

25. In this solution we only consider rectangles with sides parallel to the zy-
axes. First we remark that every rectangle with commensurable sides can be
decomposed into the union of squares so what the problem states is to show
that if a rectangle can be split into squares then it has commensurable sides.
Let f and g be two additive functions on the reals, cf. Problem 13(a).

We associate with a rectangle R the value t(R) = f(a)g(b), where a, b are
the lengths of the sides of R parallel to the z-, resp. y-axis. We claim that
this function is additive on the rectangles, that is, if some rectangle R is split
into Ry,...,Ry,, then t(R) = t(Ry) + -+ - + t(Ry). In fact, draw all the lines
that include one of the sides of one of the rectangles R;. These lines divide the
rectangle R into smaller rectangles, say Q1,...,Qm, and each R; is the union
of some of the @;’s. Actually, these representations in terms of the @);’s are
regular in the sense that if R; = [a, b] X [c, d] then R; is the union of rectangles
of the form [p, q] x [¢,d] (i.e., they have their [c, d] side equal to the [c,d] side
of R;), and each such rectangle [p, ¢] x [¢, d] is the union of rectangles @; of the
form [p, q] x [r, s] (i.e., the [p, q] side of @Q; equals the [p, ¢] side of [p, q] x [¢, d]).
Since the same is true of R, the additivity can be reduced to the case when
a rectangle R is split with side-to-side cuts to smaller rectangles (i.e., with m
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horizontal and n vertical cuts into the union of mn rectangles) and that can
further be reduced to the case when a rectangle is split with either horizontal
or vertical cuts. Then the statement follows from the additivity of f and g.
If an a x b rectangle is divided into the union of squares S, ...,S,, then
these squares can be rearranged to form a b x a rectangle (just make a 90-
degree rotation of the whole picture). With our previous statement this implies
that f(a)g(b) = f(b)g(a). In particular, with the choice g(x) = x it follows

that a
fla) = S0

must be true. At this point f is still an arbitrary additive function. By Problem
14 if a and b are not commensurable, then we can choose the additive function
f so that this relation does not hold, and this proves that, indeed, a and b are
commensurable. [Max Dehn: Uber die Zerlegung von Rechtecken in Rechtecke
Math. Ann., 57(1903), 314-332]

26. We first show that for every natural number n > 1 the set {1,2,...,n}
carries such an ordering. This we do by induction. It is clear for n = 1,2.
We assume that {1,2,...,n} has such an ordering < and define one <’ for
{1,2,...,2n}. The idea is to put first the even numbers and then the odd
numbers, that is, if ¢ < 7, set 2¢ <’ 25 and 2i — 1 <’ 25 — 1, and for any 1, 7,
make 27 <’ 25 — 1. If z,y, z form a 3-element arithmetic progression, and all
three of them have the same parity, then z <’ y <’ 2z is not possible because
of the induction hypothesis (on the even and odd numbers <’ is a transform
of <). If not, then = + z = 2y shows that only y can have a different parity
from the other two, and in this case x <’ y <’ z is again not possible, for any
number lying (with respect to <’) in between two numbers of the same parity
has the same parity.

From this case we immediately get the statement for every finite subset of
Q, and from that, using Koénig’s lemma on infinity (Problem 27.1), for Q.

Assume now that B = {b; : i € I} is a Hamel basis. Fix <, an ordering
with the required property for Q. If x, y are real numbers, write them in the
form & = Aiby + -+ + Apby, @ = Ajby + -+ + A b, with by < -+ < b, and
rational A\;, A (notice that for each i one of A\;, A; may be zero). Put z <’ y if
Ai < X} for the first ¢ with A; # Aj. It is easy to see that this is an ordering.
Assume that x, 9, z form a 3-element arithmetic progression, and = <" y <’ 2.
Write them as © = A\b1+- - 4+ Apbn, y = Aibi+- -+ X by, 2 = A/by+- -+ A0,
and let 7 be the first coordinate with some two of A;, A, A/ different. Then,
as x,y,z form a 3-element arithmetic progression, the values A;, \;, A/ are
different, only one of them can be zero, and this is the coordinate which is
decisive in the comparison of z,y, and z, i.e., we must have A; < \; < A/.
Furthermore, 2\, = A; + A/ and such a A;, A, A/ triplet is impossible by the
choice of <. This contradiction proves the claim. [Géza Kés, Gyula Kérolyi]

27. Let B be a Hamel basis in R and C a similar basis in C, i.e., C is a
basis of the vector space C over the field Q. Both B and C' are of cardinality
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continuum (see Problem 3); therefore, there is a one-to-one correspondence
f: B — C between them. Now it is clear that the mapping

(M,-.., A € Q) is an addition-preserving bijection between R and C.



16

The continuum hypothesis

1. If CH holds we can enumerate R as R = {r, : @ < wy}. If we are given
(z,y) € R xR, then ¢ = ro, y = rp for some countable ordinals o and

Set (z,y) € A if and only if o < (. Assume that L is a horizontal line,
= {(z,¢) : x € R} for some ¢ € R. If § < w; is the ordinal such that
rg = ¢, then (z,c¢) € A if and only if x = r, for some a < § and there
are countably many ordinals like that. Assume now that L is a vertical line,
L = {(¢,z) :x € R} for some ¢ € R. If @ < wy is that ordinal for which
ro = ¢, then (¢,x) € B if and only if z = rg for some § < « and there are
countably many ordinals like that.

For the other direction assume that ¢ > Ny and there is a decomposition
R? = AU B as above. Pick a subset U C R of cardinality ;. By condition
on A, for every y € R there is some v = u(y) € U such that (u,y) ¢ A,
so (u,y) € B. As |R| > |U|, there is some u € U that occurs uncountably
many times as u(y), so in this case the vertical line L = {(u,y) : y € R} has
uncountably many points in B, a contradiction. [W. Sierpiriski]

2. If CH holds, there is a Sierpinski decomposition, R? = A U B (see the
previous problem). By adding points to the sets A and B we may assume
that A intersects every horizontal line and B intersects every vertical line in
Yo points. For every y € R the countably infinite set {x : (z,y) € A} can
be counted as {go(y), g1(y), ...} and similarly, for every € R the countably
infinite set {y : (z,y) € B} can be counted as {fo(z), fi(x),...}. Now R? =
A U B is the union of the graphs of the partial functions z — f,(z) and
Y gnly).

For the other direction, if R? is the union of countably many z — vy and
y — x functions, then letting A be the union of the graphs in the second
class, B that of in the first class, we get a Sierpiriski decomposition, and we
conclude with the second part of the previous problem.

3. Assume first that CH holds and R = {r, : @ < w1 }. Fix, for every a < wy,
an injection @, : a + 1 — w. Assume we are given (r1,72,73) € R3 we
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determine where to put it. Assume 1, x9, 3 are rq, g, r in some order with
a, 5 < . Compare ¢, (a) and ¢~(8). Assume that ¢, (a) < ©4(8) (say). If
now r, = x; then put (x1,x9,x3) into A;. We show that A; N L is finite if
L is a line in the direction of the x;-axis. For definiteness’ sake assume that
i = 1. The elements of L are triples of the form (z,b,c) with some fixed
bce R.If (z,b,¢) = (rq,73,7y), then it is added to A; if either o, 8 <y and
oy (a) < py(0) or else a,y < G and pg(a) < @g(7). Given 3,y there are only
finitely many « that satisfy either one of the requirements.

For the other direction assume that ¢ > Ny and R3 = A; U A, U A,
is a decomposition as claimed. Pick U, V,WW C R of cardinality R, N1, No,
respectively. For any given (u,v) € U X V there are finitely many z € W with
(u,v,2) € Az so, as |U x V| = RgR; < Ny = |W]|, we can find some ¢ € W
that (u,v,c) ¢ As for u € Ay, v € Ay. For any given u € U there are only
finitely many y € V that (u,y,c) € As, so, as [V| =Ry > Ry = |U|, we can
choose some b € V that (u,b,c) ¢ As holds for every u € U. Finally, the set
{v € U : (u,b,c) € A1} is finite, so we can choose some a € U not in it,
and then, (a,b,c) is not in any of Ay, A, A3. But this contradicts the choice
of the sets A; and this contradiction shows that we must have ¢ = R;. [W.
Sierpinski, Cardinal and Ordinal Numbers, Polish Sci. Publ., Warszawa, 1965,
XIV.9. Theorem 1]

4. Assume that there is such a decomposition R? = A;UA5UA;5. Pick U C R
with |U| = 3m + 1. Then |U x U x U| = (3m + 1)3 but for i = 1,2,3 we
have that |A; N (U x U x U)| < m(3m + 1)?, ie., (3m +1)3 < 3m(3m + 1)2,
a contradiction.

5. The proof is similar to that of Problem 3. For an alternative proof utilizing
induction, see the solution to Problem 10.15.

Let us assume first that ¢ < w,. For each U C R let <y be a well-
ordering of U in order type |U|. For (x¢,...,zn41) € R"2 let iy be such
that z;, is the maximal element of {xq,...,2n4+1} in the ordering <gr, and
set Up = {z € R : x < z;,}. Note that |Up| < wy, and {z; : j # io} is a
subset of this set. Let us suppose that for some 0 < k < n — 1 the numbers

10, .- ., and the sets Uy, ..., Uy have already been selected, |Ug| < wpn—k,
and the set {z; : j # io,...,ir} is part of Uy. Let ipy1 be such that z;,
is the maximal element of {z; : j # ido,..., i} in the ordering <y, , and set

U1 ={z € R : 2 <y, ;,, }. Since the index of x;,,, with respect to <y,
is necessarily smaller than |Uy| < wp—k, we get |Ugy1| < wp—k—1, and the
induction runs through. It follows that U, is finite, and if 0 < i,41 < n+1is
the index that differs from every i;, j < n, then z;, , is an element of U,,. Note
that everything (¢;, U;, 7 =0,...,n) depends on the point X = (zo,...,2s),
and to show this dependence we write ZjX , UjX .

This way we get an ordering i, ..., iffH of theset 0,1,...,n+ 1, and let
us put the point X = (zo,...,2,41) into the class A; . We show that each
A; is finite in the x;-direction. For simpler notation let i = 0, and [ be a line in
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the direction of the x(- axis. The points on [ are of the form X = (x,¢1,...,¢p)
where ¢y, - - -, ¢, are fixed reals. Such a point belongs to Ag if and only if ZJX >1
for all j < n and i:X 1 = 0, which implies z € U;X. There are only finitely many
permutations of the form ig,41,...,7,,0 of the numbers 0,1,...,n + 1, and
if for another point X’ = (2/,¢1,...,¢,) on I we have the same permutation,
ie., i = i()f/, ey X = iff/, then for these two points the sets U; are the
same for all j < n, in particular UX = UX'. Then we have z’ € UX = UX,
and since UX is finite, there are only finitely many such points X’ in Ay.
Since this is true for all permutations ig,i1,...,1,,0, altogether there are
only finitely many points of Ag on the line [. This completes the existence of

the decomposition.

Suppose now that R"*2 = Ay U--- U A, 1 and each A; is finite in the
x;-direction. On the contrary to the claim let us suppose that ¢ > N,,, and
for ¢ < nlet X; C R be a set of cardinality N;. Every line of the form
(oy. -y Tn,Y), ;i € X;, y € R intersects A, 11 in finitely many points, and
since there are only Ng®p---R, = N, < c such lines, there is a ¢,11 € R
such that all points (xg,...,%n,cnt1), ;i € X;, ¢ < n, lie outside A,11.
In a completely analogous manner there is a point ¢, € X, such that all
points (Zo, ..., Tn-1,Cn,Cnt+1), Ti € X;, ¢ < n — 1, lie outside A,,, etc.. This
way we get numbers ¢y, ..., ¢,11 such that all points (zg,c1,...,Cht1), To €
Xo, lie outside Ay, ..., A,+1. Hence all these points should lie in Ag, which
is impossible since Aq intersects the line (z,cq,...,¢pt1), © € R in only
finitely many points. This contradiction proves that we must have ¢ < N,,.
[W. Sierpinski, Cardinal and Ordinal Numbers, Polish Sci. Publ., Warszawa,
1965, XV.9]

6. Let us assume first CH, and let A, B be the sets from Problem 1. We

may assume that A has countably infinitely many points z, 2, ... on every
horizontal line y = r and B has countably infinitely many points yg, y{, ...
on every vertical line x = s. We set fi(t) = tsint for ¢ € (—o0,1) and

fa(t) = tsint for t € (—1,00). Then whatever the definition of these functions
are on the rest of the real line, one of them is always differentiable. The idea
of the proof is to choose f1(t) on [1,00) in such a way that (f1(t), f2(¢)),
t € [1,00), cover the points of the set A, while to choose f2(t) on (—oo, —1] in
such a way that (f1(¢), f2(t)), t € (—oo0, —1], cover the points of the set B. For
example, the first one can be done as follows: the function fo(t) = ¢sint takes
every value r infinitely many times on the interval [1, 00), let us list them as
tr0str1,. ... Now let fi(t, ;) = a7, ie., if fo(t) takes a particular value 7 jth
time, then we choose fi(t) in such a way that (fi(t), f2(¢)) be the jth point
(wg, r) from A on the line y = r. With this choice of f; we clearly cover the set
A by the points (f1(t), f2(t)), t € [1,00). The selection of fo for ¢t € (—oo, —1]
is similar: if the points ¢ € (—oo, —1] with f1(¢) = tsint = s are listed as
t50its s thenlet fo(t; ) = y;. With this choice of fa we cover the set B
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by the points (f1(t), f2(t)), t € (=00, —1], and the first part of the problem
has been verified.

Now let us assume that there is a surjection t — (f1(¢), f2(t)) of R onto the
plane in such a way that for all ¢ one of the functions f; or fs is differentiable
at t. Let H;, i = 1,2 be the set of points where f; is differentiable. Then
R = H,UH>. By Problem 5.15 the set Y; of those y for which the intersection
£ ' (y) N H; is uncountable is of measure zero. Let R* = R\ (Y; UY2). Then
R*, as the complement of a set of measure zero, is of cardinality continuum,
and if

AT ={(f(1), () : t€ Ho},  B*={(f1(t), fa(t)) : t € Hu},

then for every horizontal line ¢ the set R* x R* N A* N ¢ is countable: if
¢ has the form y = r, r € R*, then there are only countably many ¢ €
H, with fo(t) = r by the choice of the set R* C R\ Y5. In an analogous
manner, for every vertical line ¢ the set R* x R* N B* N/ is countable. Thus,
R* x R* = (R* x R* N A*) U (R* x R* N B*) is a decomposition of the
“plane” R* x R* as in Problem 1, hence CH must hold (if we want to apply
1 directly to R? then let ¢ : R* — R be a bijection between R* and R
and consider the sets A = {(g9(x),9(y)), : (z,y) € R* x R* N A*} and
B ={(g9(x),9(v)), : (r,y) € R*xR*NB*}) [M. Morayne: On differentiability
of Peano type functions I, Colloq. Math., 53 (1988), 129-132]

7. If CH holds, then R = {ro : o« < wy}. If we set Ay = {rg: B < a}, then
{A, : @ <wi} is an increasing chain of countable sets with R as the union.

Assume now that {A; : ¢ € I} is an increasing chain (i.e., there is an
ordering < on I and if ¢ < j then A; C A;) of countable sets, and (J{4; :
i € I} = R. Let B C R be a set of cardinality N;. For € B there is
some i(x) € I such that x € A;q). Should there be an index j € I such
that i(x) = j held for every x € B we would get B C A;, a contradiction.
We have, therefore, that for every j € I there is some z € B that j < i(x),
so R = (J{4i : i € I} C (H{Ai@w) : = € B}, a set of cardinality at most
NiRp = Ny.

8. For the forward direction if CH holds and R = {r, : @ < w1 }, then we can
set f(ro) = {rg : 8 < a}. If X C R is uncountable, then for every r, € R
there is some 8 > o, g € X, and so ro € f(r3) C f[X].

For the other direction, if f is as required, choose some X C R of cardi-
nality Ny then, as f[X] =R, we get ¢ = |R| < | XNy = 81 Ng = Ny.

9. Suppose CH, and let {24 }a<w, be an enumeration of the reals, {ys}a<w,
another enumeration of them in which each number is listed infinitely often
and for each o < wy let {£7}72 ) be an enumeration of the set {3 : 5 < a}.
Define fi(z4) as fr(zq) = Yeo - If a is a real number then there are Gg, 31, ...
such that yg, = a for all i = 0,1,2,..., and for every a > sup; 3; there are
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kS, kY, ... such that fg‘? = f3;. For each such k = k{* we have fi(za) = yep =
ys, = a, hence for all such « the set A, . ={n <w: f,(z) = a} is infinite.

Conversely, let us suppose that the sequence fy, f1,... with the stated
properties exists, but ¢ > N;. Let K C R be a set of cardinality Ny, and
for each a € K let H, be the set of those x € R for which A4, , is finite.
By the properties of the functions f; then each H, is countable, so U,cx H,
is of cardinality at most N, hence, by the assumption ¢ > Nj, there is an
z* € R\ (Ugex H,). Now each Ay« 4, a € K is infinite, which is impossible
since these are disjoint subsets of w. This contradiction proves the claim that
C S Nl.

10. Suppose CH, let {z4 }a<w, be an enumeration of the reals, and let {y }2°,
a < w; be an enumeration of all real sequences in such a way that every
real sequence is listed infinitely often. For each o < wy let {£}72, be an
enumeration of the set {3 : [ < a}. Define fr(zy) as fr(zq) = y,ﬁ’j If
{ar}72, is a real sequence then there are (g, [1,... such that {y, }3>, =
{ag}2, for all ¢ = 0,1,2,..., and for every a > sup; 3; there are k§, k¢, ...
such that £ = (3;. For each such k = k{* we have

Fo(wa) = 455 =y = ay,

hence for all such « the set A,, = {k <w: fr(x) = ax} is infinite.
The converse follows from the preceding problem if we just consider con-
stant sequences.

11. If CH holds then with the functions f; from the preceding problem the
family F = {{fx(2)}?2, : = € R} is clearly appropriate. Conversely, suppose
that F with the stated properties exists. Then F must be of cardinality con-
tinuum (otherwise we can define a sequence {a,, } such that a,, is different from
the nth element in the sequences in F). Thus, we can index the sequences in F
by the elements of R, say F = {{aZ}52, : = € R}. Now if we set f,,(z) = a%
forz € R and n =0,1,..., then this sequence {f,} of functions satisfies the
properties set forth in Problem 10. Now we can conclude CH from Problem
10.

12. Suppose CH, and let {z4}a<w, be an enumeration of the reals, and
v o {nf1520), @ < wq, enumeration of all the pairs consisting of a real
sequence and a subsequence of w. For each o < wy let {£}7°, be an enu-
meration of the set {8 : S < a} in such a way that £ = 0. We define the
values f;(z,) as follows. For each k = 0,1,2,... we define a natural number
mj; and together with it the function value fi,o (2o): let m§ =0, fo(za) =0,
and suppose that m§, m{,...,mg_; are already defined. Let m§ be any ele-
in which case we define fio(a) = yf-" (note that by the choice of m$ the

ment in the sequence {nf‘” };?O:O different from every m$', ¢ < k, say m§ = n
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value of fie (z4) has not been defined before). If m is not of the form my,
k=0,1,..., then let f,,(z,) be arbitrary.

We claim that this system of functions satisfies the requirements. Suppose
to the contrary that X C R is an uncountable set such that f,, [X] # R for
k=0,1,..., and for each j let y; € R\ f,,[X]. The pair ({yx}3Z0, {nx}720)

is listed above, say it is ({yf}z‘;o, {nf}i":(J) Let z, € X be a number with

a > (3. Then (3 is one of the numbers &, say 8 = & . Now my is one

of the numbers nf = ny, say mj = nj,. But then f, (7o) = yfo = Yjo,

which is impossible since y;, & fn;, [X]. This contradiction proves the necessity
direction in the problem.

Conversely, suppose that the f,,’s with the stated property exist. If X is
any subset of R of cardinality Ny, then there is an n (actually all but finitely
many n are such) with f,,[X] = R, hence ¢ = |R| < |X| = N;.

13. One direction is clear, for if CH holds then there are only w; infinite subsets
of w, so we can list all of them in {4, : @ < w;}. Conversely, suppose that
there is a family {4, : @ < w1} of infinite subsets of w such that if X C w
is infinite then there is some ax < w; with Ay, \ X finite. If X and Y are
infinite subsets such that X NY is finite, then we must have ax # ay, for
X and Y contain all but finitely many points of A,, and A,, , respectively.
But there is a family F of cardinality ¢ of almost disjoint subsets of w (see
Problem 4.29), and since then the mapping X — ax, X € F is an injection
of F into wy, we must have ¢ < w;. [F. Rothberger, Fund. Math., 35(1948),
29-46|

14. If CH holds and z,, o < w; is an enumeration of the reals, then A, =
{zg : B < a}, @ < wy = cis clearly appropriate. Conversely, if ¢ > wq
and J C I is a subset of cardinality 8; of the index set I, then U;cjA; is of
cardinality at most Ny, hence B = R\ (U;es4;) is infinite but it does not
intersect any of the A;, ¢ € J, and the number of these latter sets is not
countable.

15. Assume CH. Let {b, : a < w1} be a Hamel basis (see Problem 15.3). If
x # 0, it can be written as * = A1by, + -+ + Apby, where the coefficients
A1,y ..., A, are nonzero rational numbers and o1 < -+ < ;. Denote by u(z)
the largest index ov,. Put « € A if and only if x(x) is an even ordinal (i.e., of
the form « + 2k where k < w and « is a limit ordinal). To show the property
required one has to notice that if a € R is given, then u(x + a) = u(x) holds
if p(x) > p(a), which in turn holds for all but countably many x € R. Thus,
ifxe A(x € B), thenxz+a € A (z+a € B) for all but countably many z. It
is clear that both A and B are of cardinality continuum, so these sets satisfy
the requirements.

For the other direction assume that ¢ > Ny and R = AU B is a decomposi-
tion as claimed. Select A’ C A and B’ C B of cardinality Ny. Let {ro : @ < w2}
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be distinct reals. By the assumption on the sets A and B for every a < ws
there are a, € A" and b, € B’ such that a, +r, € A, by + 7o € B. There are
a € A, b € B’ such that for Ry many « we have a, = a, b, = b. Then, for these
a, b+14 € (A+ (b—a)) N B so the latter set is uncountable. But this con-
tradicts the hypotheses on A and B, and this contradiction proves the claim.
[St. Banach: Sur les transformations biunivoques, Fund. Math. 19(1932), 10—
16. L. Trzeciakiewicz: Remarque sur les translations des ensembles linéaires,
Comptes Rendus de la Société des Sciences et des Lettres de Varsovie CI. III.,
25(1932), 63—65]

16. Assume CH, and let z,, a < wy be an enumeration of the reals. For a set
A CR? let D(A) denote the set of distances between points of A. Let us call
a set C C R? “closed” if the following is true: if y is a point such that there
are two points u,v € A with dist(y, u), dist(y,v) € D(A), then y € A. First of
all let us remark that for any countable set B there is a “closed” countable set
B* including B (the smallest of which may be called the “closed” hull of B).
In fact, starting from By = B, for each kK = 0,1,2,... let Bi41 be obtained
by adding to By all points y for which there are two points u,v € By with
dist(y, u), dist(y,v) € D(By). Clearly each By is countable, and it is easy to
see that B* = U2, By is the smallest “closed” set including B, and clearly
B* is countable.

Now we define an increasing sequence of “closed” and countable subsets
Cp, a < wy of R%: let Cp = 0, for limit ordinal « let C, = Ug<,Cp and other-
wise for @ = §+ 1 let C,, be the “closed” hull generated by Cz and the point
Zo. Induction shows that each C, is countable. Using these “closed” sets we
can define the decomposition R? = Ay U A; U- - - by defining a decomposition
Cq = AF UAY U --- in such a way that each A, o < w; is increasing in «,
and neither of these sets contains 4 distinct points a, b, ¢, and d such that
dist(a, b) = dist(c, d). Clearly, if we can do that, then A; = Uy<y, AS will be
an appropriate decomposition of R2.

Suppose that Af have already been defined for alli = 0,1,...and all § < «
with the property above. If « is a limit ordinal, then set A = U5<aAf . Since
Cy = Ug<aCl, these give an appropriate decomposition of C,. Now consider
a = [+ 1. The set C, \ Cj is countable. Furthermore, for each y € C,, \ Cj
there can be only one j = j, such that in A? there is a point w such that
dist(y,u) = d for some d € D(Af) C D(Cpg) (a second j* # j and v € A?*
would imply y € Cs since Cg is “closed”). So y cannot be put to the set
Ai, but it can be put to any other set Af since Aiﬁ U {y} will not have 4
distinct points a, b, ¢, and d such that dist(a,b) = dist(c,d). Thus, we can
put the points y € C, \ Cg into different sets Agy with ky # jy, ky # k. if

Y,z € Aq \ Ag, y # z, and setting Ag = Afy U {y} completes the definition
of the sets AS. ‘

To prove the other direction let us assume that ¢ > Ry and let R? =

> , A, be a decomposition of R? into countably many classes. Consider the
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complete bipartite graph G with vertex sets {x : x € (0,1)} and {y : y €
(1,2)}, and let us color an edge (z,y) by the color i if the point (x,y) belongs
to A;. By Problem 24.27 there are x1,z2 € (0,1) and y1,y2 € (1,2) and an
i such that all the edges (z;,yx), j,k = 1,2, are of color i. But the points
a=(x1,91), b = (x1,y2), ¢ = (z2,y1), and d = (x2,y2) form a rectangle and
all belong to A;. This shows that if CH is not true then there is no partition
of R? with the properties in the problem.

17. Assume CH. Then R is the union of an increasing family of countable
sets A,, @ < w; (Problem 16). By enlarging each A, if necessary, we may
assume that each A, is closed for addition and subtraction. Furthermore, we
may assume that if « is a limit ordinal, then A, = Ug<qAg (if this is not the
case, then rename each A, as Ayy1, and for limit « set Ay = UgcqAg). We
define by transfinite recursion a coloring f, : A, — w in such a way that f,
extends fg if B < @, and there is no monochromatic solution of z +y = u+v
in A,. For @ = 0 color the elements of Ay with different colors. If « is a limit
ordinal, just take fo, = Ug<afs. Finally, if « = 8 + 1, then under f, color
the elements of A, \ Ag by different colors arbitrarily (and on Ag keep the
coloring f). This satisfies the requirement, for if z +y = u + v with different
x,Y,u,v € Ay, then three of these numbers cannot belong to Ag for then the
fourth would also belong to Ag. Hence at least two of them belong to A, \ Ag
and then these get different colors. Now Uy« fo is a coloring of R without
monochromatic solutions to the equation x +y = u + v.

If CH is not true, then under any coloring of R there is a monochromatic
solution by Problem 24.37.

18. Call a subset H C R “closed” if x,y € H implies (x + y)/2 € H and
2y —x € H, i.e., if two of the points z,z + § are in H, then the third one is
also in H. It is clear that any countable set is included in a countable “closed”
set; therefore, if we assume CH then, starting from Hy = {0}, we can represent
R as a strictly increasing union of countable “closed” sets: R = Uq <, Ho- We
may also assume that for limit o we have H, = Ug<oHp (otherwise redefine
H,, to this union). Let f3(0) = 1, and by induction we define functions f, on
H, in such a way that for 8 < a the function f, is an extension of fg, and
for each v and x € H,,

o0, lglcrfhneHa max (fo(z — hy), fo(z + hy)) = 0. (16.1)

First let « = §+ 1, and let us assume that fg with this property has already
been defined. Let us enumerate H, as xg,x1,..., where the ws;’s are the
elements of Hz and the xg;41’s are the elements of H, \ Hg (for which we
have to define the value f,(x2i41), since fo(z2;) = fa(x2;) are given). Define

—1
fa(2it1) = <J§121£1 |z — x2i+1|) .
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Note that if x = z,,, and either  + h,, =z, € H, \ Hg, s > m, or x — h,, =
xs € Hy \ Hg, s > m, then

max{ fo(x + hy), fo(z — hp)} > 1/2h,. (16.2)

Furthermore, this is also true (regardless if s > m or not) provided both z+h,,
and x — hy, belong to H, \ Hg (consider the maximum of the indices s, for
which z+h,, = 25 and x — h,, = ;). Now let € H, and let h,, — 0 in such a
way that x £ h,, € H,. By selecting a subsequence we may assume that either
x =+ h,, € Hg for all n, or for all n one of the points = + h,, and = — h,, belongs
to Hy \ Hg. In the former case © € Hg (recall that Hg is “closed”), so by the
induction hypothesis (16.1) is true. In the latter case (16.2) is true for all but
finitely many n, hence (16.1) holds again.

Next let a be a limit ordinal. To verify (16.1) it is enough to show that
from any h,, — 0 with = &+ h], € H, we can select a subsequence {h,}
for which (16.1) is true. Now for each h/, let 3,, be the smallest index with
x £ h], € Hg,,. Then 8,, < a, and there are two possibilities: sup,,, Bm < «
or sup,, Om = «. In the former case for 8 = sup,, B the point = as well as
all the points x + h/, lie in Hg, hence (16.1) is true for the whole sequence
hy,, = h!, by the induction assumption. In the second case there is an increasing
sequence mo < my < mg < ...such that B, ., > By, and sup, Bm, = a,
and then we set h,, = hﬁn". Since in this case both z+ h,, and x — h,, belong to
Hpg,, \Uy<g,, H,, the inequality (16.2) is true for all n > 1, and this proves
(16.1).

This completes the definition of the functions f,. Set f(z) = fa(z) for
some « for which f,(x) is defined. The proof that this satisfies

hn,ﬁo,lir:f:lhneHa max (f(l’ - hn)v f(ﬂf + hn)) = 0

is completely analogous to what we have just done.

19. Assume first that ¢ > N; and F is an uncountable family of entire func-
tions. Select F' C F of cardinality R;. If f, g are distinct entire functions
then the set {z € C: f(z) = g(x)} is countable so there are at most ¥; < ¢
points in which two members of F' may agree. If a is outside this set, then
{f(a) : f € F'} is uncountable (since all the values f(a), f € F’ are different).

For the other direction assume the continuum hypothesis and enumerate
C as {cy : @ < wi}. Let Q* = Q + Qi be the set of complex numbers with
rational real and imaginary parts. Our goal is to define the distinct entire
functions {f, : @ < w;} such that for any 5 < w

{fales) ra<wn} CQ U{fy(cp) 17 < B}

As this set is countable, we will be finished. Assume we have arrived at the ath
step. Reorder {cg: 8 < a} as {d,:n<w} and {fs: 08 <a}as{g,:n <w}.
Our function f, will have the form
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fa(2) =co(z —do) +e1(z —do)(z—dy) + - -~

for some numbers €g, €1, . .. selected inductively. If g, ..., e,_1 are selected,
we choose €, in such a way that for

faldnt1) = €o(dnt1 — do) + -+ + €n(dpt1 — do)(dnt1 — d1) -+ - (dnt1 — dn)

we have g, (dnt1) # fa(dns1) and fo(dnt1) € QF, and besides these also let
ler| small enough to ensure that the series for f,(z) converges for all z. For
example, if we have

lenl(20)" (14 Ido) - (1 + Idn]) <1,
then we have convergence: if n > |z|, then

|5n(2 —do) - (Z - dn)l < ‘5n|(n+ |d0|) (n—i— |dn|)
< len|n(1 + |do|) - - - (1 + [dn])

1
= len|n™ (1 +|dol) -+ (1 + |dn|) < Tl

so the series uniformly converges on every disc. [P. Erdds: An interpolation
problem associated with the continuum hypothesis, Michigan Math. Journ.
11(1964), 9-10]

20. (a) Every first category set is included in a first-category F, set. The num-
ber of the latter sets is ¢ = Ny. Let {A, : @ < w1} be a list of first-category
F, sets. Notice that for every o < wy the set |J{Apg : B < a} is of first cat-
egory. If we pick o, € R\ (U{4p: 8 < a}), then A = {z, : @« < w1} is a
Lusin set for AN A, is included in the countable set {zg : § < a}. [P. Mahlo:
Uber Teilmengen des Kontinuums von dessen Machtigkeit, Sitzungberichte
der Sachsischen Akademie der Wissenschaften zu Leipzig, Mathematisch-
Naturwissenschaftliche Klasse, 65(1913), 283-315. N. Lusin: Sur un probléme
de M. Baire, Comptes Rendus Hebdomadaires Siences Acad. Sci. Paris,
158(1914), 1258-1261]

(b) There is a decomposition R = X UY where X is of the first category and
Y is of measure zero. Indeed, for every n we can cover the rational numbers by
open intervals of total length < 1/2", and the intersection of all these covering
sets is of measure 0, while its complement is of the first category (since it is
the union of countably many nowhere dense sets).

Now if A is a Lusin set, then A N X is countable, so all but countably
many elements of A are in Y, so A is of measure zero.

21. One direction is clear by Problem 20 and by the fact that if CH holds then
every set of cardinality < c is countable.

Conversely, suppose that A is a Lusin set and every subset of R of cardi-
nality < c is of first category. Let us enumerate the reals into a sequence 7,
a < ¢, and consider the sets
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Aa:Aﬂ{r3:6<oz}, a<c.

By the assumption the set in the bracket is of first category, and hence by the
Lusin property of A each set A, is countable. But Uy,<cA, = A, hence we
have a representation of a set of power continuum as the union of an increasing
chain of countable sets. Now apply Problem 7.

22. Every set of measure zero is included in a Gy set of measure zero. The
number of the latter sets is ¢ = R;. Let {4, : @ < w1} be a list of the G4 sets
of measure zero. Notice that for every o < wy the set |J{Ag : 8 < a} is of
measure zero. If we pick z, € R\ (U{4g: 5 < a}), then A= {2, :a <wi}
is a Sierpiriski set for A N A, is included in the countable {z5 : § < a}.
[W. Sierpifiski: Sur I'’hypotheése du continu (2% = N;), Fund. Math., 5(1924),
177-187]

(b) There is a decomposition R = X UY where X is of first category and Y
is of measure zero (see the solution to 20(b)). If A is a Sierpinski set, then
ANY is countable, so all but countably many elements of A are in X, so A
is of first category.

23. The proof is similar to that of Problem 21. One direction is clear by
Problem 22 and by the fact that if CH holds, then every set of cardinality < ¢
is countable.

Conversely, suppose that A is a Sierpiniski set and every subset of R of
cardinality < c is of zero measure. Let us enumerate the reals into a sequence
To, @ < ¢, and consider the sets

Aa:Aﬂ{rg:6<oz}, a<c.

By the assumption the set in the bracket is of measure zero, and hence by
the Sierpinski property of A, each set A, is countable. But Uy<ccAn = A,
hence we have a representation of a set of power continuum as the union of
an increasing chain of countable sets. Again apply Problem 7.

24. A set B C [0,1] is of outer measure 1 if it intersects every compact set
K C [0,1] of positive measure. Let us assume CH and let K, o < wy, be an
enumeration of the compact subsets of [0,1] of positive measure. We define
by induction the increasing sequence of sets B,, C,, a < wq, in such a way
that for all @ both B, and C, are countable, B, N Kg # 0, Co, N Kg # O for
0 < aand By x C, C A. Then clearly B = Uy<w, Bo and C = U, <, C, are
suitable. In order that the induction run through we also require that for any
b e B, theset {y : (b,y) € A} is of linear measure 1 and for any ¢ € C,, the
set {z : (x,c¢) € A} is of linear measure 1.

For limit ordinal o < wy just set By, = Ug<aBg, Co = Ug<aCs. Now
let B, and C, be defined and we define the next sets B,y and C,y1 by
adding one—one points to B, and C,. By the hypothesis for each b € B,
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the set {y : (b,y) € A} is of linear measure 1, therefore the same is true
of Mpep {y : (b,y) € A}. Thus, this set intersects K, in a set of positive
measure, and for almost all points ¢ of the intersection K, N (Mpen,{y
(b,y) € A}) theset {x : (x,c) € A} is of linear measure 1. Pick such a ¢ = ¢,
and let Cpy1 = Cy U{cq}- By the choice of ¢, we have B, X {¢o} C A, hence
By x Cqyq1 C A. Select in an analogous way a point b, in Ko N (Neec, {2 -
(z,¢) € A}) and let Bo11 = B, U{b,}. The construction gives that these sets
satisfy all the requirements.

25. Enumerate the rationals as Q = {¢ : i < w}. By CH we can enumerate
the sequences of positive reals as {(¢{ : i < w) : & < wq}. The set

Ga = U(qz' —&,q t &)
i<w
is dense and open. By the Baire category theorem the set X, = ({Gg: 8 <
a} is a dense Gy set of cardinality continuum. We can therefore inductively
select a, € X, different from every ag, 5 < a. Now the set A = {aq : o < w1}

is as required. [A. S. Besicovitch: Concentrated and rarified sets, Annals of
Mathematics, 62(1934), 289-300)

26. A Lusin set (Problem 20) A has this property: if B C A is not dense in any
interval, then it is nowhere dense in R, hence B = AN B must be countable.

27. If L is a Lusin set (Problem 20) then A = L U Q has this property: if
B C A is nowhere dense in the interval topology, then it is nowhere dense in
R, hence B = AN B must be countable.

28. Let A be a set as constructed in Problem 20. Assume that we are given
the positive reals €¢, €1, .. .. There are intervals Iy, I, I4, ... (one around each
rational point) of length eq, €2, €4, . . . such that A\ (IoUI,UI4U- - -) is countable
. This countable set can be covered by some intervals of the respective lengths
E1,E35 - -

29. Assume CH, and enumerate the first-category F, sets in R into a sequence
I,, a < wy, and the G5 sets of measure zero into a sequence Oy, @ < wy.
We may also assume that Iy = Og = () and that these sequences of sets
are increasing. It is easy to verify that the complement of a first-category
set includes a first-category set of cardinality continuum, and likewise the
complement of a set of measure zero includes a set of measure zero and of
cardinality continuum. Thus, for every a > 0 there is an index -y, such that
both sets I, \ I, and O, \ O, are of cardinality continuum. Define now the
sequence To, o < wi, as o = 0, To = SUPg<, Ta if @ is a limit ordinal, and
Ta+1 = 7, Otherwise. Then

U (ITa-H\ITQ): U [Ta+1 = U I,=R

a<wi a<wi a<wiy
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and

U (O‘Fa+1\07'a): U OTQ_H = U O(,:R

a<wi a<wi a<wy

are decompositions of R into disjoint subsets of power continuum. Thus, any
one-to-one correspondences between the sets I, \ I, and O, , \O,, induce
a permutation 7 of R. If A is of first category, then A C I, for some «, hence,
as 7[A] C Oy, the set w[A] is of measure zero. Similarly, it follows that if B is
of measure zero, then m~1[B] is of first category.



17

Ultrafilters on w

1. Let F be a maximal filter and A C w, A € F. If the intersection of A with
any member of F is nonempty, then F U {A} generates a filter that is larger
than F, but this is not possible. Thus, there is an F' € F with AN F, but
then FF Cw\ A, hence w\ A € F.

Conversely, if for every A C w either A € F or w\ A € F, then for every
A & F there is an F € F, namely F = w \ A, with AN F = . Thus, there
cannot be a filter that would include F as its proper subset, hence F is an
ultrafilter.

2. See Problem 14.6(c).

3. By Problem 4.43 there is an independent family F of cardinality continuum
of subsets of w i.e., F is such that if Fy,...,F, € F are different elements of
F and Fj = F; or w\ F; independently of each other, then N_, F;* # (). This
means that if g : F — {0,1} is an arbitrary mapping and F, is the family
that contains F' € F if g(F) = 1 and contains w \ F' if g(F) = 0, then F,
has the property that any finite subset of F, has nonempty intersection. But
then F, generates a filter which is included in a U, ultrafilter, and it is clear
that if g # h then U, # Uy, because there is an F' € F with g(F) # h(F), and
then F' is contained in one of U, and U, and w \ F is contained in the other
one. Since there are 2° possibilities for g, this shows that there are at least
2¢ ultrafilters on w. But the total number of systems of subsets of w is 2€, so
there cannot be more than 2¢ ultrafilters either.

4. Partition w into n+1 infinite sets: w = AgU- - -UA,,. For each 1 < ¢ < n there
is some 0 < k; < n that Ay, € U;. The union of these sets is in every U;, and is
coinfinite, as is disjoint from the A; for which j ¢ {0,1,...,n}\ {k1,..., kn}.

5. Note that of the two sets A = U;[ng;, noit1) and B = U;[ngiy1, nait2)
exactly one of them is in U. If, say, A € U, then is appropriate for A N
[n2i41, n2i42) = 0 for all 4.
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6. This follows from the preceding problem if n;11/n; — 0o as i — oo.

7. The set F of all subsets of w of density 1 is a filter. Let U be an ultrafilter
including F. Then no A € U can have zero density, for then w\ A would be
of density 1, hence it would also belong to U.

8. There is no translation-invariant ultrafilter on w as exactly one of the sets
of the odd, resp. even numbers is in any ultrafilter.

Assume now that U/ is a translation-invariant ultrafilter on Q. Then exactly
one of QN (—o00,0), QN[0,00) is in U, say the latter. Now exactly one of

Qﬁ([O,l)U[Q,S)U-~-)

and
QN ([1,2)u[3,4)uU--)

is in U and that contradicts translation invariance. So there is no translation-
invariant ultrafilter on Q.

9. Let us suppose that the second player II has a winning strategy o. Let
player I select first ng = 1, for which player II responds with some number 7.
Now from this point on if until the kth step the game proceeds as ng < nj <
ng < +-- < ngg_1, then let player I respond with the number noy, which would
be the second player’s response (under o) for the play nqy < ng < ... < ngx_1
(in other words, I plays the strategy o as if ny has not been played). Since o is
a winning strategy for player II, and player I is playing the o strategy, the set
[0,71)U[ng2,n3)U-- - does not belong to U, hence the set [0,n¢) U [ng,n2)U- -
must belong to Y. Thus, with this strategy of player I he/she wins, so o cannot
be a winning strategy for player II.

The same consideration shows that player I cannot have a winning strategy.

10. By recursion on o« < w; we build the increasing, continuous sequence
{Ga : @ < w1} of countable centered subfamilies of P(w) (i.e., each G has the
property that any finite subset of G has infinite intersection, and the continuity
means that if o is a limit ordinal then G, = Ug<,Gg). At every step we perform
one of two possibilities. Either regard some A C w and add A or w — A to G,
to get Go41 or make sure that for a given sequence Ag O A; O Ay D -+ from
G there is a B € G411 with B\ A,, finite for all n < w. This will clearly work,
as by CH there are Ny many such “tasks” so it suffices to treat one at a time.

There is no problem with the first type, given A C w and the centered
G, either A or its complement can be added to G, and still keep it centered.
Assume, therefore, that we are given G, and the decreasing sequence Ay D
A1 D Ay D -+ from G, . Enumerate G, as G, = {Cy,C1,...}. Pick

an € Ay N (ConCrLN---NCY)

and set B = {ag,a1,...}. Now Go41 = G, U {B} will be fine.
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Finally, | J{G. : @ < w1} is clearly appropriate.

11. Enumerate the triplets (r,n, f) where 1 <r <w, f: [w]" — {1,...,n} as
{{rasna, fa) + o <wi} (this is possible since the number of such triplets is ¢
and we have assumed CH, i.e., ¢ = wy). We construct by transfinite recursion
infinite sets A, C w, a < wy such that each A, is monochromatic with respect
to fo and {Ay : a < wi} is centered, i.e., any finite subset of it has infinite
intersection. In fact, we choose A, so that A, \ Ag is finite for § < «, which
clearly implies that {A, : a < wi} is centered. Assuming that at step o < wy
we have the set {4z : [ < a} with this property. Select an infinite set B
such that B\ Ag is finite for all § < « (enumerate the sets {4z : 5 < a}
into a sequence Af, A7, ..., and select one—one different points from the sets
AfNATN---NAY, n=0,1,...). By Ramsey’s theorem (Problem 24.1) there
is an infinite B’ C B on which f, is monochromatic, and let A, = B’.

Since {4, : « < oo} is centered, it can be extended to an ultrafilter U.
Now if f: [w]" — {1,2,...,n} is a coloring of all r-element subsets of w with
finitely many colors, then (r,n, f) = (ro,nNa, fo) for some a < w;, and then
A, € U is monochromatic with respect to f.

12. Let f: A — w be a bijection. This induces an ordering <y on A: x <y y
if and only if f(z) < f(y). Color pairs of A by 2 colors as follows. For z < y
in A let g(x,y) = 0 if and only if x <f y, otherwise set g(z,y) = 1. As U is
a Ramsey ultrafilter, there is a monochromatic B € U with respect to g. If
the pairs in B have color 0, then on B the two orderings < and < coincide,
hence (B, <) is of type w (note that with respect to < the type of A is w).
If, however, the pairs in B have color 1, then on B the two orderings < and
<y are each other’s reverses, so in this case (B, <) has type w*.

13. Color [w]? as follows: let g(z,y) = 0 if f(z) = f(y), and otherwise set
g(z,y) = 1. Let A € U be a monochromatic subset with respect to g. If the
pairs in A have color 0, then f is constant on A, and if they have color 1, then
f is one-to-one on A.

14. Color [w]? by two colors: let g(z,y) = 0 if z and y belong to the same
interval [n;,n;41),% = 1,2, ..., and otherwise let g(z,y) = 1. A monochromatic
infinite set B C w can only be of color 1, in which case it intersects every
interval of the above type in at most one element. Add to B elements so that
every intersection has exactly one element.

15. Apply the previous problem by making no = 0 and with n; so large that
aj < €/271 is true for j > n;. If B € U is such that it intersects every interval
[ns,m;41) in exactly one element, then for A = B\ [0,n¢) € U we clearly have

Dieai <Y €/2 = e

16. First solution. Instead of w, work with S = [J{S, : n < w} as the
underlying set, where the S,,’s are disjoint, finite sets, |S,| = n?. For X C S,
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set X € F if and only if | X N S,| > n? — cn for some constant ¢ > 0 and all
n. Then F is a filter. Extend it to an ultrafilter . Now define a; = 1/n for
i € Sy. Then, if X €U, |[X NS,| > n holds for infinitely many n (otherwise
the complement of X would belong to F), so

E a; = OQ.

iex
[I. Juhdsz]

Second solution. Let a; = 1/(:+1) for i = 0,1,..., and consider the family
Z of those subsets H C w for which

Zai<oo.

i€H
This Z is clearly an ideal, so the family
F={KCw:w\KeI}

is a filter, which can be extended to an ultrafilter /. Since no H € 7 can
belong to F, we are done.

17. Let H = {H, : « < c} be an independent family of subsets of w (cf. the
solution to Problem 3 above). For S € [H]“ set

X(8) = w\ (NS) =\ (NwesH).
We claim that the set
F=n|J{X(S) : SeM*}
is centered, i.e. if a1,...,a, < cand Si,...,S,, € [H]¥, then
Z=H, N---NH, NX(S1)N---NX(Sm)

is infinite. Indeed, if Hg, € S; \ {Hay,--., Ha, } for i = 1,...,m, then every
element of the infinite set

Halm.'.ﬂHanﬁ(w\Hﬁl)m...m(w\HﬁnL)

isin Z. Extend F to an ultrafilter U. If i was generated by U’ C U, [U'| < c,
then U’ would generate every member of H as well. So, as [U'| < |H], there
would be aq, as, ... such that H,,, H,,, . .. are generated by the same element
TofU' ie, T C Hy, NH,, N---. But this is impossible as

TﬁX({HalvHa27"'}}:®’

though these are two elements of U.
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18. Suppose to the contrary that X, is Lebesgue measurable. If x € (0,1) is
not diadically rational, then it has a unique binary expansion, thus if z = x4
then 1 —x = .\ 4 and these are the only representations for the numbers z
and 1 —x as an xp, B C w. Since exactly one of A and w \ A belongs to U,
we get that exactly one of z and 1 — z belongs to Xi;. Thus, the mapping
x — 1 — x maps Xy into [0, 1] \ Xz, with the exception of countably many
points, so Xz; must have measure 1/2.

Note also that the nonprincipality of ¢/ implies that adding to or deleting
from A finitely many elements does not change the fact if A € U or not. This
means that X, is periodic (mod 1) with period a for any diadically rational
a. Now let z € Xzy N (0,1) and y € (0,1) \ Xy be two points of density 1 for
the sets Xz, and (0,1) \ Xy, respectively, and let § > 0 be so small that

|(x — 6,2+ 0)NXy| > 35/2 and [(y— 0,y +0)N((0,1)\ Xu)| > 36/2.
If a is a diadically rational number such that |y — (x + a)| < /8, then
(X +a)N(y—06,y+0)] >36/2—25/8 >,

hence
(Xo +a) N ([0,1]\ Xo) # 0,

which is impossible, since X;; + a = Xy (mod 1) and Xz, and [0, 1] \ X, are
disjoint.

19. (a) Let K be so large that —K < z, < K is true for every n. Set x € A
if{n : <z,}e€D,andye Bif{n : z, <y} € D. Then AUB =R,
—K € A K € Band if x € A, z < x, then z € A while if y € B and
z > y then z € B. There is therefore a unique real number —K < r < K
such that r — e € A while r 4+ ¢ € B for all ¢ > 0. This means that the set
{n : r—e<uz, <r+ec}, being the intersection of two elements in D, lies in
D, and so limp x,, = r. This shows the existence of the D-limit.

Since any two real numbers can be separated by disjoint neighborhoods,
the unicity of the D-limit is clear.

(b) This immediately follows from the definition of ordinary and D-limits.

(¢) For ¢ > 0 we have p < z,, < ¢ if and only if ¢p < cz, < ¢q. For ¢ < 0
we have p < x,, < ¢ if and only if ¢q¢ < cz, < c¢p, and finally {cx,} is the
constant sequence for ¢ = 0. Now just apply the definition of D-limit.

(d) Let a = limp zp,, b = limpy, and ¢ = a + b. For € > 0 the sets {n

a—€e/2 <z, <a+e/2}and {n : b—e€/2 <y, <b+¢/2} are in D, hence so
is their intersection, which is included in the set {n : c—e < z, +y, < c+e€}.
Thus, this latter set is in D for any € > 0, which means that limp (z, +y,) = c.

(e) This is immediate from the definition of D-limit.
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(f) This is a consequence of parts (b) and (d) (but also immediately follows
from the definition of D-limit).

(g) Let a = limp x,, and € > 0. There is a 6. > 0 such that for x € (a—0d,, a+3)
we have f(z) € (f(a) — ¢, f(a) + €). Thus,

{n:a—-fd<zpn<a+d}C{n : fla)—e< f(zn) < f(a) + €}

Since here the set on the left-hand side belongs to D for all € > 0, the set on
the right-hand side also has to belong to D, which proves part (d).

(h) Let A C w be an infinite set such that the sequence {x, }neca converges to
r. Now for any nonprincipal ultrafilter D with A € D we have limp z,, = A.

(i) For a sequence {x,} let y, = arctan(z,,) and let us also set arctan(£oo) =
+7/2. If we copy the proof of part (g) with the monotone and continuous
functions f(x) = arctanz, x € [—o0,00] and f~1(x), x € [-7/2,7/2] we can
easily see that limp x,, = r exists if and only if limp y,, = arctan(r) exists.
But {y,} is already a bounded sequence, hence we can apply part (a).

20. Let D be a nonprincipal ultrafilter on w and let f(A) = limp(z,), where

_|Ann|
, =2
n

for n > 0. The properties (b) and (d) from the previous problem show that
this f is suitable.

21. Formally, we consider functions f : w — {0,1,2} and an operator &
assigning to every such f a value in {0,1,2}. The property is that if fo, f1
differ everywhere, then &(fy) # @(f1). We have also assumed that if g; is the
identically constant function g;(j) =4, j =0,1,2,..., then &(g;) = i.

First, assume that A Cw, B=w\A. If f: A - {0,1,2},¢9: B — {0,1,2}
we simply write fg for the union of the functions f and g, and we also
use the notation (c)4 for the function that is identically ¢ on A. Then
&((0)4(0)g) = 0, &((1)a(1)p) = 1, hence we must have &((0)4(0)p) #
P((1)a(0)p) or &((1)a(0)p) # ®((1)a(1)p). By interchanging the sets A, B
we may assume that the first of these holds, i.e., &((1)4(0)g) # 0. Also,
S((1)a(0)g) # P((2)a(2)p) = 2, so we must have &((1)4(0)g) = 1. If
g : B = {1,2}, then (2)ag is pointwise different from both (0)4(0)p and
(1) 4(0) g so necessarily ?((2) 4g) = 2. This we denote by #((2)a(1—-2)5) = 2.
If now g : B — {1,2} and g(i) = 3 — ¢(i) for every i € B, then the func-
tions (0)4(0)p, (1)ag, (2) 47 assume 3 different values everywhere, so we get
&((1)a(1 —2)p) = 1. Similarly, ((0)a(1 —2)p) =0.

From this we get that #((0 — 1) 49) is either 0 or 1, and similarly for 0,2
and 1,2. The first of these gives $((2)4g) = 2, and similarly we get from the
other ones that ®((i)4ag) = ¢ for all ¢ € {0,1,2}.
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Assume finally that for some functions f: A — {0,1,2} and go, 91 : B —
{0,1,2} we have &(fgo) # P(fg1), say, (fgo) = i0, P(fg1) = i1. Then there
is a function f : A — {ig, i1} which is everywhere different from f, and a
function h : B — {0,1,2} which is everywhere different from go, gy, then
®&(fh) # ig,i1 but must be in {ig,7;} by the above, a contradiction.

What we showed is that if w = AU B is a decomposition, then one and
just one of A, B has the property that @(f) depends on f|A (say). Let U be
the system of those sets with this property. We get that exactly one of A, B
is in Y. Clearly, ) ¢ U, moreover if A € Y and A C B, then B € U. Tt is
also immediate that U/ is closed under intersection. This implies that ¢/ is an
ultrafilter. To conclude the proof let C;(f) = {j : f(j) =i}, i = 0,1,2.
These are disjoint sets with union w, hence exactly one of them, say Cj,,
belongs to Y. Since on C}, the function f coincides with the constant function
iy (4) = o, and &(f) depends only on f‘Co’ we have @(f) = P(g;,) = io as
was claimed. [D. Greenwell-L. Lovédsz: Applications of product colouring,
Acta Math. Acad. Sci. Hung, 25 (1974), 335-340]

22. First let us consider the case when there are only finitely many voters (I
is finite). We call a voter dominant if the outcome of the vote is always her
list.

First we show that if there are two voters A and B, then one of them
is dominant. Let us agree in the following notation: the fact that candidates

a, b, c are listed in A’s list in some order like ...,a,...,c,...,b,... and in B’s
list in another order like ...,c,...,a,...,b,..., and then in the outcome their
order is like ...,b,...,¢,...,a,... will be denoted by

A: ach

B: cab

outcome : bca

Suppose now that A is not dominant. Then there are some candidates ab
on his list in this order such that in the outcome their order is ba. Then
necessarily on B’s list their order is ba (otherwise a and b would be listed in
both lists in the order ab, which should be the outcome as well). We show that
B is dominant. Since the order in the outcome is the result of the order of the
pairs of the candidates, it is sufficient to show that B is dominant for each
pair of candidates. Let ¢ be a third candidate. Each column in the following
table implies the next one:

A ab acb ac abe be bac ba
B: ba cba ca cab cb acb ab

outcome : ba cba ca cab cb ach ab

This proves that B is dominant for the pair a,b. But applying what we have
obtained to column 3 resp. 5 we can see that B is also dominant for the pairs
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a, c resp. b, c. Thus, the dominance of B for the pair a, b has been established,
and here a and b can be replaced by any other ¢ # a,b. By at most two such
replacements we can get to any pair of candidates, and the dominance of B
has been established.

Next we show that if there are 4 voters A B,C,D, then one of them is
dominant. In fact, suppose first that A and B form a block, i.e., they always
vote the same way and C and D also form a block. Then we have two block
voters, hence one of them is dominant, say the AB block. We claim that if A
and B vote the same way, then they are dominant. If this is not the case, then
there are candidates p,q such that A and B vote them in the order pgq, but
in the outcome the order is gp. In the following table p’q’ and p”¢" denote
permutations of p, ¢, and again each column implies the next one:

A pq  paq aq
B pq paq aq
C: 9 pdaqa
17.1
D pllq// p//qlla qa ( )

outcome : ¢gp qpa qa

contradicting the dominance of the block AB over CD. Now fix the votes of CD
in some order 7(cy),...,m(c,) (for both of them), where 7 : {c1,...,¢n} —
{c1,...,¢n} is some permutation, but A and B vote as they wish. Then we
get a two-member voting scheme, hence either A or B is dominant, say A.
We claim that A is dominant in the original 4 voter scheme. Suppose this is
not the case. Then there are some candidates p, ¢ such that A votes them in
the order pq, but their order in the outcome is ¢gp. Since the block AB was
dominant, this is possible only if B votes in the order gp. Then, if the last
element of the fixed order is b, each column in the following table implies the
next one:

A pg pbg bg

B qp  qpb gb

C:  pd pdbqb

D /1

p"q" p"q"b qb

outcome : gqp qpb ¢b

contradicting the dominance of A when C and D vote in the fixed order
m(c1), ..., m(ey) (if one of p, ¢ is the largest element b, then work symmetrically
with the smallest element in the fixed order, and if p and ¢ agree with the
largest and smallest elements, then first replace one of them in the indicated
manner by a third element and then we are back to the previously considered
cases). With this the claim that in a four-member voting scheme there is
always a dominant voter has been verified.

The same argument shows the same claim if there are three voters.

Now let I be an arbitrary set of voters. We call a subset F' C I dominant
if it is true that if all members of F' vote the same way then this is always
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the outcome. An argument similar to that in Table (17.1) shows that if F'
is dominant in the two-block voting scheme consisting of the blocks F' and
I'\ F, then F is dominant. Let F be the set of dominant subsets of I. We
show that it is an ultrafilter on I. It is clear that ) € F (that would mean a
fixed outcome irrespective of the votes) if F € F, F C F’, then F' € F, and
out of F and I\ F only one can belong to F. That one of them is actually in
F follows from the dominance in the two-member voting schemes. Thus, to
show that F is an ultrafilter, it is sufficient to show that if F}, F» € F then
N Fy € F. Consider the 4-member block voting scheme when the blocks are
FiNFy, I\(F1UFy), Fy\ F», and F»\ F (i.e., the voters in each block vote the
same way, and if one of these sets is empty then the appropriate block voter is
missing). We know that one of them is dominant (we have verified dominancy
if there are at most four voters). Since both F; and F, are dominant, this
dominant block cannot be any of the last three ones, so it must be Fy N Fy,
hence F1 N F, € F.

Now let us consider an arbitrary voting, and for a permutation 7 of the
candidates consider the set F; of those voters i € I who voted in the order
given by 7. Since I = U, F; is a disjoint decomposition, exactly one of the F;
belongs to F, say Fr, € F. Then Fy, is dominant, so the outcome must be
7. [K. J. Arrow]



18

Families of sets

1. For each a < k™ let f, : kK — a + 1 be a surjection, and let

Ae = H{a = fal) =}

Since f, is single-valued, the elements in each row are disjoint. If for n < x*
and a < k* there is no £ < k with f,(£) = 5, then a < n; therefore, the
union of the sets in the nth column is ™ \ 1, and we are done.

2. First solution. We replace the ground set x with x x k. Our sets will
be k — k functions, so it is enough to construct a sequence {f, : @ < 7}
of k — k functions, such that any two differ from a certain point onward.
We construct the functions by transfinite recursion on . If {fg : 8 < a} are
already given, enumerate o as a = {y¢(a) : £ < k}. Then select the value of
fa(§) to be different from every f, (a)(§), ¢ <& (“the first £ values”). Having
defined the functions, if we have 8 < a < k%, then 3 = y¢(«a) for some ¢ <
and then f3(&) # fo(§) for £ > (. [Erdés, 1934]
This is a condensed form of the solution for Problem 12.5.

Second solution. Let A be the smallest cardinal with the property x* > &.
By Cantor’s theorem (Problem 10.16) A < k. Let X be the set of all transfinite
sequences of length < A of ordinals £ < k. For each p < A there are at most
kP = Kk such sequences of length p, hence X is of cardinality x. Furthermore,
let H* be the set of all transfinite sequences {a¢}e<n of type A of ordinals
& < k. Then, by the definition of A, H* is of cardinality bigger than k. For
every s = {ag}ecn € H* let Hg be the set of initial segment subsequences of
s, l.e., the set {{agte<y}n<r. Then Hy C X, and if 8" = {aj}ecr € His a
different sequence in H*, then there is a 7 < A such that a, # o/, hence the
elements in the subsequences {ag ey and {ag}e<y are different for all 7 <.
This shows that Hs; N Hy is of cardinality smaller than A < k, hence the set
H = {H;}sen~ satisfies all the requirements. [W. Sierpiniski, Mathematica,
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14(1938), p. 15, Tarski, Func. Math., 12(1928), 188-205 and 14(1949), 205-
215]

3. Let us decompose X as a disjoint union of the sets X, X7, and X5 each
of cardinality k, let f : X; — X5 be a 1-to-1 correspondence between the
elements of X; and X5, and let us also decompose X; into a disjoint family
of sets X o, a < k of cardinality . Now for any subset A of x consider the
set

Ha = XoJ (VaeaXra) [ (X2 \ (Vaeaf[X1a]).

It is clear that if A and B are different subsets of k, say a € A\ B, then
X1,0 CHa\ Hp, and f[X;,] C Hg \ Ha, and since Xy is part of every Ha,
the family of the 2" sets H4, A C k satisfies the properties set forth in the
problem. [cf. W. Sierpiriski, Cardinal and Ordinal Numbers, Polish Sci. Publ.,
Warszawa, 1965, XVII.4. Theorem 1]

4. This is a special case of Problem 6.90, since out of two initial segments one
of them includes the other one.

5. The statement follows from Problem 3.

6. We show by transfinite induction on « that there is a mapping ¢, : [¢]® —
2% such that for every & < 2% the set ¢~ 1(£) is an antichain. For a = &
we can take a bijection. Assume that cf (o) > x and g exists for every
B < a. For X € [a]" set ¢} (X) = (tp(X),¢p(x)(X)) where tp (X) is the
order type of X and G(X) = sup(X). If X C Y and ¢%(X) = ¢5(Y), then
specifically tp (X) = tp (Y) so by X C Y we have 5(X) = 5(Y) and then the
inductive assumption on ¢gx) gives X =Y. Thus, X C Y, X # Y implies
05 (X) # @i(Y), ie., the inverse image under ¢, of any set is an antichain.
This ¢ is a mapping to k™ x 27, which can easily be transformed into a
mapping @, to 2°.

If ef (o) < K, then « can be decomposed into the union of at most « disjoint
intervals {I; : j € J} where the order type of each I; is smaller than a (this
covers both the successor and the limit cases). By the inductive assumption
for each j € J there is a ¢; : [I;]* — 2" such that wj_l(f) is always an
antichain. Define ¢ : [a]* — (25)" by ¢(X) = (¥;(X NI;) : j € J). We
show that v is a mapping with the required property (as it maps into a set of
cardinality (2”)N = 2" we are done). Assume that X CY and ¢(X) = ¢(Y).
Then X NI; CYNI; and ¢;(XN1I;) =;(Y NI;) hold for every j € J, so by
hypothesis X NI; =Y NI, for all j € J, and therefore X =Y. [Erdés—Milner]

7. Let H = k x {0,1}, and for an f : k — {0,1} set Ay = {(a, f(®))}a<rs
By = H\ Ay. There are 2" such pairs of sets, and if f # g then for some o <
we have f(a) # g(a), say, f(a) =0 and g(«) = 1, and then («,0) € Ay N By,
ie, AfN By # 0.
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8. See Problem 24.31.

9. Let us enumerate the infinite subsets of N into a transfinite sequence A,
¢ < c. By transfinite induction we define different infinite subsets B, Ce C A,
§ < c such that B¢ and C¢ are different from every B,,C,, n < . Since Ag¢
has c infinite subsets, at each step £ < ¢ we can select Be # C¢ with this
property. Now if F is the set of the B¢’s and G is the set of the C¢’s, then
these are clearly suitable, since every infinite subset of N is one of the A¢’s,
and this includes B¢ and Cg.

10. Let H be a maximal set of almost disjoint countably infinite subsets of X,
ie., if Hy,Hs € H, then |Hy| = |Hs| = No but Hy; N Hy is finite, and there
is no family with this property that properly includes H (the existence of H
follows from Zorn’s lemma; see Chapter 14). Thus, if A C X is countably
infinite, then A N H is infinite for some H € H.

For each H € H fix families Fy, Gy C P(H) with the properties from the
preceding problem, and let F be the union of all the Fg’s and G the union
of all the Gg’s for all H € H. These are disjoint families. In fact, if we had
S € FNg, then S would belong to some Fy, and also to some Gp,. Here
H, = Hs is not possible since Fy, and Gy, are disjoint. If, however, Hy # Ha,
then S would be a common subset of both H; and of Hy, which cannot be
the case because Hy N Hy is finite.

Finally, if A C X is infinite, then A has a countably infinite subset A;
which intersects one of the H’s in an infinite set. By the choice of Fy there is
an F' € Fg such that FF C Ay N H, i.e., this F € F is a subset of A. A similar
argument shows that A contains an element of G, and the proof is over. [A.
Hajnal]

11. First solution. Obviously, the existence of an appropriate family depends
only on the cardinality of the ground set. Rather than working on x we work
on the set X = {(s,h) : s € []<“,h C P(s)}. As there are  finite subsets of
k each carrying finitely many families of subsets, we have | X| = k. If A C &,
then we associate the set Y (A) = {(s,h): s € [§]<*,ANs € h} C X with A.
This way we have created the family F = {Y(A) : A C x}. If we show that it
is independent, then, in particular, we find that the elements of F are distinct
and so |F| = 2*. Toward showing independence, assume that we are given the
different sets Aq,..., A, C k and €1,...,&, < 2. To any two sets there is a
point which is in one but not in the other, so there is a finite set s C « such that
the intersections A; N s are different. Now set h = {A;Ns:1<i<mn,eg; =1}
Clearly, (s,h) € Y(A1)5* N---NY(A4,)°".

Second solution. For every ¢ < k and natural number [ let us choose [ sets
A¢1j, j <l that form an independent family over a finite set A¢; (e.g., if
A; 0,1}, j < 1 is the set of those 0-1 sequences of length [ which have
1 at the jth position, then A;, j < I is an independent family of sets over
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110,1}). Let us also assume that these sets are selected in such a way that
the ground sets A ; are disjoint for different (£,1)’s. Now with the functions
f from Problem 13 consider the sets

Hy = U Ag 1 min(1—1,£(&)) fer.
E<k, lEN

If f1,..., fn are different, then there is a £* < k such that all the values f;(£*)
are different, and let us choose [* so large that all these values are less than
I*. Now for ¢, = 0 or 1 the intersection

€1 €n
Hyn...nH"
includes the nonempty set

AC

1
e anpen N4

€500 (€

where 1n the latter case complements are taken with respect to the set
h in the 1 1 k ith h

Ag« i+). [F. Hausdorff, Studia Math., 6(1936), 18-19, A. Tarski, Fund. Math.,

32(1939), 45-63]

12. (See also the solution to Problem 17.3.) By Problem 11 there is an in-
dependent family F of cardinality 2 of subsets of x. This means that if
g : F — {0,1} is an arbitrary mapping and F, is the family that contains
F e Fif g(F) =1 and contains « \ F if g(F) = 0, then F, has the property
that any finite subset of F,; has nonempty intersection. But then F, generates
a filter which is included in a U, ultrafilter, and if g # h, then Uy # Uy, so
we get this way 2171 = 22" different ultrafilters. In fact, if g # h, then there is
an F € F with g(F) # h(F), and then this F' is contained in one of U, and
Uy, and «k \ F is contained in the other one.

13. Without loss of generality, we may assume that A is the set of the
nonempty finite subsets of «, and for a function g : {&,&1,...,&m} — {0,1},
o <& <& <. <€y let

t(g) = 9(&0) +29(&1) + -+~ +2"g(&m)-

Note that if ¢’ : {£0,&1,...,&m} — {0, 1} is another function and ¢(g) = t(¢’),
then we must have g(&;) = ¢'(&) for all i = 0,...,m.

Now if f : Kk — {0,1} is arbitrary, then associate with it that function
F on A for which F(I) = t(f|) for every I € A, and let F be the set of
all these functions F. If FY,..., F,, are different functions that correspond to
fi,-- -, fn, then these are also pairwise different, hence for each 1 <i < j<n
there is a &; ; < k with f;(&.;) # fj(&,;). Thus, for the set I consisting of all
these &; ; we have t(fi‘[) #+ t(fj‘I) for all 1 < i < j < n, which means that
the values F;(I) are all different.
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14. We may assume that A ="{0,1} is the set of infinite 0-1 sequences of
length x, and for a finite subset I of k let A; be the set of all functions
h : I — {0,1} that map the given finite set I into {0,1}. Any mapping
g : A; — k generates a mapping f, : A — & defined as

fo(h) =g(h|p).

Now there are k many ways to map Ay into k, and the set of finite subsets
I of k is also of cardinality r, so if F is the set of all f,’s with all possible
g : A;r — k and all possible I C k, |I| < w, then F is of cardinality x. If
F: A — kis any given function and hq, ..., h, are different elements of A,
then there is a finite subset I of s such that h; ‘ 1 are all different. Now if we
define the function g as g(h;| ) = F(h;) for i =1,...,n and g(h) is arbitrary
for other h : I — {0,1}, then F(h;) = fy(h;) for all 1 <4 <mn, so F satisfies
the requirements. (See also the solution to Problem 4.27.)

15. See the solution to Problem 4.28, and apply Problem 14 instead of 4.27.

16. Set F = {Ao, A1,...}. By induction on n < w we build the finite sets
Xo C Xy C -+ with the property that 1 < |X,, N A;| <2 holds for i < n and
| X N A;| <2 holds for ¢ > n. If we can do this, then X = [J{X,, : n < w}
will be good. Assume therefore that we have reached step number n and we
have the finite set X,,. The choice X,,11 = X,, is good unless X,, N A,, = 0.
In this latter case we have to choose some x € A, so that X,,11 = X, U {z}
is good. This requires that |(X,, U{z}) N A4;| < 2 should hold for every i # n,
that is, z ¢ A; for every i < w for which |X,, N 4;| = 2 holds. We argue that
only finitely many elements = € A,, are disqualified by this requirement (and
this concludes the proof). Indeed, for any pair Y C X,, there can be only one
A; with Y C A; (by our intersection condition on the family) and for that 4
there is only one x € A; N A,, (again by the intersection condition).

17. Let F = {Ap, A1,...}. For each k > 3 we construct some finite disjoint
sets Fj, and F}, so that

for i < k either |[A;,NEx|=1or |[A;NF| =1 (18.1)

and
for i > k either |[A;NEy| <lor|A;NF, <1 (18.2)

is true. It will also be true that Ey C Ey.q1 and Fy C Fjy1 and so the sets
X =UrEr Y = Ui Fy, will have the desired property.

For k = 3 it is easy to construct such sets F3, F3. Let us suppose that
Ey, Fy have already been constructed with the above properties. First let us
assume that Agy; intersects both Ej and F. In view of (18.2) this is possible
if, say, |Ag+1 N Ex| = 1, in which case Ex41 = Ey and Fj11 = F} is suitable
for k + 1.
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Now suppose that Agy; does not intersect one of the sets Ej, Fj, say
A1 N Ex = (. Consider all the sets A; that intersect Ey U Fy in at least
three elements. Since three given elements can be only in one A; (recall that
|A; N Aj| < 2for i # j), and Ej U Fy, is finite, there are only finitely many

such i, let these be ig,1,...,%,. Let ex41 be an arbitrary element of the set
m k
Apra\ {(U A JJAanu Fk} ;
r=0 =0

and let Ex41 = Fx U {egt1}, Frr1 = Fi. These sets obviously satisfy (18.1)
with k replaced by k+1, and if i > k+ 1 and eg+1 & A; then (18.2) is true, as
well. Finally, if ex11 € A;, then A; differs from the sets 4,,,..., A4, by the
choice of ej11, and so |A;N(E,UFy)| < 2. Now this yields that if |A;NFy| = 2
then |A1 ﬂEk+1| = |{€k+1}‘ =1, while if |Az ﬁFk| < 1 then ‘Aika-i-l‘ <1lis
true because Fjy41 = Fi. Thus, in any case we have (18.2) for k 4 1, and this
completes the proof.

18. We prove by induction on 8; < k < R, the result for k. For Kk = Xy we
can take the set {8 : w < < a}, @ < wy, of all countably infinite initial
segments of w;. Assume we have the result for some k. As the existence of
such a system is a property of the cardinality of the ground set, there is
an appropriate system JF, on every set a for K < a < xT. We claim that
F=U{Fa:r <a<kT}isa good system for k. The cardinality of F is
kkt = k. Assume that X C s is countable. Then, as kT > R is regular,
X C a for some k < o < k1. Then some Y € F, covers X, as required.

To show that the same is not true for R, let A be a set of cardinality N,
and let F be an arbitrary system of cardinality R, of countable subsets of A.
We represent it as F = FoUF, U---UF, U--- where the F,,’s are increasing
subsets of F of cardinality N,,. For each n the set F,, is of cardinality X,,, hence
there is an element a,,41 € A outside this set. Consider B = {a, }02; C A. If
F € F, then F € F, for some n, hence a,+1 € B\ F, i.e., B is not covered
by any one of the sets in F. This shows that for 8, there is no system F with
the prescribed properties.

19. We can assume that x > p. Let V be an enumeration of all functions
fra—=kr a<kt sayV={v(f):f:a—=k a<krt} Clearly, |[V|=2".
Let f:a — K, @ < kT be one of these functions. If ¢f (o) = ¢f (1), and there
is some cofinal set in a of order type g which is monocolored by f, then let
B C «a be one such set, and define H(f) = {v(f‘ﬁ) : B € B}. If no such set

exists, then leave H(f) undefined. Let H be the collection of all these sets

H(f).
We claim that H is as required. Assume first that |H(f) N H(f")| = u,
with f:a =k, f/:a' — k. If v(f‘ﬁ) = 'U(fl‘ﬁl) is a common element, then

B =0 and f ‘ 8= 1! ‘ ﬁl . As the common elements are necessarily cofinal in
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a, o/, we get that = o’ and f = f’. This shows that H is an almost disjoint
family.

Assume now that F' : V — k is a coloring. By transfinite recursion on
a < kT we construct the increasing sequence of functions {f, : @« < k*} with
fa 1 o= k. fo = 0.If ais alimit ordinal, then let f, = [J{f3 : 8 < a}. Finally,
set fat1(a) = F (v(fa)). There is some f : K+ — & such that f, = f|,, holds
for every a < k.

By the pigeon hole principle there is a value ¢ assumed by f on a set
of cardinality k. Let o be the supremum of the first u elements of f~1(¢).
Then for this « it is true that there is a cofinal set B C « of order type p
that is monocolored by f ‘ o= fa- Therefore, H(f,) is defined, using some set
B’ (possibly different from B) on which the color of f, is some &’. But then
H(f,) is monocolored by F:

F (vlfalg)) = FOU5) = for1(8) = falB) = ¢

for every B € B'. [G. Elekes, G. Hoffmann: On the chromatic number of almost
disjoint families of countable sets, Coll. Math. Soc. J. Bolyai, 10 Infinite and
Finite Sets, Keszthely (Hungary), 1973, 397-402]
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The Banach—Tarski paradox

1. A ~ A is obvious using the identity. If A ~ B then there are partitions
A=A U---UA; and B = By U---U B; with B; = f;[A;] for some f; € .
Then B ~ A holds using the same partitions as 4; = f; ![B;]. What remains
to be proved is that A ~ B and B ~ C imply A ~ C. As A ~ B, there
are decompositions A = Ay U---UA, and B = By U ---U B, such that
B; = f;[A;] for some f; € ®. Similarly, by B ~ C there are decompositions
B=B'U---UB™ and C = C'U---UC™ such that C¥ = g;[B’] for some
gj € @. Set B” = Bi ﬂBj for 1 < 1 < n, 1 < ] <m. If now AU = fiil[BijL
Cij = gj[BijL then

A= J{4i;:1<i<n 1<) <m},

C=|J{Ci:1<i<n1<j<m}

are decompositions of A and C, respectively, and C;; = h;;[A;;| where h;; =
gjo fi € @ (some of the pieces may be empty but that does not invalidate the
argument).

2. As A is equidecomposable to a subset of B, there is a decomposition A =
Ay U---UA,, and there are functions f1,...,f, € @ such that fi;[A;] U
<+ U fnlAs] is a disjoint decomposition of a subset of B. Similarly, there
are a decomposition B = B; U --- U B,, and functions g1,...,gmnm € @ such
that g1[B1] U - U gm[Bn] is a disjoint decomposition of a subset of A. Now
define f : A — B, as well as g : B — A the following way. f(z) = fi(x)
for x € A; and g(z) = gj(x) for x € B;j. As f and g are both injective,
by Problem 3.1 there are decompositions A = A’ U A”, B = B’ U B” such
that B" = f[A'], A” = ¢g[B"]. As A’ = (AAnA)U---U(A NA,), B =
(B'N fil[A1]) U--- U (B’ N f,[Ay]) are decomposition of A’, B’, respectively,
we get that A’ ~ B’. Likewise, A” ~ B"” and these two together give A ~ B.
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3. AspA < ¢B thereis a p-cover A1U- - -UA,, of A such that f1[A41]U---Uf,[An]
is a < ¢ cover of B for some elements f1,..., f, € @. Similarly, ¢B =< rC' is
witnessed by a g-cover By U---U B, of B such that ¢g1[B1]U---Ugy,[Bn] is a
< r-cover of C with some elements ¢1,...,9m € P. For 1 <i<n,1<j<m,
1 < s < g we define the set A;;, C A as follows. x € A;j if and only if x € A,
y=filz)e Bjand {1<u<i:ye f,[A,]} and {1 <v <j:y € B,} both
have exactly s elements. Set h;js = g; o f;. We claim that

J{diss1<i<ni1<j<m1<s<q}
is a p-cover of A and
U{hijslAijs] i 1<i<n1<j<m,1<s<q}

is a < r-cover of C' (and so they witness pA < rC). Pick some z € A. For
every i withx € A; set y = fi(z) and s = |[{1 <wu <i:y € fu[Au]}|. For these
y, s there is a unique j such that y € B; and {1 < v <j:y € B,} has exactly
s elements. That is, x € A;js, and this shows that the system of A;;,’s is a
p-covering of A (as so is the system of A;’s). In a similar manner, if z € C, for
every j with z € g;[B;] (and there are < r of them) there are unique s and
i such that z € hy;s[A;js], and so the system of h;j5[A;i;s]’s is a < r-cover, as
claimed.

4. Assume that A = A, U---U A, is a p-cover, fi[A;]U - U f,[A,] is a
< g-cover of B, B = By U---UB,y, is a g-cover, g1[B1]U---Ugn[Bn] is a < p-
cover of A. Refining the decomposition, if needed, we can assume that every
x € A; is in the same number of sets among Aq, ..., A;, say, in a(i) of them,
for every = € A;, fi(x) is in the same number of sets among f1[A41], ..., fi[4d],
say, in b(7) of them, and similarly, we assume that every « € B; is in the same
number of sets among By, ..., B}, say, in ¢(j) of them, and, finally, for every
x € Bj, gj(x) is in the same number of sets among ¢1[B1],. .., g;[B;], say, in
d(j) of them.

Set A* = Ax{1,...,p}, B* = Bx{l,...,q}. Notice that for every z € A,
r € {1,...,p} there is a unique i such that z € A;, r = a(¢). Define, for
(x,ry € A*, F ((z,7)) = (y,s), y = fi(x), s = b(i) where i is such that « € A;,
r = a(i). Likewise, for (y,s) € A*, define G ((y,s)) = (z,r) where y € Bj,
s =c(j), 7 = g;(9), 7 = d(j).

Notice that F': A* — B*, G : B* — A* are injective. In fact, let x,7,y, s,
and i be as above, and suppose that F({z',r")) = (y,s) is also true. Then
y = f;(z) for some j. Here i < j is not possible, for then b(j) > b(i) + 1 and
hence b(j) = s = b(i) cannot hold. For the same reason neither is j < 7, hence
1 = j and then the bijective character of f; gives z = z’. By Problem 3.1 there
exist decompositions A* = A§ U A}, B* = B} U By, such that F is bijective
between Af and B§ and G is bijective between B and Aj.
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Now define
Al ={z € A;: (z,a(i)) € Af} (1<i<n),

AV ={g;(y)  Wy.c(i) € BY} (1<j<m).

If we now apply f; on A} and gj_1 on A;-’ then we get pA ~ ¢B. In fact, for
any x € A each of the points (x,r), r = 1,...,p lie either in A§ or in A7, so
{A}, ... A JAY ..., AV} forms a p-cover of A. In a similar way we find that
their images form a g-cover of B.

5. This is an immediate consequence of the preceding two problems.

6. Assume that kpA < kqB holds. There are, therefore, subsets A;,..., 4, C A
such that every « € A is in exactly kp of them, f; € &, B; = f;[A;] C B, and
every y € B is in at most kq of the B;’s. We construct a bipartite graph with
the bipartition classes A, B, as follows. We join every x € A with an edge
to each f;(z) (in case f;(x) = y for say s > 1 of the i’s, we keep only one
edge between x and y; but the number s appears below as f(x,y)). This way,
we defined a locally finite graph (that is, every vertex has finite degree). By
hypothesis, there is a function f from the edge set into the natural numbers
(namely the one that associates with an edge e = (z,y) the number of ¢ for
which y = f;(x)) such that

S fe) =kp (v €4

ree

and

Zf <kq (yeB).

yce

This implies, by simple counting, that for every finite A’ C A the set I'[A’] of
points in B joined into A’ has

kp P
T[AN| > 2|4 = 2| A
) = A = T

elements. Using Problem 23.15 we find that there is a function g from the
edge set into the natural numbers such that

Y gle)=p (ze4)

xrEe

and

> gle)<q (yeB).

yeEe
We define the sets A7, ..., A} as follows. x € A} if and only if z € A; and
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{1<j<i:fi(@) = filx)} < gz fi(x)).

If © € A, then for every y € B, z is contained in exactly g(z,y) of the Af’s
(namely, in the first g(x,y) of those A}’s for which f;(z) = y), so altogether
it is in p of them. Similarly, if y € B, the number of i’s for which y € f;[Af]
holds, is > {g(z,y) : * € A}, which is at most ¢ by condition.

7. (d) = (¢) = (b) — (a) and (e) — (b) are obvious.

(b) — (c) Assume that A ~ 24, i.e., there is a partition A = A, U---UA,
and there are fi,..., f, € @ such that fi[A1],..., fu[As] C A and every point
in A is covered exactly twice. Set

Aj={z e A;: fi(z) ¢ ilA]U--- U fisi[Aia]},

A;’ = {l‘ €A;: fl(LL') € fl[Al] U---uy fifl[Ai,ﬂ}.
Consider A’ =AjU---UAl, A” =AY U---UA! Then, A” = A\ A’, and as

A= filAfJU-- U fu[AL] = fiAT]U- - U ful A7),

we have A" ~ A~ A",

(¢) — (d) By induction on k. The case k = 2 is just (c). To proceed from
ktok+1let A= Ay U---U Ay be a partition appropriate for k. As Ay ~ A
there are partitions {By, ..., B:} and {C1,...,C:} of Ay, A respectively such
that C; = f;[B;] hold for appropriate f; € @. By (c) there is a decomposition
A= AUA" with A’ ~ A" ~ A. Set C! = C;NA', C!' = C;nA", Bl = f71[C1],
B! = f71CY). If we put A}, = B{U---UB}, A} = B U---UBY', then we get
A~ A ~Aand A ~ A" ~ A Hence A=A, U---UA,_1UA UAlisa
partition appropriate for k + 1.

(a) — (e) Assume that (n + 1)A < nA. Then by Problem 4 we have
nA ~ (n+ 1)A. If we add one-one copy of A to the covers on the two sides
we can see that this implies (n + 1)A ~ (n + 2)A, and iteration gives

nA~(n+1)A~Mn+2)A~ .- ~npA,
and by Problem 5 we find that pA ~ A ~ ¢A for any p,q > 1.
8. Using Problem 7 we find that
2B<2nA<A=<B
and that suffices again by Problem 7.

9. (a) We consider the complex plane. Let ¢ € C be a transcendental number
with |¢] = 1. Let A C C be the set of all complex numbers of the form
anc”+---+ag with a,, ..., ap nonnegative integer. Notice that A is countable
and every element in A has a unique representation of the above form. Now
the congruences z — z + 1, z — cz (a rotation, as |¢] = 1) map A onto
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disjoint subsets of itself so 24 ~ A. [S. Mazurkiewicz, W. Sierpinski: Sur un
ensemble superposable avec chacune des ses deux parties, Comptes Rendus
Acad. Sci. Paris 158(1914) 618-619]

(b) Let D = {z € C: |z| < 1} be the unit disc, € = (=1 +iv/3)/2, c € C
again some transcendental with |c| = 1. For every z € D one of z+1, z+¢, 2+¢2
is in D so there is a function f : D — D such that f(z) € {z+1,2+¢, 2+ €2}
holds for z € D. Let A be the smallest set containing 0 and having the property
that if z € A then cz, f(cz) € A. Again, A is countable and each element can
uniquely be represented as a polynomial of ¢ with coefficients 0,1, ¢, or €2. As
A C D, it is bounded. Set A; = cA,

As={z€cA: f(z) =24+ 1}, As={z€cA: f(z) =z + €},

Ay ={z€cA: f(z) =z +¢€}).

Now A = A; U (As + 1)U (A3 + €) U (A4 + €2) is a partition, 4} = cA ~ A
and As U A3 U Ay = cA so 2A ~ A. [W. Just: A bounded paradoxical subset
of the plane, Bull. Polish Acad. Sci. Math 36(1988), 1-3]

10. Let ¢ be some rotation with an angle incommensurable to 27, such that
no x € Ais a fixed point of ¢, and ¢™(x) # 2’ holds for z, 2’ € A,n=1,2,....
Such a ¢ exists as the second and the third conditions disqualify only < ¢
rotations, once we fix the angle of it. Now define B = {¢"(z) : x € A,n < w}.
Notice that every y € B can uniquely be written in the form ¢™(z) with
z € A,;n < w. ¢ now transforms B into B\ A. As S? = (S?\ B) U B, applying
the identity on the first set and ¢ on the second we find that S? ~ S?\ A.

11. Let 0 < o < 1 be an irrational number. Let x,, be the fractional part of
an. Notice that zg = 0 and x, # z,, holds for n # m. Also,

. _Jzn+a ifo<z, <1-—aq,
T Ve, fa—1ifl—a<a, <1

Set X = {zp, :n=01.3Y =[01\X, X =XN[0,1—a), X =
XN[—-a,l].

Then, by according to what was said above the set X \ {0} decom-
poses as (X' +a) U (X" —(1—a)) so [0,1] = X’ UX"UY and (0,1] =
(X'+a)U (X"—(1—-a)) UY. [W. Sierpiiiski: On the congruence of sets
and their equivalence by finite decomposition. Lucknow, 1954. Reprinted by
Chelsea, 1967]

12. Notice that @ = [0,1] x [0,1]. We know from Problem 10 that there are
a decomposition [0,1] = A; U--- U A; and real numbers aq,...,a; that the
translates (A1 +a1), ..., (A:+oy) give a decomposition of (0, 1]. If we multiply
these sets by [0, 1] we get the decomposition

[0,1] x [0,1] = (A; x [0,1])U--- U (A; x [0,1]),
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which can be transformed by translations in the direction of the z-axis into
(A1 +a) x [0, 1)U+ U ((Ar + o) x [0,1]),

a decomposition of (0, 1] x [0, 1].

13. We notice that a proof virtually identical to the one given to Problem 12
shows that if S is a parallelogram that contains arbitrarily the points of its
boundary, A is a subset of one of the sides of S, then S ~ S\ A.

Given P, a planar polygon, decompose its boundary as A; U --- U Agy,
where each A; is a half of one of the sides. Then use the above argument to
show that

P~ P\Aj~P\ (A UAg)~ ~ P\ (AU U Asy)

(for every j we can find a small enough parallelogram in P\ (4, U--- U A;)
that includes A,1; on its boundary).

14. What we suppose is that P, () can geometrically be decomposed into
the subpolygons Py, ..., P, and Q1,...,Q: such that Q; is the f;-map of P;
via some congruences f;. The problem is with the boundary points. Each and
every one of them can be multiply covered or not covered at all. First we assign
the boundary points arbitrarily to one of the sets, so we have the partitions
P=P U---UP;and Q = Q1 U---UQ;. (Notice that Q; = f;[P;] does not
necessarily hold.) Using Problem 13 we can equidecompose each P; into its
interior, P; ~ int(P;) and similarly treat each Q;. Now we are done as clearly
each f; maps the interior of P; onto the interior of @Q;.

15. We show that E ~ Z if and only if E = Z \ A for some finite A. For one
direction, let A be finite. If A = {ay,...,a,} is its increasing enumeration,
then Z\ A = (—o0,a1 — 1] U [a; + 1,a2 — 1] U -+~ U[a, + 1,00). To get a
decomposition of Z it suffices to shift the second interval by 1 to the left, the
next, by 2, etc., the last interval, [a,, 4+ 1, 00), will be shifted by n to the left.

For the other direction, we show that if Z ~ Z\ A then A is finite. Assume,
therefore, that Z = By U- - -U By, is a decomposition of Z and Z\ A = f,[B;]U
-+ U fg[Bg] where fi(z) =x+c¢; fori=1,...,k Put ¢ = max (|e1],...,|ck])-
Let N be a large natural number. Notice that f;[B;] N [—N, N] must include
(BiN[-N +¢,N —¢]) + ¢; so it has at least |B; N [—N, N]| — 2¢ elements.
Adding up, we get that (Z\ A) N[—N, N] has at least

‘(Bl U"'UBk)ﬂ[—N,NH —2ke=2N + 1 — 2kc
elements. As N can be arbitrarily large, |A| < 2ke follows.

16. (a) Assume that some nonempty H C Z" is paradoxical. By translating
H we can assume that 0 € H holds. By assumption, there is a decomposition
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H = HyU---UH; and there are vectors ¢y, ...,c; € Z"™ such that (H; +¢1)U
-+« U (H + ¢;) covers every point of H twice and no other points. If we set
f(x) =x+c¢; for x € H;, then f: H— H, f(x) —x € {cy,...,c,} for every
x € H, and every element of H is assumed twice by f. If g(N) = |[Hn| where
Hy = HN[=N,N]* for N = 0,1,... then 1 = g(0) < g(1) < ---. Let the
natural number ¢ be larger than all the coordinates of all the vectors cq, ..., c;.
As f7lHy] € Hyye we get g(N + ¢) > 2g(N), which, by induction, gives
g(Ne¢) > 2V, But that contradicts the obvious inequality g(Ne¢) < (2Nc+ 1)"
for N large.

(b) Assume that the nonempty subset H of the Abelian group G is para-
doxical. This means, that there is a partition H = H; U---U H; and there are
elements g1, ..., g € G that the sets (Hy + ¢g1), ..., (H + g¢) cover every ele-
ment in H exactly twice (and no other element). Set f(x) = x +g; for z € H;.
Then f: H— H, f(z)—x € {g1,...,g:} for every x € H, and every element
of H is assumed exactly twice by f. We can assume that 0 € H. Let A be
the subgroup of G generated by g1,...,g;. Then f maps HNA to HN A and
has exactly the same properties as f; therefore, the nonempty H N A is para-
doxical, as well. We reduced, therefore, the problem to the finitely generated
case.

By the fundamental theorem of finitely generated Abelian groups, A is the
direct product of finitely many cyclic groups, that is, isomorphic to B x Z"
where n is a natural number and B is a finite Abelian group. n > 1 as a finite
set obviously cannot be paradoxical.

Set g(N) = |Hy| where Hy = HN (B x[-N,N|") for N = 0,1,....
Again, 1 = g(0) < g(1) < ---. Let the natural number ¢ be larger than all the
coordinates in the Z" part of all the vectors g1, ..., g;. As f 71 [Hy] C Hy e we
get g(N +¢) > 2g(N), which as above gives g(Ne¢) > 2V and that contradicts
the obvious inequality g(N¢) < |B|(2Nc+ 1)" for N large.

(¢) Assume that the nonempty H C R is paradoxical with congruences.
This means that there is a decomposition H = H; U --- U H; and there exist
functions f; : H; — H of the form f;(z) =z +¢; or f;(x) = —x 4 ¢; such that
filHal, - .., ft[H:] cover every element of H exactly twice. Pick a € H. Let A
be the additive subgroup of R generated by a, ¢y, ..., ¢;. A isisomorphic to Z"
for some n > 1 and as A is closed under the functions f;, AN H is a similarly
paradoxical set in Z"™ where now in Z™ we consider the bijections generated
by translations and the reflection z — —z. Now, as above, if the coordinates
of the elements ¢y, ..., ¢; in Z™ are bounded by ¢, and g(N) = |H N [—-N, N|"|
then g(N) > 0 for N > Ny, and g(N + ¢) > 2¢g(N), which gives rise to an
exponential growth of g, an impossibility.

17. (a) Let the generators of F; be x and y and let A C F5 consist of those
words that start with a power (positive or negative) of z. Then, the words in
yA,y%A, ... start with y,y?, ... respectively, so they are disjoint, oA =< F.
On the other hand, xA contains 1 and every word that starts with a power of
Yy, 80 AUxA = Fy.
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(b) Consider ¢, the rotation around axis z with angle cos™ 1 and ¢, the
rotation around axis x with angle cos™! % That is,

1 F2v20 1 3 0 0
el = 3 422 1 0] and ¥F'==]0 1 F2V2
0 0 3 0+2v2 1

We show that no nontrivial product of powers of ¢ and 1 is the identity.
Assume that w = ¢,g,—1--- g1 is such a product. Suppose first that only
occurs in it. We can assume that w = ¢™ with n > 0. By induction on n we
get that ¢™(0,0,1) = 3%(O7 bnV/2,c,) where by, c,, are integers, in fact by = 0,
co =1, bpr1 = by — 2¢,, and ¢, 41 = 4b, + ¢,,. Again, induction shows that if
n > 0 is odd, then b, =¢, =1 (mod 3), if n > 0 is even, then b, = ¢, =2
(mod 3), so whenever n > 0 then ¢™(0,0,1) # (0,0, 1) holds.

We can assume, therefore, that ¢*! properly occurs in w. We show that
w(1,0,0) # (1,0,0). As (1,0,0) = (1,0,0) we can assume that g; = @*!.
Set vg = (1,0,0) and v;4+1 = gi+1(v;) for 0 < ¢ < n. Induction gives that
v; = (aj, b; V2, c;)/3" where a;, b;, c; are integers, and in fact, if v, 1 = @t (v;),
then

Q41 = a; F 4b;,

bi+1 = :i:2ai + bi,

Ci+1 = 361',
If, however, v; 11 = ¥ (v;), then
air1 = 3ag,

bit1 = b; F 2¢;,

Ci+1 = € + 4bz

We prove that b; is not divisible by 3 for ¢ > 0 (and therefore it cannot be
0). As g1 = !, (a1,b1,c1) = (1,£2,0), we have this for i = 1. We complete
the induction by considering cases.

o if g = oF! g1 = YT then b1 = +2a; +b; = +2-3a,_1 +b; = U;
(mod 3),

o if gy =v* g1 = T then by = b; F2¢; = b; F6¢;_1 =b; (mod 3),

o if g =g 1 = ol then by = +2a; + b; = £2(a;_1 F 4b;_1) + b; =
—8b;—1 £ 2a;—1 +b; = (bj—1 = 2a;,_1) +b; =2b; (mod 3),

o if g =gi1 = YT, then biyy = b; F2¢; = by F2(ci1 £4bi1) = b F
2¢i—1 —8bi—1 =b; F2¢;—1 +b;—1 = 2b; (mod 3).

(c) Let ¢, 1 be two independent rotations around the center of S? as
in part (b). Let =,y be the generators of Fy. If w = z™0y™o...g"ty™ jg
some element of Fy, set g(w) = @™0y™0 ... ™ h™t  this gives an isomorphic
embedding of F, into the group of rotations of S2. Notice that A = {x €
S? : g(w)(r) = x,s0me 1 # w € Fy} is countable, therefore S?2 ~ S2\ A by
Problem 10. Set B = S?\ A. It suffices to prove that B is paradoxical. Define
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the following equivalence relation on B: x € B is equivalent to y € B if and
only if g(w)(z) = y for some w € Fy. Then B decomposes into (countable)
equivalence classes; B = (J{B; : j € J}, and pick an element b; € B; from
every class (this is the point where we use the axiom of choice).

As F5 is paradoxical by part (a) and Problem 8, there are a decompo-
sition Fy = A; U--- U A; and elements wq,...,w; € Fy such that the sets
wi Ay, ..., w Ay cover every element of Fy exactly twice.

Set

B'=|J{g(w)(b;) :w e A, j € J}

for i = 1,...,t. Then B = B' U ---U B! is such a decomposition that the
rotated sets g(w1)[BY],...,g(w:)[B!] cover every point of B exactly twice,
i.e., B~ 2B.

(d) Tt suffices to show that A ~ S2. As A has inner points, it includes
a small open set, so finitely many, say n rotated copies of it cover S2. Thus
S2 < nA. As S? is paradoxical, nS? < S2, so we get nS? < nA. By Problem
6 this gives S? < A and as obviously A < S2%, we get, using Problem 4, that
S2~ A.

(e) First we show that the centerless unit ball,
B ={(z,y,2):0<a® +y* + 22 < 1},

is paradoxical. By part (c), if A = {(z,y,2):2? +y? + 22 =1}, then A can
be partitioned as A = A;U---UA,, and there are rotations (around the origin)
©1, -, p such that in p1[A1]U- - -Uyp1[A,] every point of A is covered exactly
twice. We set

B = {(rz,ry,rz) : 0 <r <1,(z,y,2) € A;}.

Then B’ is partitioned as B’ = B} U--- UBJ, and in ¢1[B}]U--- U ¢, [B}]
every point of B’ is covered exactly twice, that is, B’ ~ 2B’.

Finally, as clearly B’ < B < 2B’ we get that B? is paradoxical, by Prob-
lem 8. (Alternatively, we can get B’ ~ B3, by considering a segment inside
B? one of whose endpoints is (0,0,0), and applying Problem 11.) [S. Banach,
A. Tarski: Sur la decomposition des ensembles de points en parties respective-
ment congruents, Fund. Math, 6(1924), 244-277]

(f) Let D be a ball small enough such that both A and B include a trans-
lated copy of D. Let n be a natural number large enough that both A and B
can be covered by n copies of D. Then D < A <nD and, as D is paradoxical
by part (d), nD ~ D, so A ~ D holds by Problems 2 and 3. Similarly B ~ D,
so by Problem 1, A ~ B.

18. We can assume that € < 1. Let A, B be subsets of the {(z,y,z) : 2 = 0}
plane. Let r > 0 be large enough that the disc D = {(z,y) : 2% + y? < r?}
covers both A and B. Let E be the upper half-sphere above D, that is,
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E={(z,y,2): 24y 4+ 22 =02 > 0}.

Notice that the projection 7 (z,y, z) = (x,y) is a bijection between E and D.
Let 6 > 0 be a small number (0 = 55 suffices). The mapping gs(z,y) = (0z, dy)
is a §-contraction from D to Ds = {(z,y) : 2% + y? < §%r?}, the disc of radius
dr around the origin. Set F' = 7~ ![Ds], a small set around (0,0, 7), the North
Pole of E. The connecting line of any two points of F' has angle < 7 with
our original plane. Therefore, 7! on Djs can multiply distances by at most
cos_l(g) = /2. This implies that the composed mapping 7! o gs is still an
e-contract on A.

The sets A* = 771 0 g5s[A] and B* = 7~1[B] are subsets of E with inner
points. Therefore, by Problem 17 part (d) A* ~ B*, that is, there are de-
compositions A* = AJU---U A} and B* = Bf U---U B} and congruences
fi: Af = By If we set A; = g5 ' on[A}] and B; = n[B}], then h; : A; — B;
is a bijection, where h; = mo f;om ' ogs. Also, h; is an e-contract, as 7! o gs
is an e-contract, f; and w are 1-contracts. [W. Sierpinski: Sur un paradoxe de
M. J. von Neumann, Fundamenta Mathematicae, 35(1948), 203-207]



20

Stationary sets in w;

1. If A C w; is finite then wq \ A is a club if and only if A contains only 0 and
successor ordinals. Indeed, as the limit of any sequence (of distinct elements)
is a limit ordinal, if A excludes limits then wy \ A is closed. On the other hand,
if @ € A is limit, then every sequence a,, — « has a tail in wy \ A so w;y \ A is
not closed.

2.

(a) Yes. Indeed, if AN C # 0 holds for every club set C, then it holds for B
as well.

(b) No. Set A = (w,w;1) and B = [0,w) U (w,w;). A is a club, but B is not
even closed.

(¢) Yes. This is just the contrapositive form of (a).

3. Assume that Cy, Cq, ... are club sets, we are to show that C' = ConCyN---
is a club set, too.

Closure is immediate: if o, = a, oy € C, then a € C; holds fori = 0,1, ...,
so a € C, too.

For unboundedness assume that § < w;. Recursively choose 0 < a1 <
as < --- such that if n = 2%(2j + 1) then «,, € C;. This is possible as
each C; is unbounded. Set a = lim,, «,,. For every i < w there is an infinite
subsequence of {a1,aq,...} from Cj, so as a,, = «, we get a € C;, that is,
ae(C.

4. Assume that Ny, Ny, ... are nonstationary sets. By definition, there exist
club sets Cp, C1,... such that N; N C; =0 (1 < w). Set N = NgUN; U -+,
C =CynCyN---. By Problem 3, C is a club, clearly CN N = (), so N is
nonstationary, as claimed.
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5. One has to show that (SNC)N D # () if D is a club. Indeed, C N D is a
club, so SN (C'N D) #0.

6. Closure is easy: assume that o, — o and o, € C = {Cy : @ < w1 }. For
every 3 < « an end segment of {ag, a1,...} is in Cg (namely all terms that
are greater than () so their limit, v is in Cpg, as well. As this holds for every
0 < a, we get aeC.

For unboundedness let 3 < w; be given. Select, by recursion, the elements
B =0y < a; < ---such that a1 € {C, : v < a,} (possible as by
Problem 3 the intersection of countably many club sets is unbounded again).
Let a = lim,, a,,. We claim that a € C. Indeed, if v < « then, for some n,
v < oy < Qg1 < oo+ < a holds, 50 aupq1, Anta, ... are all in C,, therefore
a € C,. As this holds for all v < o, @ € C holds.

7. For closure, assume that ap < @1 < -+ are from C(f) and o = lim,, «,.
in order to show that o € C(f) assume that (1,..., 0 < a. There is some n
that B1,...,0k < ap holds, so f(B1,...,0k) < an < a and we are done.

For unboundedness, let 3 < wy be given. Select § = ap < a3 < -+ - in such
a fashion that oy is a strict upper bound for the countable set

{f(ﬁlv"'?ﬁn):ﬁl7"'7ﬁn <Oék}.

If « = limy o, then whenever (31,...,3, < « then for some k < w we will
have fB1,..., 00 < ag so f(B1,...,0n) < apt1 < @, so a € C(f) holds.

8. For a < wy let f(a) be the least element of C, strictly above o (and define
flag,...,ap) arbitrarily for n > 2). We show that C'(f) \ {0} C C. Assume
that v € C(f) \ {0}. v cannot be successor, as if vy = §+ 1 then § < 7,
so f(B) <+, an impossibility. So ~ is limit, and select a sequence vo,71, - - -,
converging to 7. For every n < w, v, < f(yn) < 7, that is, 7 is the limit of
f(), f(71), ..., and, as these ordinals are elements of C, so is .

9. Assume that f : w13 — w; is strictly increasing and C' is its range. As
fla) > « for every o < wy, C is unbounded. Assume that ap < a7 < ... are
from C and « = lim,, ,. Then «,, = f(5,,) for some G, and Gy < B < --- as
f is strictly increasing. Set § = lim,, 8,. Then f(3) = a holds by continuity,
and we are done.

For the other direction let C' C w; be a club set. Define f : w; — w; the
following way: f(«) = the ath element of C. Clearly, C' is the range of f and f
is strictly increasing. For continuity, assume that 5y < 51 < --- and (3, — (.
Set a, = f(Bn). Then g < oy < - -+ and if o, = @, then « € C| so it is the
Sth element of C, therefore o = f(3).

10. The continuity of f and g guarantees that {a : f(a) = g(«)} is closed
(if ap, = « then f(«) = lim, f(ay) = lim, g(a,) = g(@)). Toward showing
unboundedness let 8 < w; be given. Define the sequence oy < a1 < ---
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the following way. ap = 8 and for n < w, @,+1 is greater than f(a,) and
g(ay). Set @ = lim, a,. Then, by monotonicity, a« < f(«), g(«), and also
fla) = lim, f(an) < a, g(a) = lim, g(ay,) < a hold. Therefore, 5 < o and
fla) = g(a).

11. Assume that ag < a1 < --- are epsilon numbers, « = lim,, «,,. Then

a = lima, = limw*" = w®,
n n

and this gives closure.

Toward proving unboundedness assume that § < w;. Define the sequence
0 =ay<a; <--- by taking a,+1 = w*. Unless 5 is an epsilon number (in
which case we are done), this sequence is strictly increasing. Therefore, for
« = lim,, a,, we have

w =limw* =lima,41 = a.
n n

12. Assume the statement is false. Then for every ordinal a@ < w; there is a
bound g(a) < wy such that if € is greater than g(a) then f(£) # «. Define
the sequence 0 = ap < a1 < - - as follows. For every n < w, the ordinal a,41
is greater than g(8) for every 8 < «,. This is possible, as every countable
set of countable ordinals is bounded below wq. Set a = lim,, o,,. Now we are
in trouble with f(«): if 8 = f(«), then 8 < « by condition, so 8 < «, for
some n, but then a, an element of f~1(/3), must be smaller than o, 41 < a, a
contradiction.

13. If, on the contrary, every value is assumed only countably many times,
then there is a function g such that for o < wq, g(«) is an upper bound for
the countably many elements of f~!(a). By Problem 7 there is a club set
C(g) such that if @« < 8 € C(g) then g(a) < B holds. Pick a« € SN C(g),
a >0, and let 5 = f(a). Then 8 < « (as f is regressive) and a < g(8) but
that contradicts o € C(g). [W. Neumer: Verallgemeinerung eines Satzes von
Alexandrov und Urysohn, Math. Z., 54(1951), 254-261]

14. As N is nonstationary, there is a club set C, disjoint from N. For « € N,
a > 0let f(a) =sup(CNa). Clearly, f is regressive. Notice that f(a) = 0if «
is smaller than the least element of C'. To show the property required assume
that 8 < wy. Choose some element v € C, with v > 3. Then f(a) > v > (8
holds for o € N, a > 7, that is, all elements of f~1(3) are below v, and so
f~Y(B) is countable.

15. We first show that for every a < w; there is a regressive function g, :
(0,) — [0, @) that assumes every value at most twice. In order to prove this
by transfinite induction, we will only consider ordinals of the form o = w - 3,
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indeed, if @ < w - 3, then the restriction of g,.5 to (0, a] is appropriate. Also,
we require that infinitely many values in [0, @) be taken at most once (this
will be our inductive side condition).

For 8 =1 we can take f,(n+1) =n, f,(w) =0.

To proceed from 3 to 8+ 1, if g, is given, we define

9w5(§), for{<w-pB;
Joptw(§) = w-B+nfor{=w-B+n+1;
w-f, foré =w-[B+w.

If 3 is limit, we can present it as a sum 3 = Gy + 1+ - - of nonzero smaller
ordinals. Now set, for £ < w - 3;,

Gop(w-(Bo+ -+ Bic1)+&) =w-(Bo+ -+ Bic1) + gup, (£),

and let g,.3(w - ) be any of the infinitely many values < w - 3 that are taken
at most once.

Turning to the solution of the problem, let IV be a nonstationary set. We
can as well assume that 0 ¢ N, and so 0 € C, where C is a closed, unbounded
set, disjoint from N. Let C' = {7 : £ < w1} be the increasing enumeration of
C. For every § < wy let d¢ be the unique ordinal such that ve4q = ve + 0¢. If
we now define

f(ve +a) =7e + g5 (@)

for o < d¢, then f is a regressive function on wy \ C, and as it maps (ve, ve41)
into [y¢,ve41), and these intervals are disjoint, it will have the property that
every value is assumed at most twice. [G. Fodor, A. Maté: Some results con-
cerning regressive functions, Acta Sci. Math., 30(1969), 247-254]

16. First solution. Let f be a putative counterexample on the stationary set
S. Then for every o < wy there is a club set C,, such that f~*(a) N C, = 0.
Set C = v{Cy : @ < wy}, the diagonal intersection. By Problem 6 this C is
a club set. Pick « € C NS, a > 0. Let 8 = f(a). This gives a contradiction:
B<a, a¢Cs soa¢C,ecither.

Second solution. We use the characterization of stationary sets given in
Problems 13 and 14: a set A C wy is stationary if and only if every regressive
function on A assumes some value on an uncountable set. For a proof by
contradiction let S C w; be a stationary set and f : S — w; a regressive
function, such that every f~!(«) is nonstationary, so let f, : f~1(a) — w; be
a regressive function that assumes every value countably many times. Then
g(€) = max (f(é“), G (f)) is a regressive function on S, so there is a value,
say 7, which is assumed on an uncountable set X. For £ € X, f(£) < v holds,
so by the pigeon hole principle there is an uncountable ¥ C X, such that
fl&)=dtor £ €Y. For £ € Y we have f5(§) <7, so fs(§) = ¢ for £ € Z, with
Z uncountable, a contradiction.
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17. First solution. Decompose S as
S=SuUSuU--- with Sp={aeS:|F(a)|=n}.

As the union of countably many nonstationary sets is nonstationary, we
can consider an S, that is stationary. For every a € S, let F(a) =
{fi(a),..., fn(a@)} be the increasing enumeration. With n successive appli-
cations of Fodor’s theorem (Problem 16) we get a stationary set S* C S, and
ordinals y; < -+ < 7y, such that for a € S*, f1(a) =71,..., fn(a) = ¥, hold.
That is, F(a) = s for o € §*, where s = {m1,...,7n}-

Second solution. Let g be a function that codes, in a one-to-one fashion, the
finite sets in wy into countable ordinals (identifying finite sets with increasing
sequences). For example, g(0) = 0, g(v1,...,7) = W™ 4+ -+ + W is one
possibility. By Problem 7 there is a club set C' that is closed under g, that
is, if y1 < -+ < v, < a € C then g(y1,...,7) < « holds. 8" = SNC is
stationary, and on S” we consider the regressive f(a) = g(F(a)). By Fodor’s
theorem f(a) =+ on a stationary subset S* of S/, and clearly F' assumes the
finite set g~!(7) on S*.

18. Suppose the player can play through w; steps. The coin that she inserts at
step 0 < a < wy must have been obtained at some step f(a) < a. By Problem
13 there are a value 7 and uncountably many « such that f(«) = 7. But that
means that at step 7 the machine returned uncountably many quarters, a
contradiction.

19. First solution. If not, then every subset of w; is either nonstationary or
includes a closed, unbounded subset. If a < wy, let f,(a) — « be a sequence
converging to «. By Fodor’s theorem (Problem 16) for every n < w there
is a v, such that X,, = f!(7,) is stationary. By our hypothesis, every X,
includes a club subset, hence so does X = ({X,, : n < w} (Problem 3). But
then the elements of X are all the limits of the same convergent sequence
(Yn)n<w, an impossibility.

Second solution. If not, then every subset of w; is either nonstationary
or includes a closed, unbounded subset. Let o — f(a) = {fo(e), fi(e),...)
be an injection of wy into “{0,1}. For every i < w there is, by our indirect
assumption, a unique ¢; = 0 or 1, such that A; = {« : fi(a) = ¢} includes
a club subset. But then, as the intersection of countably many club sets is
closed, unbounded again, for club many « we have f(«a) = (€, €1, ...) which
is impossible, as there is at most one ordinal a with f(«) assuming this fixed
value.

20. We can assume that f maps into (0, 1) (by composing the original function
with a monotonic R — (0,1) mapping). For every limit o < w1, 1 < n < w,
there is a g,(@) < «a such that the oscillation of f in (g,(a),«) is at most



374 Chapter 20 : Stationary sets in wq Solutions

%. By Problem 12 there are ~,, and uncountable X,, such that g,(a) = 7,
for « € X,,. As X,, is unbounded, f oscillates at most % in (y,,w), and if
~ = sup,, v» then the oscillation of f in (y,w1) is 0, i.e., it is constant there.

21. See the previous proof. See also Problem 8.43.

22. Assume that d is a metric on the ordered wi. For 1 < n < w, if a < w;
is limit, there is some f,, () < «, such that d(fn(a), a) < % By Problem 12
there exist v, and uncountable sets X,, such that f,(«a) =, for o € X,,. Let
C,, be the closure of X,,. C,, is closed and as X,, C C,, it is uncountable, so it
is closed, unbounded. As d(yy,a) < % for o € X,,, the diameter of X,,, and
therefore of C,,, is at most % So the diameter of C =C;NCyN---is 0, and
this contradicts that C, a club set, has more than one point.

23. (a) We start by noticing that a x § is normal for «, § countable (it can
be embedded into R x R). Assume that Fy, F; C a X w; are disjoint, closed
sets. For 8 < a, i < 2 set K;(8) = {7 <w:{B,y) € Fi}, and set 8 € H;
if K;(8) is uncountable. Notice that K;(8) is always closed and so if 8 € H;
then K;(3) is a club subset of wy. As Fg, Fy are disjoint, so are Ko(3), K1(5)
for B < «, therefore Hy N H; = (). We further claim that Hg, H; are closed.
Indeed, let z, — z, x, € H; (n < w). If v € K;(x9) N K;(z1) N -+, then
(Tn,) € F; for all n, and since F; is closed, it follows that (z,v) € F;. Thus,
C C K;(z) where C is the closed, unbounded, therefore uncountable set of the
limit points of K;(xo) N K;(xz1) N -+, so z € H;. Let v < w;y be large enough
to bound every bounded K;(f5) (i < 2, 8 < a). Now o X wy splits into the
open components « X (y+ 1) and a x [y + 1,w;). It suffices to separate Fy,
Fy in both of them, separately. The first space is normal, as we have seen.

Let m denote the projection to the first coordinate in « x [y + 1,wq):
7((z,y)) = . Then Hy = n[Fy], Hy = w[F}] are disjoint, closed subsets of a.
They can, therefore, be separated by disjoint open sets: Fy C Go, F1 C G,
GoN Gy = (), and then the disjoint, open 7~ 1[Go], 77 1[G1] will separate Fy,
F.

(b) Let Fy, Fy be disjoint closed sets in wy X wy. Assume first that for every
a < wi, both sets have points in [«, wy) X [, wy ). Then, we can select by induc-
tion the points (zg, yo), (1, Y1), - . . such that max(z,, yn) < min(ni1, Ynt1)
forn=0,1,..., (Tan,y2n) € Fo and (zant1,Y2n+1) € F1 (n =0,1,...). Then
the two increasing sequences xg, 1, ... and yo,¥y1,... converge to the same
ordinal o and (o, ) € Fy N F; a contradiction. We have, therefore, that for
some « < wi, either Fy or F; has no elements in [o,w;) X [@,w;). Then we
have to separate Fp, F; in the disjoint components [ + 1, w;) X [a 4+ 1,w1),
(a+1) Xwy, [a+1,w1) X (¢ +1). In the first set this is trivial (one of them
is the empty set), the other two are treated in part (a).

24. Set
Fo={wi} xw; = {{wr, ) : e <wy },
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Fi={{o,a) :a<wi}.

We show that they are disjoint, closed sets that cannot be separated. It is
obvious that Fy N Fy; = (). Fy is closed as its complement is the union of the
open sets of the form o X wy (@ < wy). Fy is closed as its complement is the
union of the open sets of the forms a X (a,w1) or (a,wi] X a (@ < wy).

Assume that Gy O Fy, Gy D F; are disjoint open sets. For every limit
a < wy there is some f(a) < « such that

(f(a),oz] X (f(a),oz] C Gy.

By Problem 13 there are v and an uncountable X such that f(«) =« holds for
a € X. Then, Gy includes (v, w1) X (7, w1), the union of the sets (v, a] x (v, a]
for o € X. But every point in {w;} x (7,w;) is a limit point of this latter set,
so Gy 2 Fy cannot be disjoint from G;. This contradiction proves the claim.

25. Enumerate the sets as {4, : @ < wi} with min(A,) strictly increasing.
Clearly, min(A,) > «. We claim that the union

A= U{Aa+1 o< OJl}

is nonstationary. If it was stationary, then the regressive function f(z) = «
for x € A,4+1 would assume a value on a stationary set by Problem 16, but
this contradicts the assumption that every A, is nonstationary. [G. Elekes]

26. Fix, prior to the game, the distinct reals {r, : a < w1} C [0,1]. What
IT has to do in her nth step is to force {r, : @ € As,4+1} into an interval
of length 1/2"*1. We show by induction that this can be done. Assume that
{ra : @ € Az,} is in some interval [z,y] of length 1/2". Then one of {a €
Ao i 1o € [z, %]} and {a € Aoy i 1o € [%"%y]} is stationary so can be
chosen as Agpq1. Now Ag N A3 N--- can only contain one point.

27. Assume that the stationary sets {A, : @ < wy} have pairwise nonstation-
ary intersections. For a given a < ws enumerate o as o = {yg(a) : &€ < wy}.
Define

By = Ao N J{Asei) \ €+ 1) 1 E<wn}.

This set is nonstationary for the following reason. If it was not, then for every
r € B, there was a § < x such that x € A, (,). The regressive function z — ¢
assumes—by Fodor’s theorem—a constant value £ on some stationary set, but
then that stationary set would be a subset of the nonstationary A, N Ay, (a),
a contradiction.

We can now consider the system {A, \ B, : @ < wa} of stationary sets. We
show that the pairwise intersections are countable: if 8 < «, say 8 = v¢(a),
then

(Ap\ Bp) N (Ao \ Ba) € Ag N (Aa\ Ba) CE+ 1.
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28. Assume that {C,, : @ < wa} are closed, unbounded sets in w;. First, we
claim that there is some a < wo such that for every & < w; there are Ny indices
B that Cg N €& = C, N E holds. Indeed, otherwise, for every a there is some
& < wy such that only for at most X; values of 8 does Cg N ¢ = Cy, N € hold.
By the pigeon hole principle, for Xy many o < ws the same £ < w; applies.
As CH holds, for Ry many « < ws the sets C,, NE are identical (there are only
N; subsets of £). But this is a contradiction to the stated property of &.

Let o < wsy have the above property. Choose, by transfinite recursion,
distinct ordinals {8 : £ < w1} as follows. If {f; : ( < &} are already chosen,
then let B¢ ¢ {B¢ : ¢ <&} be such that C, N (§+1) = CoN(§+1). Set A =
(W Cs, : £ <wi}. Asit is the intersection of closed sets, A is closed. In order to
show that A is also unbounded, we prove that C,, \ A is nonstationary. Indeed,
if z € C,, but @ ¢ A then there is some & that x ¢ Cp,. Here we cannot have
r < {forthenz € CoN(E+1) = Cp.N(E+1) € Cp, would hold, so § < . That
is, the mapping x — & is regressive, and as clearly it assumes every value on a
nonstationary set (§ on a subset of w;\Cpg, ), its domain must be nonstationary,
as well by Problem 16. [F. Galvin, cf. J. E. Baumgartner, A. Hajnal, A. M4té:
Weak saturation properties of ideals, Coll. Math. Soc. J. Bolyai 10, Infinite
and Finite Sets, Keszthely, 1973, 137-158]

29. Assume that {f, : @ < wa} are w; — w functions such that fz and f,
differ on the closed, unbounded Dg, for f < a < wy. By taking diagonal
intersection (see Problem 6) of the sets {Dgq : 8 < a} we can get a closed,
unbounded C,, such that for 8 < a fg(§) # fa(§) on an end segment of C,.
Assume that for v < w; the function h, : v U {r} — w is an injection. For
o <ws, £ <wi let § = sup(CyNE) (with sup(B) = 0), ga (&) = (he(6), fa(0)).
That is, go : w1 = w x w. We show that if § < a < ws then g,, gg are
eventually different. Assume that gg(§) = go(£). Then, the corresponding ¢
values are the same and also fg(d) = fo(d) holds for this common value 4.
We get, therefore, that £ < ¢’, where §' € C,, is so large that fz(v) # fa(7)
holds for v € Cy, v > ¢'. [R. Jensen]

30. Define f with the following property: if v < w; is 0 or a limit ordinal,
then let f restricted to [y, + w) assume every value below v + w (and of
course, we must make f regressive). To show that f is, indeed, as required,
assume that a < wp is a limit ordinal. Then it is of the form o = w - [,
and if here ( is a successor ordinal, say 8 = v+ 1, then @ = (w-7v) 4+ w
where w - 7y is 0 or a limit ordinal. In this case simply select g = w - 7y, then
inductively find apap,4+1 < w -y 4 w with the property that f(a,+1) = ay.
Clearly, this sequence converges to «. If 3 is not a successor ordinal then it
is a limit ordinal, and then first select an increasing sequence (3, — (3. Then
w - B, converges to w - 3. Set oy = w - Py, and inductively let a,,41 be the
unique ordinal in [w-3,,w- B, +w) for which f(a,+1) = a, holds. This can be
done, and the sequence {a, } must clearly converge to . [J. E. Baumgartner]
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Stationary sets in larger cardinals

1. Assume that g < k and {C¢ : £ < p} are club sets, we are to show that
C = ({C¢ : £ < pu} is a club set, too.

Closure is immediate, in fact, the intersection of an arbitrary number of
closed sets is closed as well.

In order to show unboundedness, assume that 3 < k. Recursively define
B =0y < a1 <--- such that every C¢ has a point in each interval [, o 41).
This is possible as the C¢’s are unbounded and every set of at most u points
is bounded. Set « = sup{a; : i < w}. Then, for each £ < p, « is the limit of
points in Cg¢, therefore o € C¢, so a € C' as well.

2. Let B be the set of ordinals specified in the problem. It is immediate that
B is closed. For unboundedness, let a < k be arbitrary, we are going to find
0 € B, 3> a. Ifa € B, weare done. Otherwise, select inductively the ordinals
a=ay < a <---in such a way that the order type of C' N a,41 is exactly
o, As the order type of C is k, this is possible, and induction gives that this
sequence is strictly increasing, and so C' N (a1 \ ) # 0 for all n. Hence, if
[ is the limit of the sequence, then C'N G is cofinal in 3, and the order type
of C'N [ is the limit of the order types of C'Nay, i.e., it is 8. That is, § € B,
and we are done.

3. For the forward direction, assume that f : [k]<¥ — [k]<". To show
that C(f) is closed, assume that a, € C(f) for 7 < p, ar - a < k. If
Bi,..., 00 < a, then f1,..., 8, < a; holds for some 7 < p, and as a, € C(f),
f(B1,--.,0n) C ar C «a holds.

To show that C(f) is unbounded, let 5 < & be given. We define the
increasing sequence = g < a1 < --- where a;4+1 > «; is a bound for every
f(s), s € [ai]<¥: f(s) € 1. Such an a4 exists as the union of < & sets
each of cardinality < & is bounded below k. If we set @ = lim{c; : ¢ < w} then
a € C(f), as every finite set s C « is in some «;, therefore f(s) C a;41 C
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For the other direction, let C' C & be a club. Set f(«) = min (C'\ (a + 1)),
that is, the least element of C' which is strictly larger than «. In order to show
that C(f) \ {0} C C, pick v € C(f), v > 0. Clearly, v > f(0). If v ¢ C,
then v > f(0) € C, so § = sup(C N+~) exists and clearly is in C. But then
§ <y < f(9), and so v ¢ C(f), a contradiction. Thus, we must have v € C.

4. By Problems 1 and 3 for almost all « the set {a, : v < a} is closed under
all operations of A hence it is a substructure.

5.5et C ={a < k:0 <a— «a€ Cg}. For closure, assume that o, — « for
T<u, a €C.If B < a, then there is an n < p such that 8 < a, < a holds
for n < 7 < p, therefore o, € Cg, so (as Cp is closed) a € Cj.

For unboundedness, let § < k. Define, by induction, the sequence g =
ap < aq < --- where ;11 > «; is in (J{C¢ : € < oy} (possible, by Problem
1). Set & = sup{e; : i < w}. Then, if v < «, there is some ¢ < w such that
v < ay. Now, ajq1, @49, ... € C, by construction, so a € C,,.

6. Assume that {N, : a < p} are nonstationary sets in k (u < k). By
definition, there exist club sets C, such that N, N C, = 0 (o < p). Set
N=U{Ny:a<p}l, C={Cy:a< u}. By Problem 1, C is a club, clearly
CNN =0, so N is nonstationary, as claimed.

7. One has to show that (SNC)N D # () if D is a club. Indeed, C N D is a
club, so SN (C'ND) #0.

8. We have to show that every club set C' C k contains an element with
cofinality p. Indeed, choose a strictly increasing sequence {a, : 7 < pu} of
elements of C (possible, as C' is unbounded in k), then o = sup{a; : 7 < p}
is in C by closure, and obviously cf (a) = u. The set in question will be a club
set if and only if y is the only regular cardinal below «, that is, if 4 = w and
R = Wi.

The set {a < k:cf(a) < u} is a club set exactly when p is the largest
regular cardinal that is less than , i.e., when x = p*. Finally, {a < K :
cf (o) > p} is a club set exactly when 4 is the least (infinite) regular cardinal
below &, that is, when y = w and k > w is arbitrary.

9. Assume the stationary S C k and the regressive f : S — k contradict
the statement. Then, for every a < k there is a club C, C k such that
Co N fHa) = 0. Set C = 7{C, : a < K}, the diagonal intersection of the
Cy’s. As C'is a club set (Problem 5), there is an ordinal « > 0, « € SNC. If
B = f(a), then 8 < « (as f is regressive), and a € C implies a € Cz which
in turn implies that o ¢ f~1(53), a contradiction. [G. Fodor: Eine Bemerkung
zur Theorie der regressiven Funktionen, Acta Sci. Math. (Szeged), 17(1956),
139-142]
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10. Set g(a) = sup (f(«)) for a € S. Then, g(a) < a, as cf (o) = p* and
|f(a)] < p. By Fodor’s theorem, there is a stationary set S’ C S, such that
g(a) = for @ € §’. There are |y|* < x distinct subsets of v with cardinality
at most u, this splits S” into |y|* subsets, if we consider those o € S” which
have a given image under f. One of them must be stationary (Problem 6),
and so f is constant on that set.

11. For each a < k there is a club set C, disjoint from A,. Let C be their
diagonal intersection (Problem 5). If £ € B = [J{Aq \ (@ + 1) : @ < K}, then
¢ € A, for some & > . Hence £ ¢ C,, and therefore £ ¢ C. Thus, C is disjoint
from B and so B is nonstationary.

12. Clearly, if B is stationary then so is A O B.

Assume A is stationary. Set f(z) = min(A,) where x € A,. Plainly,
f(z) <z forz € A. If f(x) =z on a stationary set, then the range of f, that
is, B, must be stationary. In the other case, f(x) < z on a stationary set, so
by Fodor’s theorem, f(x) = « on a stationary set, but this is impossible, as
A, is nonstationary.

13. Immediate from the preceding problem.

14. Assume first that there are s sets; A, C & for o < k. Set
A={a<k:thereis f < a,a € Ag}

(the diagonal union). We claim that A is the least upper bound for {4, : a <
k}. First, for every a < k, Ao \ A C a+1, a bounded, therefore nonstationary
set. Next, assume that B < A. Then A\ B is stationary, and for a € A\ B
let f(c) be the least 8 < a such that o € Ag. By the Fodor theorem, for a
stationary A’ C A\ B, f(a) = holds, that is, A’ C Ag\ B, so Ag £ B.

The case when there are less than k sets is easier, and in fact it is covered
by the above case if we repeat one of the sets k times.

15. (a) As it must intersect every end segment.

(b) Set k = cf (a), a regular cardinal. By the definition of cofinality, no un-
bounded subset of @ may have order type or cardinality less than k. For the
other direction, let X C « be an arbitrary cofinal set or order type k. Let
C be its closure in «. C' is a closed, unbounded subset of o and its order
type is still £ as the following mapping f : C' — X is order preserving. For
y € C, f(y) is the least x € X, x > y. Indeed, if yo < y; are in C, then

Yo < f(yo) < w1 < f(y).

(¢) Let aip < a1 < - -+ be a sequence converging to a. Then Cy = {ag, ag, ...}
and C; = {a1, as,...} are disjoint closed, unbounded sets.

(d) Identical with the classical case (Problem 1).
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(e) See (c).

16. (a) As C' is unbounded, every subset unbounded in C' is unbounded in .
As C' is closed, every subset closed in C' is closed in a.

(b) Set E = {v : ¢, € D}. As C'N D is unbounded (Problem 15(d)), E is
unbounded in k. Let p < cf (k) be a limit ordinal, and assume that v, € E
(r < w), and lim{vy; : 7 < p} = v. As C is closed, lim{c,, : 7 < p} = ¢,
holds. As D is closed, ¢,. € D for 7 < p implies ¢, € D, so v € E.

(c) If S C « is stationary then, by part (a), it intersects the closed, unbounded
{¢y : v € D} for every closed, unbounded D C &k, s0 Y = {vy : ¢, € S} is
stationary. Conversely, if Y C & is stationary, then, by part (b), S = {¢c, :
v € Y} meets every closed, unbounded subset of C, so it meets every closed,
unbounded subset, therefore it is stationary.

17 (a) Let C' C « be a closed, unbounded set of order type cf (o). We can as
well assume that the first two elements of C are 0 and cf («). Let g : C\ {0} —
cf (a) \ {0} be a bijection. Define the regressive function f : o\ {0} — «
as follows. If v € C, then let f(y) = g(v). If, however, v ¢ C, then set
f(y) = max(C N~). It is easy to see, that f is well defined and regressive. If
v < a, then either 0 < v < cf (a) and f~!(y) consists of one point, or v € C
and then f~1(v) is the open interval (,7’) where 4/ is the next element of
C, or else f~1(v) is the empty set. In all three cases, f~!(v) is bounded.

(b) Recall that if cf (o) = w then there are no stationary subsets of a. Set k =
cf (@), an uncountable regular cardinal. Let C' C a be a closed, unbounded set
of order type k, let C'= {¢, : v < k} be its increasing enumeration. As S C «
is stationary, then so is {y < xk: ¢, € S}. Even T' = {7 < Kk : ¢y € S, ylimit}
is stationary, as we only remove the successor elements, a nonstationary set.
For v € T, let g(v) be the least § such that f(y) < cg. As ¢, is the supremum
of {ce : £ < v}, we have g(y) < 7 by the regressivity of f. That is, we have
a regressive function (g) on a stationary set (7)), so we can invoke Fodor’s
theorem, and get a stationary T’ C T such that g(y) = ( holds for v € T”,
for some < k. Then, S’ = {c, : v € T'} is stationary by Problem 16, and f
is bounded by cg on S’

18 let B be the set of those limit ordinals a <  for which C'N« is a club set in
«. Since C' is closed, B is just the set of limit ordinals @ < & for which C' N«
is cofinal in «. It is immediate that B is closed, and that it is unbounded,
follows from Problem 2.

19. (a) Assume that S < S. Then, there is a closed, unbounded set C' such
that if o € CNS, then SNa is stationary in a. Let C’ be the set of limit points
of C. Set v = min(C’ N S). Then, in v, S N~ is stationary, so, in particular,
cf (7) > w. As v € C’, v is a limit point of C, and by cf () > w it is also a
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limit point of C’. So C” is closed, unbounded in ~, and also SN+ is stationary,
therefore C' NS N~ is nonempty, but this contradicts the minimality of ~.

(b) Assume that S < T < U. There is, therefore, a closed, unbounded set C,
such that if « € CNT then SNa is stationary in a and if @« € CNU then TNa
is stationary in « (and so cf (&) > w). Let C’ be the closed, unbounded set
of the limit points of C. We show that if « € C' N U then S N« is stationary
in o and this will prove that S < U. Assume that for some o« € C' N U,
S N« is nonstationary in «. There is, therefore, a club set D C « such that
DNS =0. As cf (o) > w, the set C"N D’ is a club set in « (here D’ is the set
of limit points of D), and as T'N« is stationary in «, there is 5 € C'ND'NT.
Then, on the one hand S N 3 is stationary in 3, on the other hand, D is
closed, unbounded in (3, and disjoint from S, so S N 3 is nonstationary in 3,
a contradiction.

(¢) Assume that S,41 < S, for n = 0,1,... and this is witnessed by the
closed, unbounded sets C,, that is, for « € C), NSy, Sp+1 N « is station-
ary in a. Set C = N{C, : n < w}, a closed, unbounded set. For every n,
let v, = min(C’' N S,,) where C’ is the set of limit points of C. By defini-
tion, S,41 is stationary in 7., so in particular, cf (y,) > w and therefore
C’' N7, is closed and unbounded in v,. So C' N Sp41 Ny, # 0, that is,
Yn+1 < Yn, SO Yo > Y1 > - - - is a decreasing sequence of ordinals, a contradic-
tion. [T. Jech: Stationary subsets of inaccessible cardinals, in: Axiomatic Set
Theory (J. E. Baumgartner, D. A. Martin, S. Shelah, eds), Boulder, Co. 1983,
Contemporary Math., 31, Amer. Math. Soc., Providence, R.I., 1984, 115-142]

20. (a) If some stationary S’ C S is the union of x disjoint stationary sets
then so is S, by adding the difference S\ S’ to any of the components.

(b) Let the regressive f : S — k be a counterexample. Then, for any v < &,
the set {« € S : v < f(a)} is stationary. We now construct by transfinite
recursion on { < k an increasing sequence {7 : £ < k} of ordinals. If -y, is
defined for ¢ < &, then by the above property the set

Se ={a € S: fla) >sup{yc: ¢ <&}

is stationary. As f is regressive on S¢, by Fodor’s theorem (Problem 9) there
are a 7¢ and a stationary S¢ C S¢ such that f(a) = ¢ holds for o € S¢.
As obviously 7¢ > ¢ holds for ¢ < &, the stationary sets {S¢ : { < k} are
pairwise disjoint, contrary to our hypothesis.

(c) Assume indirectly that S’ = {a € S : cf (o) < a} is stationary. Then, as
the function cf is regressive on S’, using parts (a) and (b) we get that there
is some p < k such that cf (o) < p holds for the elements of a stationary
S” C S For a € 8" let {fe(a) : £ < cf (o)} be a set cofinal in a. Again
by (b), there are club sets C¢ and values 7¢ < & such that if « € Ce N S”
then fe(a) < v (€ < p). Define C = (N{C¢ : £ < u}, a club set. Notice that
S* = (CNS” is stationary. But if & € S*, then
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a < sup{fe(@) : § < p} < sup{ye : £ < p},
that is, S* is bounded in «, a contradiction.

(d) Assume indirectly that there is a stationary S’ C S consisting of regular
cardinals such that for @ € S’ there is a closed, unbounded C,, C «, such that
CaNS = 0. Set, for £ < k, fe(o) =min(Cy \ §) (the least element of C,, that
> ¢). This is a regressive function for a € S, o > &, so by part (b), there
are a closed, unbounded D¢ C &, and a 7¢ < & such that f¢(a) < 7¢ holds
for o € DN S’. Set D = 7{ D¢ : £ < K}, the diagonal intersection (Problem
5). Let E C k be a closed, unbounded set, consisting of limit ordinals, that
are closed under ~g, that is, if { < 6 € D, then vz < 6 (cf. Problem 3). Pick
ae S ND.If§ € anNE, then for £ < § we have fe(o) < ve < 9, therefore
C,, has an element in the interval [¢,d). As this holds for every £ < §, § is a
limit point of Cy, so 6 € C,. That is, if « € S’ N D, then ENa C C,, so
(ENS)Na = 0. As S’N D has arbitrarily large elements below &, we conclude
that £ NS = (), a contradiction, as F is a closed, unbounded set.

(e) Assume that there is a club D C & as in (d). Let D’ be the club set of
limit points of D. Set @ = min(D’ N S). Then, « is a regular, uncountable
cardinal and S N « is stationary in a. D N« is a club set in «, but then so is
D’ N a. But then, (D'Na)N(SNa)#0B, so D'NS has an element smaller
than «, a contradiction. [R. M. Solovay: Real-valued measurable cardinals,
in: Axiomatic Set Theory, Proc. Symp. Pure Math. XIII, Amer. Math. Soc.,
Providence, R.I., 1971, 397-428]

21. By Problem 20 there are pairwise disjoint stationary sets {S, : a < k}.
By increasing Sp, if needed, we can assume that (J{S, : @ < k} = k. Set
f(&) = aif and only if £ € S,,. Assume now that X C x includes a club subset
C. Then for every o < & there is some & € X such that f(x) = «, namely,
any element of (the nonempty) C' N S,,.

22. By the previous problem S can be decomposed into the disjoint union
of k stationary sets, S = [J{So : @ < k}. Let H be a family of 2% subsets
of k, none being a subset of any other (see Problem 18.5). Set, for A € H,
X(A) = U{Sa : @ € A}. Then {X(A) : A € H} is as required. Indeed, if
A # B arein H, then o € A\ B for some a < k and then S, C X(A)\ X (B).

23. Fix an arbitrary closed, unbounded subset C,, C « of order type p, for
every a < k, cf (o) = p. For any closed, unbounded E C & consider the
system C(E) = {Cy, NE : a < Kk, cf (o) = pu}. We claim that for some closed,
unbounded E* the system C(E*) is as required in the sense that for every
closed, unbounded E C k there is some o < k such that C, N E* C E and
C, N E* is of order type p. Assume that it is not the case. Then for every
closed, unbounded set E* there is a closed, unbounded E such that for every
a (a < K, cf (o) = p) either |Co, N E*| < por Co N E* € E. By replacing E
by E* N E if needed, we can assume that £ C E* holds.
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Define the decreasing sequence {E. : v < p*} of closed, unbounded sets
in k as follows. Set Ey = k. If v < p* is limit, set E, = ({E¢ : £ < v}
Finally, let E.,11 C E, be a set, as above which shows that C(E,) is not good.

Let o be the uth element of the closed, unbounded set £ = ({E¢ :
€ < pt}. For every v < p't the intersection C, N E, is of order type
(this holds even for E). Thus, necessarily C, N E, € E, .1 holds, but then
{CoNE, : v < p*}is a properly descending sequence of sets, with the first set
of cardinality p, and this is impossible. [S. Shelah: Cardinal Arithmetic, Oxford
Logic Guides 34, Oxford Science Publications, Clarendon Press, Oxford, 1994]

24. Fix, for every ordinal a < x with cf (o) = w a sequence 0 = z§ < ¢ < ---
converging to it. If £ C k is closed, unbounded, « is as above, then set
n € T(E, ) if and only if E N (zf, x5 ] is nonempty, and then let y7 (E) =
max(E N (22, 22,,]). If we set X, (E) = {y2(E) : n € T(E,®)} then our
claim is that for some F the system

H(E) = {Xa(E) : |IT(E, a)| = w}

is as required. Suppose to the contrary that this is not true. If the closed,
unbounded set D witnesses that H(FE) is not good, i.e., Xo(E) C D never
holds, then £ N D also witnesses this, so we can assume that D C E.

Construct the closed unbounded sets {E, : v < wi} as follows. Ej is
arbitrary. If v < wy is limit, then let £, = ({Es : 8 < ~}. And finally,
if E, is given, let E,11 C E, be a closed unbounded set witnessing that
H(E,) is not good, that is, there is no a such that T(E,, @) is infinite and
Xo(Ey) € Ey4q holds. Let a be the wth element of (the closed unbounded)
(HE, : v < wi}. In « every E, is unbounded, so every T(E,, ) is infinite.
Moreover, T(E,,«) D T(E,,«) holds for v < 4/, so there is some v* that
T(E,,a) =T holds for v > v*. We have

n(By):ineTy L Evpr (v 297)

so for some n € T we have y%(E,) ¢ E,+1 and hence y3(E,) > y%(Eqy41).
By the pigeon hole principle for infinitely many ~, say for v < 71 < --- the
same n applies here, which is impossible, as then y3(E,,) > y3(E,,) > -+, a
decreasing sequence of ordinals. [S. Shelah: Cardinal Arithmetic, Oxford Logic
Guides 34, Oxford Science Publications, Clarendon Press, Oxford, 1994]
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Canonical functions

1. Induction gives that h,(v) = a for o < k. Next we get that h,(y) =« for
almost every v, namely for all v with the property v = sup, ., .. Further, if
0 < @ < Kk then hyiq(v) =7+ « holds for a.e. v, and hy.2(7) = 7 -2 again on
a closed, unbounded set of 7.

2. This can be proved by induction on «. For a = 4+ 1 clearly hy(y) =
hg(y) + 1 > hg(y) holds for all v. If & = o’ + 1 with o > (3, then hy(y) =
ha' (Y)4+1 > hqs(7), and by the inductive hypothesis, the last term > hg(y) for
a.e. . If v is limit with p = cf (@) < K, @ = sup{a, : 7 < p}, then 8 < a, for
some T < p, and so by the induction hypothesis hg(y) < ha. (7) < ha(7) holds
for almost every ~. If, finally, a is limit with cf (o) = k, o = sup{a, : 7 < K},
then again, 6 < «, for some 7 < k, and in this case if v > 7 and if 7 is in a
closed, unbounded set, then hg(y) < hq. () < ha(7y) holds.

3. By induction on «. The step o — «+1 is obvious: if fo41(7) > fo(7), then

far1(7) 2 fa(¥) + 12> ha(y) + 1 = hay1(7)

and these are true for a.e. 7. Assume that « is limit, g = cf (@) < K, a =
sup{a, : 7 < p}. By condition, there is a closed, unbounded set C; C &,
such that for v € C; fo(y) > fa,(7) holds. Also, by the inductive hypothesis,
there is a closed, unbounded set D, C k, such that f,_(7y) > ha.(7) holds for
v € D,. If C is the intersection of all the C,’s and D.’s, then for v € C we
have fo(7) > fa.(7) = ha.(y) for every 7, that is,

fa(7) Z sup {ha, (7) : 7 < p} = ha(7).

Assume finally, that cf (o) = K, @ = sup{a, : 7 < }. Let C; C & be
a closed, unbounded set such that if v € C; then fo(7) > fo,(y) > ha.(7)
holds. Set C' = \7{C; : 7 < K}, their diagonal intersection (see Problem 21.5).
Then for v € C, if 7 <, then fo(7) > fo, () = ha, (7), that is,
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Ja(7) = sup {ha, () : 7 <7} = ha(7)

holds.

4. The statement is obvious if « is 0 or successor. Assume that it is a limit
ordinal. If y = cf (o) < K, @ = sup{e, : T < pu}, then, as f(y) < ha(y) for
v € S (S astationary set), for every v € S, we have f(y) < ha, ., (7) for some
7(y) < p. For a stationary set S’ C S, 7(v) = 7 for some 7 < p (see Problem
21.6) and we are done.

If, however, cf (o) = k, & = sup{a, : 7 < Kk}, and for v € S (S a stationary
set), we have

() < ha(v) = sup{ha, (v) : 7 <7},

then for every v € S, there is 7(y) < 7 that f(v) < ha,,(7), and then by
Fodor’s theorem (Problem 21.9) 7(y) = 7 with some 7 and stationary many
~ and we are done again.

5. Let 5 < a be the least ordinal such that f() < hg(7) holds on a stationary
set (say, for v € S). By Problem 4, {y € S : f(v) < hg(y)} is nonstationary,
so f and hg indeed agree on a stationary set, namely, at a.e. point of S.

6. By Problem 3, fa(7) > hq(7) holds for a.e. . If the conclusion is not true
then there is a least ordinal o such that f, () > hq(7) holds for v € S, where
S is some stationary set. Set

| ha(y), for v € S;
fo) = {fm» for ¢ .

Then f : k — & contradicts property (c) of the Problem. In fact, if 5 < « then
f3(7) < fal7y) holds on a club set Dy (by property (b)), fz(v) < hg(vy) holds
on a club set Dy (by the minimality of ) and hg(y) < hqa(7) holds for v € D3
by Problem 2. Thus, f3(v) < min(fa(7), ha(y)) < f(7) for v € DN DyN D,
hence f(v) < fs(y) cannot hold for stationarily many .

7. Suppose that the conclusion is false. Let « be the least ordinal, such that
ha(y) > |y|™ holds on a stationary set, say, for v € S. Clearly, « is limit.
Assume first that g = cf (o) < k, and a« = sup{a, : 7 < u}. If vy € S, v > p,
then there is some 7(v) < g such that h,_ (7) > 7" For a stationary subset
S" C S, 7(y) = 7 holds for some 7 (Problem 21.9), hence hq_(y) > |y|* for
~ € S’ a contradiction to the minimality of h,,.

Assume finally that cf (o) = k, & = sup{a, : 7 < k}, and for a stationary
set 9, if v € S, then

YT < ha(y) = sup {ha, () : 7 <7}

holds. As |y|T is regular, it is not the supremum of a y-sequence of smaller
ordinals, so for every y € S there is some 7(v) < y such that ho__, () > [7|*.
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By Fodor’s theorem (Problem 21.9) 7(y) = 7 holds for the elements of a
stationary subset S’ C S, and then again we get that h,_(y) > |y|T for vy € S
and here o, < a, a contradiction.

8. For every § < k there are ¢’, 6” such that g/, (") = go(0), ga(8") = g.,(9).
By Problem 21.3, there is a closed, unbounded set C, such that if y € C, § < 7,
then the corresponding ¢’ and §” are also below «. For v € C, go[7] = ¢,[7],
50 fa(y) = fL () holds as well.

9. For every ¢ < k there are ¢’, §” such that g, (') = gz(d) and if g,(d) < 8
then gg(8"”) = ga(d). By Problem 21.3, there is a closed, unbounded set C,
such that if v € C, § < 7, then the corresponding §’ and 6" are also below 7.
If, now, v € C, then gs[y] = g[y] N B holds.

10. We can assume § > 0. Let C be a closed, unbounded set such that for
v € C, gsglv] = galy] N B holds (see the previous problem). If § < & is such
that g, (d) = 0, then for the closed, unbounded set C* = C'\ (§ 4+ 1) we have

9alv] 2 gs[V] U{B}, so surely fo(y) > fp(v) + 1.

11. Assume that f(y) < fa(y) for v € S, S stationary. For v € S, there is
7(y) < v such that g, (7(7)) is the f(y)th element of g,[y] (which has type
fa(7)). By Fodor’s theorem (Problem 21.9) there are a stationary S* C S
and a 7 such that 7(v) = 7 holds for every v € S*. Set 8 = go(7) < a. By
Problem 9, there is a closed, unbounded set C, such that gglvy] = ga[7] N 3
holds for v € C. If now + is in the stationary set S* N C, then f(y) equals to
the order type of

9oV N ga (T(7)) = ga[Y] N B = gsl],
iLe, f(v) = fs(v).

12. By induction on «.. The statement is obvious for & = 0. Assume that o > 0
and the statement holds for every 8 < a. Then, F' = h,, has the property that
F(v) > hg(y) for almost every v (8 < «), and if F*(v) < F(v) holds for
stationarily many ~, then F*(y) = hg(y) for stationarily many -y, for some
[ < a. The same properties apply to f,, by Problems 7 and 8 and by the
induction hypothesis. But if F;, F> have the above properties, then F; = F5
almost everywhere. Indeed, should, e.g., F1(y) < Fz(y) hold for v € S, where
S is a stationary set, we could define the function F* equal to F; on S, and to
F otherwise, we would get a contradiction: F*(y) = hg(y) for some 5 < « and
v € 8" (9 is some stationary set), but hg(y) < min(Fy(7), F2(v)) < F*(7)
a.e.

13. fa(7) is the order type of a well-ordered set of cardinality |v|, so it is
<.
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Infinite graphs

1. Let V be the vertex set. We consider cases.

First Case. Whenever W C V is infinite then there is a vertex v € W that is
joined to infinitely many vertices in W. Choose vy € V, which is joined to the
infinite set V of elements. Then, applying the condition to Vj, pick vy € V,
which is joined to the infinite set V3 C Vj. Continuing the induction we get
the vertices vg,v1,... and infinite subsets Vo D Vi D --- and as any two of
those vertices are joined, we are done.

Second Case. There is an infinite W C V such that every v € W is joined
to finitely many vertices in W.

In this case inductively choose the vertices vg,v1 ... € W such that they
form an independent set. This can be carried out, as when vq,...,v,_1 are
already given, each of them is joined to finitely many elements of W, therefore
all but finitely many elements of W are not joined to any of them.

2. Assume that f : [w]?> — k. Let U be a nonprincipal ultrafilter on w. For
x < wset g(x) =i if and only if {y : f(x,y) =i} € U. Clearly, g : w — k is
well defined.

We are going to construct the vertex disjoint paths step by step. At step
J we will have the vertex disjoint finite sets Aj,..., A} _; covering at least
{0,...,7 — 1} such that A7 is the vertex set of a path in color 4, and if it is
nonempty, we specify an end-vertex y! with g(y ) = 1.

To proceed from step j to step j + 1 assume that j ¢ Aj - U Ak 1
(otherwise we do nothing). Set i = g(j). If A? = () simply make A]'|r1 = {j},
y! ™ = j, and AJT" = AJ for all other I. Otherwise, pick z ¢ A) U---U AL _,
with

ze{t:f(j, t)y=1f yz, —z}
(remark that this latter set is in U, so it is infinite). We can now extend
the path AJ at its end at y] with the vertices z and j and make y/ i =j.

[R. Rado]
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3. Let X be a graph on V with |V| = k. Let U be a uniform ultrafilter on V,
i.e., with |A] = k for every A € U. [Such a U can be obtained by applying
Problem 14.6,(c) to the filter F = {V\ X : X € [V]<#} ] Either for Y = X or
for Y = X (the complement of X) the following holds. There is a set A € U
such that for every z € A the I'(z) = {y : {z,y} € Y} is in #. We show that
Y includes a topological K,;. Notice that by uniformity |A| = k and |I'(z)| = &
holds for every x € A. We recursively choose the nodes {v(a) : o < k} C A of
the topological K,; and the vertices {w (5, ) : § < a < £} such that w(3, «)
is joined to v(a) and v(8) (and so there are disjoint paths of length 2 between
the v(a)’s). We need to maintain, of course, that the vertices of the form v(«)
and w(f, ) be all distinct. At step « we first choose v(a) € A which is not
in {v(B) : B < a} U{w(y,B) : v < B < a} (possible, as the first set is of
cardinality &, the second is smaller), then similarly by recursion on 5 < a we
choose an element of I'(v(a)) N I'(v(B)) (a k-sized set) which differs from all
earlier elements. [P. Erdés, A. Hajnal]

4. Well-order the vertex set of the graph as V' = {v, : a < ¢} for some ordinal
©. Define by transfinite recursion the coloring f : V' — {0,1,...,n} so that
each v, gets a color different from any of its already colored neighbors vg,
B < «. Since there are at most n such neighbors, this is possible.

5. For vertices v and v set u ~ v if u = v or they are connected by a path. This
is clearly an equivalence relation, its classes are the connected components.
The number of vertices reachable from a specified vertex by paths is at most
1+ x+ &2 +--- = k. Therefore, each class has cardinality at most x and so it
can be colored by « colors. As there are no edges between classes, this suffices.

6. The proof is the same as that of Problem 4.

7. If, for every vertex v, f(v) is the set of smaller vertices joined to v, then
f is a set mapping with |f(v)| < k for every v. By Problem 26.10 the vertex
set is the union of x free sets and a free set is obviously an independent set
in the graph.

8. First solution. The vertex set of the graph can be enumerated as V =
{vq : @ < @} for some ordinal ¢. Using transfinite recursion we construct f, :
{vg: B < a} = {1,...,n} such that f, is a good n-coloring of {vs : 5 < a},
and if 8 < « then f, extends fg. If we succeed with this then f, will witness
that X is n-colorable. Our inductive hypothesis is somewhat stronger; we will
require not just that f, : @« — {1,...,n} is a good coloring but that it can be
extended to a good coloring on every finite subset of {v, : a <7 < ¢}.

For a = 0, fy can (and must) be chosen to be the empty function. This
function is good—this is exactly the assumption of the theorem.

Assume that o is limit, and fs exists for every 8 < a. We show that
fo =U{fs: B < a} is good for our purposes. If A C {v, :a <y < p}isa
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finite subset, by hypothesis, for every 8 < « there is some g : A — {1,...,n}
such that fgUg is a good coloring. As there are only finitely many n-colorings
of A, there is a g that occurs for a cofinal set of the 8’s. Then this g gives a
good extension of f, to A.

Finally, assume we have f,, and let us show the existence of f,41. For
every 1 <i < n we try to define the function f 11 by extending f, to v, with
Jéi1(va) = i. Assume indirectly that f,; is not good. Then, there is some
finite 4; C {v, : @ <y < ¢} such that f},, cannot be extended to a good
coloring of A;. Take A = {v,} UJ{A4; : 1 < i < n}. Then there is no good
extension of f, to the finite set A, a contradiction. [P. Erdés, N. G. de Bruijn:
A color problem for infinite graphs and a problem in the theory of relations,
Proceedings of the American Mathematical Society 54(1951), 371-373]

Second solution. Assume that X is a graph on the vertex set V' such that
every finite subgraph of X is n-colorable. We consider the following partially
ordered set (P,<). Y € P if Y is a graph on V with X C Y and every finite
subgraph of Y is n-colorable. Order P the obvious way: Yy < Y7 if Yy C Y7,
that is, Yp is a subgraph of Y;. As X € P, our set is nonempty.

We show that (P, <) satisfies the condition of Zorn’s lemma. Indeed, as-
sume that {Y; : ¢ € I'} is an ordered family of elements of P. We have to show
that every finite subgraph of Y = [ J{V; : ¢ € I} is n-colorable. If Z is such a
subgraph, then every edge of Z appears in some Y;, so, among those finitely
many indices ¢ there is a largest one, and the corresponding Y; shows that Z
is n-colorable.

We can, therefore, apply Zorn’s lemma (Chapter 14), and get a maximal
element Y € P. That is, we extended X to Y, a graph saturated to our
condition. We show that the relation “not joined in Y” is an equivalence
relation on V. Of the three properties of equivalence only transitivity is not
obvious. Assume that x is not joined to y, y is not joined to z. As Y is maximal
and x and y are not joined there is a finite set A that will not be n-colorable,
once we join z and y. Phrased differently, in every n-coloration of the graph Y
on A the vertices z and y get the same color. Similarly, as we cannot extend
Y by the edge {y, z}, there is a finite set B such that in every n-coloration of
the graph Y on B the vertices y and z get the same color. But then, in every
n-coloration of the of the graph Y on AU B (and by assumption, there is such
a coloring) the vertices = and z get the same color, so, = and z can not be
joined.

So, we proved that there is some decomposition V' = |J{V; : i € I'} such
that two points are joined if and only if they are in distinct classes. But there
cannot be more than n classes, as that would mean a subgraph of type K, ;1.
That is, we have at most n classes, therefore Y can be colored by n colors,
and so can be X. [G. Dirac, L. Pdsa

9. In order to show the nontrivial direction let X be a graph which is not
finitely chromatic. Then, by Problem 8, for every k < w there is a finite sub-
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graph G, which cannot be colored with k colors. The union of these subgraphs
is a countable subgraph that is not finitely chromatic.

10. Let X be an infinitely chromatic graph on the well-ordered set (V,<).
We can assume that for every a € V' the graphon V, = {r € V : z < a} is
finitely chromatic (otherwise replace X by X restricted to V, where a € V' is
the least element such that X on V, is infinitely chromatic). Clearly, X on
V® = {x € V : a < z} is then infinitely chromatic. Now choose by math-
ematical induction the increasing sequence of elements ag < a3 < --- from
V and (using the de Bruijn—Erdés theorem, Problem 8) the finite subgraphs
F,, with elements between a,, and a,41 such that X restricted to F), is at
least n-chromatic. Then, the union of the sets Fy, F1,... will give an w-type
subset that is infinitely chromatic. [L. Babai: Végtelen grafok szinezésérol,
Matematikai Lapok, 20(1969), 141-143.]

11. Replace the ground set with A = [J{A4 : @ < w1} where A, = [w1 - a +
a,w; - (a+ 1)) (ordinal interval). The order type of A is still w? so it suffices
to construct the graph on A. Join wy - a + B and w; - o’ + @' if and only if
a < o and B > ' (notice that then a < o/ < ' < 8). If B C A is some
subset of order type w; then either all but countably many elements of B are
in one A, or else it has a countable intersection with every A,. In the former
case it is a countable set plus an independent set. In the latter case every
vertex has countable degree: wy - a4 3 € B is certainly not joined to vertices
in (J{A¢ : & > B}. These and Problem 5 show that X on B is countably
chromatic.

In order to show that X is uncountably chromatic assume that A = By U
By U- -+ is a decomposition into independent sets (note that points with the
same color form an independent set). Observe that if for some a < w; and
1 < w the intersection A, N B; is uncountable then B; has no elements in any
Ay, @ > a. As for every A, (o < wq) there is some i < w such that A, N B;
is uncountable, and to different a’s we get different i’s, we get the desired
contradiction. [P. Erdés—A. Hajnal]

12. The chromatic number of X X Y is at most k. Indeed, if f : V —
{1,2,...,k} is a good coloring of X, then F({(z,y)) = f(z) will be a good
coloring of X x Y.

For the other direction, in order to get a contradiction, assume that F' :
VxW—={1,2,...,k—1} is a good coloring of X x Y. On W, let F be the
family of those subsets A of W for which W\ A4 is independent (in Y'). As W is
not the union of finitely many independent sets, F has the finite intersection
property, that is, the intersection of finitely many elements of F is always
nonempty. We can therefore extend F to an ultrafilter &« on W (see Problem
14.6(c)). The ultrafilter property gives that for every x € V there is a unique
i(z) such that {y € W : F((z,y)) = i(x)} € U. The mapping z — i(x) cannot
be a good coloring of X, so there are z,2’ € V with ¢ = i(z) = i(z') and
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{z,2'} € X. The set A= {y: F((z,y)) = F({(z/,y)) = i} is in U, therefore it
is not independent. Now if y,y’ € A are joined in Y, then (z,y) and (z/,y’)
are joined in X x Y, and they get the same color, viz. 7, a contradiction.
[A.Hajnal: The chromatic number of the product of two R;-chromatic graphs
can be countable, Combinatorica, 5(1985), 137-139]

13.

(a) If f; : Vi — C; is a good coloring of (V;, X;), and the color sets {C; : i € I'}
are disjoint, then the union of the colorings is a good coloring to the union
of the C;’s.

(b) Let f; : V. — Chr(X;) be a good coloring of (V, X;). Then f is a good
coloring, where f(z) = (f;(z):i€I).

14. The condition is obviously necessary. It is known that for finite graphs it
is also sufficient (Hall’s theorem). We get, therefore, that every finite subset
of A has a matching into B. Let A = {z, : a < ¢} be a well-ordering of
the elements of A. We define, by transfinite recursion on a < ¢ a function
fo : {zg : B < a} — B which is an extendable partial matching, that is,
it is injective, {x3, fo(z3)} is always an edge of X and every finite subset
of A\ Dom(f,) is matchable into B \ Ran(f,). Further, if 8 < « then f,
extends fg. If we can reach f, then we will be done. fy clearly exists, the
empty function is good for our purposes. If « is a limit ordinal and fz exists
for < a then f, = J{fs : § < a} is as required: if A’ is a finite subset of
A\ Dom(f,) then by the condition of the finiteness of the elements of A it
has finitely many matchings into B, and for every fg some of them are good.
Therefore, there must be one that is good for unboundedly many 3 < «. Then
it is good for .

To cover the successor case, suppose to the contrary that we succeeded in
selecting f, but we cannot extend it to f,41. This means that every finite
subset of A’ = A\ Dom(f,) can be matched into B’ = B\ Ran(f,) but for
every y € I'(z,) there is a finite set A, C A"\ {xo} such that A, has no
matching into B" \ {y}. Let A* be the union of all these sets A, plus {z4}.
By the condition on f,, the finite A* has a matching into B’ but if now xz,, is
matched into y then we reach a contradiction by observing that this matching
gives a matching of A, into B’\ {y}. [M. Hall, Jr.: Distinct representatives of
subsets, Bull. Amer. Math. Soc. 54(1948), 922-926]

15. We reduce the statement to the previous problem. Given p, ¢ and the
graph X on A and B, replace every vertex in A by p copies and every vertex
in B by q copies with the copies joined if and only if the original vertices are
joined. Call the so obtained graph X’ with its corresponding sides A’ and B’.
It is clear that in X’ side A’ has a matching if and only if the original graph
X has a function as described. We have to show that the condition in the
problem holds if and only if the Hall condition holds for X’. One direction is
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obvious: if we pick k vertices of A in X that are joined to m vertices in B
then we get pk vertices of A’ that are joined to gm vertices in B’, so the Hall
condition means that gm > pk, which is indeed m > pk/q. Assume now that
the above condition holds for X and try to establish the Hall condition for X".
Assume that we are given a finite subset F' of A’. F splits as F = F1U---UF,
where Fj is obtained by replacing every vertex in some set T; C A by 4 copies.
Notice that |F| = |T1|+2|T2|+- - -+p|T}|. In X the vertices of T = T4 U- - -UT),
are joined, by condition, to at least §|T\ vertices of B. These give in X' at
least ¢ - E|T| = p|T| = [T1] + 2|T2| + - - - + p[T}| vertices and we are done.

16. It is obvious that (c) is necessary. (a) is also necessary by (the easy direction
of) Kuratowski’s theorem on planar graphs. To show the necessity of (b)
assume that some graph X is planar yet it contains uncountably many vertices
p; with degree > 3. Let p; be joined to the distinct vertices a;, by, ¢;. Let A;,
B;, C; be rational discs, that is, whose radii are rational and centers have
rational coordinates, such that a; € A;, b; € B;, ¢; € C;, they are disjoint and
exclude p;. As there are just countably many choices for A;, B;, C;, there are
10,11,%2 such that A;) = A;, = A;, = A, and similarly B;, = B;, = B;, = B,
Ci, = Ci, = C;, = C. Let a,b, c be the centers of A, B,C. p;, is joined with
an edge in X to a;,, which is in fact a curve K between them. Consider k, the
first point of K common with A, and replace the part of K after k£ with the
radius between k and a. Perform the same operation with all the other edges
(= curves) between the p;’s and a;’s, b;’s, ¢;’s, then we get a K33 drawn on
the plane, an impossibility.

For the other direction we first notice that if X is a finite graph not
including a topological K5 or K3 3, then it is planar by Kuratowski’s theorem.
We first extend this to countable graphs.

Let X be a graph on the vertices vg, vy, ... that has no topological K5 or
K3 3 subgraphs. By Kuratowski’s theorem, for every n, there is a drawing ¢,,
of X,,, X restricted to {vg,...,v,} on the plane. It is easy to see that there
are just finitely many nonhomeomorphic ways of drawing X,, on the plane.
In fact, an easy induction on n shows that there are just finitely many non-
homeomorphic n-vertex graphs drawn on the plane. Using the Konig infinity
lemma (Problem 27.1), we get that there is a sequence g, 1, ... such that
every ¢, is homeomorphic to ¢, 41’s restriction to X,,. We can modify ¢,,41
such that it actually extends ¢, and then the union of them draws X on the
plane. Actually, this process can be carried out in such a way that each edge e
is represented by a C*° curve [, and to each edge e = {x,y} we can associate
a neighborhood U, of [, such that the closures of any two U, and U, are dis-
joint except possibly for common endpoints of [, and [... This latter property
can easily be preserved in the previous induction of creating the ¢, ’s.

Assume finally that X is a graph satisfying (a), (b), and (c). Then X has
a countable part X’ spanned by the vertices with degree at least 3, and it has
additionally at most continuum many paths, circuits, and isolated vertices.
Let X* be X’ augmented with a simple path o(p, ¢) of length 2 for every pair
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of nodes p, ¢ in X’ (p = q is possible) that are connected in X by at least one
path of length > 2. Then we can reconstruct X from X* by replacing each
o(p,q) by (at most countably many) appropriate paths by adding circuits,
finite or infinite paths, unconnected to X™* and to each other, and by adding
finite or infinite paths emanating from some points of X*.

By the previous step, X™* can be drawn on the plane in a manner specified
above. We can easily add to this representation the required objects to get a
planar representation of X.

17. It suffices to show that there are continuum many points in the 3-space
such that the connecting segments are pairwise disjoint (except, possibly, at
their extremities). For this, see Problem 13.3.

18. First we show that K+ has a decomposition into x forests. Without loss
of generality, we can assume that the graph is the complete graph on s¥.
Decompose the edges into k classes in such a way that for every a < k the
edges going down from a, i.e., those of the form {3, a} with § < « are put into
distinct classes. This is possible as the number of those edges is |a| < k. No
circuit occurs with edges in the same class; indeed, if the vertices of a putative
circuit are vy, ...,v,, then if v; is the largest of them under the ordering of
the ordinals, then it is joined to two vertices (namely, to v;—1 and v;11) with
edges going down, a contradiction.

For the other direction it suffices to note that if the edges of the complete
graph on (k1)T vertices, and even if the edges of the complete bipartite graph
on classes of cardinalities ™ and (k%)™ are colored with x colors, then there is
a monochromatic circuit of length 4, by Problem 24.27. [P. Erdés, S. Kakutani:
On non-denumerable graphs, Bull. Amer. Math. Soc., 49(1943), 457-461]

19. One direction is a special case of Problem 13(b): if some graph is the
edge-union of countably many bipartite graphs, then its chromatic number is
at most 2% = c.

For the other direction, assume that the chromatic number of some graph
(V, X) is at most continuum. There is, therefore, a good coloring f : V — R
with the reals as the colors. Fix an enumeration qq,qi,... of the rational
numbers. If {z,y} € X is an edge, put it into Y; if and only if 7 is the least
number such that ¢; is strictly between f(z) and f(y). This works: all edges
of Y; gobetween A; ={z €V : f(z) <g}and Bi={z e V: f(z) > ¢}

20. Fix, for every n < w, an enumeration {H, (i) : 1 < i < 2"} of the subsets
of {0,...,n — 1}. The vertex set of our strongly universal graph will be the
union of the disjoint finite sets Vp, Vi,... where V,, consists of the vertices
v(ig,...,i,) indexed with the natural numbers ig,...,4, on the condition
1<ip<2Ffor0<k<n,so

n(n+1)
2

V| =2-2'.....0n =2
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If v =v(ip, ..., 1) then we join v for every j € Hy(i,) to v(ig,...,%;) and to
no other vertices in Vo U ---UV,,. This defines a graph X on V and we show
that it is strongly universal, i.e., if (WW,Y") is a countable graph then (W)Y
is isomorphic to an induced subgraph of (V, X).

Enumerate W as wg, w1, .... We find f(w,) € V, by induction on n. Set
f(wp) = v(1), the only element of Vy. If we have already found f(w,_1) =
v(igy ... ,in—1) then set f(wy,) = v(io,...,in-1,%n) where 1 < i, < 2" is the
only number that

H,(in) ={0<j <n:{wjw,} €Y}

holds. These steps can be executed and it is clear that for 0 < j7 < n
{wj,w,} € Y holds if and only if { f(w;), f(wn)} € X holds, that is, f isomor-
phically embeds (W,Y) into (V, X). [R. Rado: Universal graphs and universal
functions, Acta Arithmetica 9 (1964), 331-340]

21. Assume indirectly that the graph X on the countable vertex set V is
universal for the countable K ,-free graphs. Let v ¢ V be a further vertex
and join v to every element of V. The graph X’ so obtained is still K -free,
so by hypothesis there is f : V U {v} — V, an embedding of X’ into X. Set
vo = f(v), and inductively v,+1 = f(vy,). As v is joined (in X') to every
element of V| vg will be joined in X to v1,vs,.... As f preserves adjacency,
vy is joined to wvg,.... Carrying out the induction we get that vg,vq,... are
pairwise joined in X, and therefore they are distinct, so they form a K, a
contradiction.

22. Let (V,X) be a putative universal, countable, locally finite graph. For
v eV, 1<i<w,let fX(v) be the number of vertices reachable from v in X in
at most i steps. As (V, X) is locally finite, f;X (v) is a natural number for every
v eV, 1<i<w. Enumerate V as V = {v1,vs,...}. Construct a countable,
locally finite graph (W,Y’) with a vertex w € W such that fY (w) > f7(v;)
holds for i = 1,2, ..., where f} is the analogous function for (W, Y"). This can
be done easily; for example, we can take as (WW,Y) a tree with large enough
successive levels. Now it is impossible to isomorphically embed (W,Y") into
(V, X): for every 1 < i < w the condition f} (w) > f(v;) excludes that w be
mapped into vy,. [N. G. de Bruijn]

23. Suppose that (V, X) is a Ky,-free graph of cardinality < c. Let W be the
set of functions f : @ — V injecting a countable ordinal « into V in such a
way that its range spans a complete subgraph in X. Join two such functions
if one extends the other. This way we get a graph (W,Y), and we are going
to show that |W| < ¢, (W,Y) is Ky,-free, and it cannot be embedded into
(V, X). This proves that (V, X) is not universal.

As for any a < w; there are at most ¢®0 = ¢ functions from « into V, we
have |W| < X; - ¢ = c. Next, assume that {f, : & < w1} spans a complete
subgraph in (W,Y"). Then, they are defined on different ordinals, and the one
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on larger ordinal extends the one on smaller ordinal. But this gives a complete
Ky, in (V, X), a contradiction.

Finally, assume to the contrary that F' : W — V embeds (W,Y) into
(V,X). By transfinite recursion on o < w; we define functions f, : @ — V,
fa € W and vertices vo, = F(fo) € V in such a way that f, extends f3
for B < a. To start, set fo = 0, vo = F(fy). Assume that « > 0 and fg is
determined for 8 < « with the above properties. Then the {fg : § < a} forms
a complete subgraph in (W,Y); therefore, {vg : B < a} forms a complete
subgraph in (V, X). This implies that if f,(8) = v for 8 < « then f, € W.
If all fg were defined analogously, then f, extends every fg (3 < «). Thus,
we can construct f,, vo as required for o < wy, but then {v, : @ < wy} forms
a complete subgraph in (V, X)), a contradiction. [R. Laver]

24. First we remark that it suffices to prove the result for x a successor car-
dinal. Indeed, if k is a limit cardinal, and for every successor 7 < k there is
a triangle-free graph with chromatic number 7 then the vertex disjoint union
of them will be a triangle-free graph with chromatic number x (this does not
work for Kk = Wy, but this case follows along the same lines if we notice that
the k = ¥ case and the de Bruijn—Erdds theorem (Problem 8) easily imply
the statement in the problem for all finite cardinals).

Given a successor cardinal k = u+ we define the graph as follows. The ver-
tex set is [17]3, the set of 3-element subsets of . Join {z,y, 2} and {2/, v/, 2’}
if and only if z < y < 2’ < z <y’ < 2’ holds (or vice versa). It is immediate
that there is no triangle.

In order to show that the chromatic number is 4+ assume to the contrary
that f : [uT]®> — p is a good coloring. For z < y < u* we define the set
A(z,y) C p of colors as follows. Set a € A(xz,y) if and only if there are
arbitrarily large z < p* such that f(z,y,2) = a. We argue that A(z,y) # 0
for every & < y < pT. Indeed, if a ¢ A(z,y) then there is v, < p+ such that
f(z,y,2) # a holds for v, < 2z < u*. But then, if z < p* is larger than the
supremum of the v,’s, then {z,y, 2z} can get no color at all. Next, we define,
for every x < puT the set B(z) C p as follows. o € B(z) if and only if there
are arbitrarily large y < p™ with o € A(x,y). An argument similar to the
above one gives B(z) # 0 for every x < pT. Finally, set a € C if and only if
a occurs in B(zx) for cofinally many x. Again, we get that C # ().

Pick a € C. Choose an & < u* with o € B(x), then select y > x with a €
A(z,y). Then choose y < 2’ < u™ such that o € B(z') (possible, as a € C).
Next choose 2/ < z < p* such that f(z,y,z) = a (again, such a z exists, as
a € A(z,y)). Then choose iy < u™ such that ¢’ > z and a € A(z',y’) (this is
possible, as a € B(2'). Finally, as « € A(2',y’), we can select y' < 2’ such that
f(@',y,2") = a. Now we are done: {z,y, 2z} and {2/, ¢/, 2’} are joined, and they
get the same color (), a contradiction. [P. Erdés, R. Rado: A construction
of graphs without triangles having preassigned order and chromatic number,
Journal London Math. Soc., 35(1960), 445-448]
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25. We can disregard all triples (o, 8,7) with not a@ < 3 < + since these are
isolated points in the graph. Note also that A C w$ is of order type w} if
and only if for uncountably many « there are uncountably many [ with the
property that for uncountably many v we have (a, 3,7) € A.

The same graph appeared for ¢ = w in Problem 24, and the proof given
there shows that if A C w$ is of type w$, then it spans an uncountable chro-
matic subgraph.

Suppose now that A is of type < w?. Then only for countably many a can
the set {(8,7) : («,,7) € A} be of order type w?, and for all such a we can
color any (a, 3,7) € A by « (note that two triples with the same « are not
connected). Let the rest of the points in A form the set A;, and we have to show
that A; is also countable chromatic. For every « there is an f(«) < w; such
that if 3 > f(«), then there are only countably many («, 3,7) € Ay, i.e., there
isan f(a, ) < wy such that (a, 3,7) € A1 if v > f(a,3). By Problem 20.7
there is an increasing sequence d¢, { < w; such that dp = 0, d¢ = sup, ¢ oy
if £ is a limit ordinal, and for any a < ¢ we have f(a) < d¢ and for any
a < 3 < ¢ we have f(a, ) < d¢. Then De = {a @ 6 < v < g1}, £ < wr
is a partition of w; into disjoint sets, and for (o, 8,7) € A; the ordinals «,
B3 and vy cannot belong to three different D¢: if « € D¢, 8 € D, and v € Dy
with £ <n < 0, then 8 > f(«a) and v > f(«, 3), hence (o, 8,7) € A;.

Thus, A1 = Ay U A3 U Ay, where

e in Ay we have o, 3,7 € D¢ for some &,
e in A3 we have a € D¢ and 3,7 € D, for some £ <, while
e in A4 we have o, 3 € D¢ and v € D,, for some £ < 7,

and it is enough to color each of these sets by countably many colors.

Every A2 N Dg, £ < wy is countable, and we can simply color the elements
of this set by different colors 0,1,... (note that no vertex from A, N D¢ is
connected to any vertex in Ay N D, if £ # n).

Let F : w} — w be a function such that F(£,1n) # F(n, &) for any £ < n <
&’. Such a function/coloring was constructed in Problem 24.8. If (o, 8,7) € As
and a € Dg, 3,7 € D,, then let the color of (a, 3,7) be F(&,n). This is clearly
a good coloring on As: if (o, 3,7) € Az with a € D¢, 3,7 € D,, is connected to
(o, ,7") € A3 with o € Dg¢r, 8,4 € D,y, then, because of, say, 8 < o/ <7,
we have n = ¢’ hence F(&,n) # F(¢, 7).

Finally, one can similarly define a good coloring of A4 with the aid of F': if
(o, B,7) € Ay and «, B € D¢, v € Dy, then let the color of («, 3,7) be F(§,7).

26. (a) For one direction, if f: V' — k is a good coloring of (V' X’) then we
can set

F(:E) = {f({yvx}) : {y,x} € Xay < {E}

for z € V, that is, we color z € V with the set of colors of the edges going down
from z. This is a good coloring, as otherwise there are y < z with {y,z} € X
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and F(y) = F(z) but then there is a z < y < x with f({z,y}) = f({y, z})
and this contradicts to the hypothesis that f is a good coloring of (V', X”).
For the other direction, assume that Chr(V, X) < 2% Let F': V — "2 be
a good coloring (i.e., we color with the k — {0,1} functions). If {y,z} € X,
y < x, then there is a least & < k with F(y)(«) # F(z)(«). We let f ({y,z}) =
(a,0) if F(y)(a) = 0, F(z)(er) = 1, and, dually, let f ({y,z}) = (a,1) if
Fy)(a) =1, F(x)(a) = 0. We cannot have f ({z,y}) = f ({y,z}) for some
values z < y < z, for, if the common value is say, (a,0) then 0 = F(y)(«) =1
and we get a similar contradiction in the other case, too. [F. Galvin: Chromatic
numbers of subgraphs, Periodica Mathematica Hungarica, 4(1973), 117-119]

(b) Assume that there is a circuit C' in (V’, X’) of some odd length 2t + 1 <
2n + 1. The vertices of C are edges of (V,X), e1,...,ea41, and there are
vertices vy, ..., U1 such that v; is the larger vertex of e; and the smaller
vertex of e; 41 or vice versa (and egry2 = e1). So C forms a cycle in (V, X)
(circuit with possibly repeated vertices). Choose 1 < i < 2t + 1 such that
vi—1 # v; (with vg = vgy41) and there is no value v; > v; (this is possible as
the v;’s cannot be all equal). Then v; is the larger endpoint of e;, the smaller
of e;11, and again the larger endpoint of e;2, so v;11 = v;. We can, therefore,
remove e; from C, and likewise we can remove one edge corresponding to
the smallest element among the v;’s. This way, we get an odd cycle of length
2t —1<2n—1in (V, X) and that includes an odd circuit.

(c) By repeated applications of (a), (b) and for n = 1 by starting from some
large enough complete graph. [P. Erdés, A. Hajnal: Some remarks on set
theory, IX, Michigan Math. Journal, 11(1964), 107-127]

27. Let (V, X) be the complete graph on c¢*, and let (V’, X’) be the graph
defined in Problem 26. Using (a) of that problem, as Chr(X) > ¢, Chr(X’) >
Ny holds. Every subgraph of X’ of cardinality at most c is the subgraph of
Y’ for some induced subgraph Y of X with |Y| < c. As then Chr(Y) < c, we
must have Chr(Y”) < X, again by Problem 26.

28. Let (V, X) be the complete graph on ws, and let (V’, X’) be the graph
derived from it in Problem 26. As 281 < 2%2 = N3, Chr(X’) = N,. Every
induced subgraph of X' is of the form Y’ for some (not necessarily induced)
subgraph Y of X. Now, if Chr(Y") = N3 then Chr(Y”’) = Ry, and if Chr(Y) <
Ny then Chr(Y’) < Ng, by Problem 26(a), and by the cardinal arithmetic
hypothesis. That is, Chr(Y”) # Xy for every such graph. [F. Galvin: Chromatic
numbers of subgraphs, Periodica Mathematica Hungarica, 4(1973), 117-119]

29. Assume the contrary and let X be an uncountably chromatic graph which
does not include K, x, as a subgraph. By passing to a subgraph, if needed,
we can assume that its vertex set V has cardinality « and every subgraph of
cardinality less than k is countably chromatic. Obviously, k£ > V.

We first show that every vertex set U C V has a “closure”, a unique
minimal set F(U) 2 U with the property that if € V is joined to at least n
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elements of F(U) then x € F(U). For this, set Fo(U) =U and for k = 0,1, ...
let Fj11(U) consist of the elements of Fj(U) plus all the vertices which are
joined to at least n vertices in Fy,(U). Then take F(U) = Fo(U)UF(U)U---.

We further have, by the condition imposed on the graph, that if U is finite,
then Fo(U), F1(U),... and so F(U) are countable, and if U is infinite, then
F(U)| = U]

Enumerate V' as {v, : @ < k}. For every a < k set Vo, = F ({vg : f < a}).
Then V = |J{V, : @ < k}, an increasing, continuous union. Also, by our above
remark, each V, is a set of cardinality < k. If we now set W, = V41 \ Vi,
then {W,, : @ < K} is a partition of V into smaller sets.

Decompose X, the set of edges, as X = YUZ where Y is the set of crossing
edges, that is, between points in different W, ’s; and Z is the set of edges going
between vertices in the same W,. Z is the vertex disjoint union of—by the
selection of k—countably chromatic graphs, so itself is countably chromatic.
Further, by Problem 6 Y is n + 1-colorable, so we get that X = Y U Z is
countably chromatic, a contradiction. [P. Erdds, A. Hajnal: On chromatic
number of graphs and set-systems, Acta Math. Acad. Sci. Hung., 17(1966),
61-99]

30. Let X be an uncountably chromatic graph. Decompose X as X =Y U Z
where an edge is put into Y if and only if for every n it is an edge of a com-
plete bipartite graph K, ,,. Then there is an n such that Z does not include
K,,.n so by Problem 29, Z is countably chromatic. Y is therefore uncountably
chromatic, so it includes an odd circuit C' of length 2m + 1 for some m. We
claim that every odd number > 2m + 1 occurs as the length of a circuit in X.
Let e be an edge of C. As e is in Y, for every n there is a K, ,, containing
e, so for every n there is a K, ,, containing e and meeting C only in the end
vertices of e. Now it is easy to choose a circuit of length 2(m+n)—1 by adding
to C' a circuit of length 2n and by removing the edge e. [P. Erdés, A. Haj-
nal, S. Shelah: On some general properties of chromatic numbers, Topics in
topology (Proc. Collog. Keszthely, 1972), Collog. Math. Soc. J. Bolyai, Vol. 8.
North Holland, Amsterdam, 1974, 243-255, C. Thomassen: Cycles in graphs
of uncountable chromatic number, Combinatorica 3 (1983), 133-134.]

31. Let (V,X) be an uncountably chromatic graph. If there is a nonempty
subset W C V that induces a graph in which every vertex has infinite degree,
then we can easily choose by induction the vertices of an infinite path. We
can therefore assume that no such subset of V exists, that is, if W C V is
nonempty, then there is a vertex F(W) € W joined to only finitely many
vertices in W. Using this, determine recursively the elements {v, : a < ¢}
for some ordinal ¢ by making v, = F(V \ {vg : 8 < }). This process must
terminate for some ¢ < |V|T and that can only happen when V = {v, : a <
¢}. If we now order V by v, < vg if 8 > «, then Problem 7 gives that (V, X)
is countably chromatic, a contradiction.

32. We can assume that V = w;.
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Recall that there exists an Ulam matrix, i.e., {Up o : 1 < w,@ < wy} with
Una Cwi, Upo NU, =0 for a # 3, and for a fixed o, | J{Un,o : 7 < w} is
a co-countable subset of wy (see Problem 18.1). The latter condition implies
that for every o < w; there is n(a) < w such that Uy (q),. induces an N;-
chromatic subgraph of X. For uncountably many «, n(a) = n for some n,
and then these U, ,’s give R disjoint sets spanning N;-chromatic subgraphs.

33. Assume that the (first) statement fails and X is some uncountably chro-
matic graph that does not split into two uncountably chromatic induced sub-
graphs. Let {A, : @ < A} be a least family (with respect to the cardinality
A) of disjoint subsets such that each A, induces a countably chromatic graph
while A = (J{44 : @ < A} does not. For B C X set B € I if and only if X
on | J{A, : @ € B} is countably chromatic. I is a proper, o-complete ideal
on A, and by our minimal choice of A, it contains every subset of cardinal-
ity less than A. Furthermore, by our hypothesis, it is a prime ideal (i.e., for
every B C X either Be€ I or A\ B € I). Let fo : {45 : 0 < a} - w be
a good coloring. Define F' : A — w as follows. Let F(z) = ¢ if and only if
{a < A: fo(x) =i} ¢ I. As I is o-complete and prime, this is well defined
and is a good coloring of X on A with countably many colors: if {z,y} € X,
say z,y € U{4p : B < ap}, then fo(z) # fua(y) for all @ > «p, hence
{a: fo(z) # fa(y)} € I and so F(z) # F(y). This contradiction proves the
claim.

The stronger statement follows by recursively splitting the vertex set into
more and more subsets inducing uncountably chromatic graphs. [A. Hajnal:
On some combinatorial problems involving large cardinals, Fundamenta Math-
ematicae, LXIX(1970), 39-53]

34. First Solution. Assume indirectly that F' : V — w is a good coloring.
Define by transfinite recursion on o < w; the following function f(«a) =
F(f‘a). It is clear that f is a function from w; to w. We show that it is
injective and that gives the desired contradiction. Indeed, let @ < w; be the
least ordinal such that f(«) = f(8) holds for some 3 < «. Then, f‘ﬁ and f|,,

are injective functions, so they are elements of V', and they are joined in X.
But as F is a good coloring of X, f(8) = F(f‘ﬂ) and f(a) = F(f]|,) are
distinct, a contradiction.

Second Solution. Assume indirectly that F': V — w is a good coloring. Set
Ay = {0}, ap =0, fo = 0. Suppose that at step n we are given the finite set
A, C w, the ordinal a,, < wi, and the function f, : o, — w. Set A,41 =
A, U{in} where i, is the least element of w\ Ran(f,) above max(A,,). If there
exists some f D f,, with w\Ran(f) infinite, A, +1NRan(f) =0, F(f) = n then
let fr41: apy1 — w be one such f. Otherwise let f,,11 be an arbitrary proper
extension of f, to a one—one function f,, 41 : a,+1 — w with co-infinite range
that is disjoint from A, ;. This way we get a strictly increasing sequence
fo € fi C -+ of one—one functions. Their union f, = J{fn : n < w} is
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also a one-one function that properly extends each. Assume that F(f,) = n.
Notice that w \ Ran(f,) is infinite (it includes |J{A : k¥ < w}) and Ran(f,)
is disjoint from A,1. Therefore, we had the first case in the definition of
fn+1 and selected f,,11 with F(fn4+1) = n. But now f,4+1 and f, are distinct
functions which are joined and get the same color, a contradiction. [F. Galvin,
R. Laver]

35. We can assume that the ground set of the set system is some cardinal k.
We show by transfinite recursion that there is a good 2-coloring f of x, and
to do that we define f|, : @ — {0,1} inductively on o, where the inductive
hypothesis that f| : a — {0,1} is a partial good coloring, i.e., there is no
monocolored H € H, H C . If f‘ﬂ is a partial good coloring for every 8 < «

and « is a limit ordinal, then (recall that the sets in H are finite) clearly so is
f‘a = Ug<af‘5. Suppose now that oo = 3+ 1 is a successor ordinal, and f‘ﬂ

is already given. If there is no extension of it to «, then there is an A € H
such that A C o, B € A, and A\ {8} C f~1(0). Similarly, there is a B € H
such that B C o, 8 € B, and B\ {a} C f~1(1). But then AN B = {B} and
exactly this configuration is excluded.

36. Let {A; : i € I} be a maximal subfamily of H of pairwise disjoint sets
(exists by Zorn’s lemma). Devise a function f : [J{4; : ¢ € I} — w which is
one-to-one when restricted to any particular A;. Extend f arbitrarily to the
remaining points. We show that f is a good w-coloring of H. Pick H € H.
By condition, there is some ¢ € I that A; N H # @ and also by condition,
|A; N H| > 2. But then f assumes at least two different values on H and this
is what we wanted to show.

For the other part, let H be a nontrivial ultrafilter on w. It is not finitely
chromatic, as in any finite coloring one of the color classes is in the ultrafil-
ter, and no intersection is a singleton, actually, the intersection of any two
members is infinite. [R. Aharoni, P. Komjéth]

37. Let the underlying set of H be V. We first claim that for every U C V
there is a “closure” of U, a unique minimal set F(U) D U with the property
that if |[H N F(U)| > 2 holds for some H € H then H C F(U). Indeed, let
FU)=FU)UF(U)U--- where Fo(U) =U and for n =0,1,... we set

Foa(U) = F,(U)U|J{H € 1 : [HN F,(U)| > 2}.

Notice that as H satisfies the condition mentioned in the problem, F(U) is
countable whenever U is.

Enumerate V as {v, : @ < w1} and set V, = F({vg : 8 < a}). Now
each V,, is countable and V' = | J{V, : @ < w1} is an increasing, continuous
decomposition. Moreover, every V,, is “closed”, that is, no H € H can intersect
it in exactly 2 points. This gives that for every H € H there is an a < w;
such that H has 2 or 3 points in W, = V441 \ V, and at most one point in
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Voo As {W,, : @ < w1} is a system of pairwise disjoint, countable sets, there is
an injection f, : W, — w and then the union of the f,’s will give a coloring
of V with w such that no H € H is monocolored. [P. Erdds, A. Hajnal: On
chromatic number of graphs and set-systems, Acta Math. Acad. Sci. Hung.,
17(1966), 61-99]

38. Assume that S™ is colored by n + 1 colors, and V; is the set of points
of color i. With dist(z,y) = [lz — y|| the Euclidean distance on R"*!, the
functions

i(r) = inf dist(x,
giw) = inf dist(z,y)
are continuous functions of z € S™; therefore,

F((E) = (gl(‘r)w e 7gn<w))

is a continuous mapping of S™ into R™. By Borsuk’s antipodal theorem there
is an z € S™ with F(z) = F(—=x). If for some 1 <14 < n we have g;(z) = 0,
then g;(—x) = 0 as well, and so there are points arbitrarily close to z and —x
of color ¢. On the other hand, if for all 1 <14 < n we have g;(z) = ¢g;(—x) > 0,
then necessarily « and —z are of color n + 1. In any case, under any (n + 1)-
coloring we obtain points with distance arbitrarily close to 2 that have the
same color, hence the chromatic number of G,, , must be at least n + 2.

To see that G, o can be colored by n+2 colors for o < 2 close to 2 do this:
take a regular (n + 1)-simplex with vertices on S™, project from the origin
each face of the simplex onto S™, and let the points of these projected sets
have the same color.

39. To show Chr(G) < Rg, choose € < «/2, and let the color set F be the
set of those F' C [0,1] which consist of finitely many intervals with rational
endpoints. This is a countable set. Let the color of a vertex F be F' € F if
meas(EAF) < e. Since E contains compact subsets E’ with measure arbitrar-
ily close to meas(E), and for each such E’ there is an F € F with E’ C F and
meas(F \ E') < €/2, each E gets at least one color from F (of course, each
E gets more than one colors, just keep one of them). Now if both E; and Es
get the same color F', then E; N Ey # (), so they are not connected in G. This
shows that the above coloring is appropriate, and hence Chr(G) < No.

In the other direction we have to show that Chr(G) > nforalln =1,2,....
Let S, be a sphere in R™ with surface measure equal to 1, and let r,, be the
radius of S,,. It is known (see e.g., P. Halmos and J. v. Neumann, Ann. Math.,
43(1942), 332-350) that there is a measure-preserving bijective mapping T, :
[0,1] = S,. For X € S,, consider the (closed) spherical cap Ux with center at
X and of surface measure equal to «, and let Ex = T~}(Ux) be the inverse
image of Ux. Note that there is a 8, , < 2r, such that Ex, N Ex, = 0
(which is the same as Ux, N Ux, = @) precisely if the distance of X; and X»
is bigger than 3, ,. Hence the chromatic number of the subgraph spanned by
{Ex : X € S,} is at least n + 1 by the previous problem. [P. Erdds and A.
Hajnal, Matematikai Lapok, 18(1967), 14|
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Partition relations

1. For k = 2 this is just a reformulation of Problem 23.1. Suppose the state-
ment is known for some k, and let f : [w]?> — {0,1,...,k} be a coloring with
k + 1 colors. Unite color classes 0 and 1 into a new color class —1. This way
we obtain a coloring of the pairs of w with k colors: —1,2,... k. By the in-
ductive hypothesis there is an infinite monochromatic subset V' for the latter
coloring. If its color is one of 2,...,k, we are done, V' is monochromatic in
the original coloring. In the remaining case, V' is colored by —1; therefore,
it was originally colored by 0 and 1. The case k = 2, applied to V', gives an
infinite monochromatic set of color 0 or 1, in the original coloring.

2. We prove the statement by induction on r. The case r = 1 is obvious: if
we decompose an infinite set into finitely many parts, then one of the parts is
infinite. Suppose the statement has been verified for r. Let f : [w]"*! — k be a
coloring. We argue that there is an infinite set A such that the following is true.
Ifa; < -+ <a, <a<bare from A, then f(ay,...,a.,a) = f(a1,...,a,b)
holds (that is, A is endhomogeneous). Accepting the existence of A we con-
clude the proof as follows. Color the r-tuples of A by putting g(ai,...,a,)
the common value of f(ay,...,a,,a) where a € A, a > a,. By the induction
hypothesis there are an infinite B C A and a color ¢ such that all r-tuples
from B get color ¢ under g. But then clearly B is monochromatic in color ¢
for f as well.

To obtain A we inductively select the decreasing sequence of infinite
sets Yo O Y7 DO --- and the elements zg < x7 < --- as follows. Set
Yy = w. If Y; is determined, let x; be its least element. After this, for ev-
ery z € Y; \ {z;}, z determines a coloring g, of the r-tuples of {xo,...,z;} by
making g, (le, ce, :z:jT) = f(:zzjl, T, z) As [{a:o, . ,I,;}]T is finite (pos-
sibly empty), there are finitely many possibilities of coloring it with & colors.
There is, therefore, an infinite Y; 11 C Y; \ {z;} such that the g, functions
are identical for z € Y;;1, and so the definition of Y;;; is complete. We get,
therefore, an infinite set {xg,z1,...} such that the color of an (r 4+ 1)-tuple
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does not depend on the last element. [F. P. Ramsey: On a problem of formal
logic, Proc. London Math. Soc. (2), 30(1930), 264-286]

3. Color the pairs of elements as follows. A pair gets color 0 if it consists of
comparable elements, and color 1 otherwise. By Problem 1 there is an infinite
monochromatic set and it can only be a chain or antichain, according to its
color.

4. Let ag, aq, ... be infinitely many elements of the ordered set (A, <). Color
{ai,a;} with i < j zero if a; < a; and with one otherwise. By Problem 1
there is an infinite monochromatic set and it is an increasing or decreasing
sequence, according to its color.

5. First solution. An easy geometry argument gives that out of 5 planar
points some 4 form a convex quadruple. Color every 4-element subset of X
by 0 or 1 accordingly if they form a convex quadruple or not. By the above
remark there is no monochromatic 5-element subset of color 1, so, by Problem
2 there is an infinite monochromatic set of color 0, which is exactly a convex
set. [P. Erd8s, G. Szekeres: A combinatorial problem in geometry, Compositio
Math., 2(1935), 463-470]

Second solution. Working on the plane with z-, y-axes we can assume that
the points of X are (ag, bo), (a1,b1),.... We can equally assume (by shrinking
X, and rotating the coordinate system, if needed) that a;, # a; for ¢ # j.
Given a triple {i,7,k} of natural numbers there can be two cases: of the
points (a;,b;), (aj,b;), and (ag,by), the one whose z-coordinate is between
those of the other two, can be above or below the segment determined by the
other two points. If we color the point triple by 0 or 1 according to which case
holds, we get a coloring of [w]® by two colors. An application of Problem 2
gives a subset as required. [N. Tarsi, cf. M. Lewin: A new proof of a theorem
of Erdés and Szekeres, Math. Gaz., 60(1976), 136-138]

6. If we are given a tournament on w, for v < v < w color the edge {u, v}
green, if w0, and blue otherwise. By Ramsey’s theorem, there is an infinite
monochromatic set, and it is obviously a transitive subtournament.

Another possibility is to observe that a tournament is transitive if and
only if every triangle in it is transitive, and every tournament on 4 nodes
includes a transitive triangle. Then we can apply the relation w — (w,4)3.
[P.Erdés—R.Rado]

7. As in the first solution of Problem 6, we assume that the graph is on w,
and color the pair {u,v} (u < v < w) with 0, if u and v are not joined in
X, with 1, if @0, and with 2, if #w. By Ramsey’s theorem there is an infinite
monochromatic set. If its color is 0, then it is an independent set, if it is 1 or
2, it is a transitively directed subset.
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8. Let the vertices be the functions f : w — {0,1}, and if f, g are two such
functions and n is the smallest number with f(n) # g(n), then let the color
of (f,g) be (n,0) if f(n) < g(n), and otherwise let it be (n,1). It is easy to
see that this is an appropriate coloring.

9. The proof is identical with the corresponding part of the solution of Problem
2.

10. For a triple {z,y,z} € [w]® with < y < z there are 5 possibilities
if we consider which of f(z,v), f(x, 2), f(y, 2) are equal. Similarly, given a
quadruple {z,y,2,t} € [w]?, with z < y < 2z < t, there are a finite number,

say s possibilities, on equalities of the values of f on [{aﬁ, Y, 2, t}] %, Accordingly,
we get colorings ¢ : [w]> — 5 and h : [w]* — s, which give the types of the
triples and quadruples in the above sense. By Ramsey’s theorem (Problem 2)
there is an infinite set H C w homogeneous to both g and h. We claim that H
is as required. Assume that there are s,t € [H]? with f(s) = f(t) (otherwise
we land in case (d)). As H is homogeneous for g, h, f(s") = f(') holds every
time the relative (ordered) position of s’,# € [H]? is the same as that of s,
t. One can find §',#',t"” € [H]? such that s',¢' and ', both are similar to
s,t (in the above sense) and either min(t') = min(¢”) or max(t') = max(¢").
For simplicity, assume the former case. We get, therefore, one occurrence of
f(s) = f(t) in [H)? with min(s) = min(¢), and, as H is homogeneous for g, this
must always hold in this situation. We get (b), unless there are s, t € [H]? with
min(s) # min(¢) yet f(s) = f(¢). Then, using the properties of H again, we
get that to any z < y in H there are s,t € [H]? with min(s) = z, min(¢) =y
and f(s) = f(t), and eventually we get that H is homogeneous. [P. Erdds,
R. Rado: A combinatorial theorem, Jour. Lond. Math. Soc., 25(1950), 249—
255]

11. Select the sequence 1 = ry < r; < --- in such a way that if » > r; then
f(r) > 2 Let A; be an infinite subset of w that is homogeneous for every
H,, r < ry (exists by Ramsey’s theorem, Problem 2). Choose z1 = min(A;).
By induction on ¢, if we have found {z1,...,2:} and A;, choose an infinite
A1 C Ap \ {z¢} such that if ry <r <rppq, BC{z1,...,2:} and C C Apyq,
|B| + |C| = r, then H,.(B U C) depends only on B. Such a set can be found;
it only requires a(n enormous but) finite number of applications of Ramsey’s
theorem. Having finished the inductive construction, set X = {xq,...}. If
re <1 < rep1, then H, assumes at most 2¢ < f(r) values on X and we are
done.

For the other direction if s = {z1,...,z,} C w make H,(s) = ¢ if there are
precisely 7 indices 1 < j < r for which z;4; —x; < r. We claim that if X C w
is infinite and 4 is given then for r sufficiently large there is an s € [X]" with
H,.(s) = i, thus the number of colors occurring in [X]" tends to infinity as
r — oo. In fact, let y1 < yo < -+ < y;41 be the first ¢ + 1 elements of X,
choose r > y; 41, further let z; = y; for 1 < j <14+ 1 and inductively choose
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Tit2,...,Ty € X in such a way that z;4; —x; > rforj=i+1,...,7—1. Then
{z1,...,x,} has color i. [J. E. Baumgartner, P. Erdds, A. Hajnal, R. Rado]

12. From finite Ramsey theory we know that there is a natural number d such
that d" — (3n)2 holds for every n. Set ¢ = d + 1. Assume that we are given
a coloring f : [w]?> — 3. By induction we select the finite sets Ag, A1, ... as
follows. If Ag, ..., A; have already been selected, set p = |Ag| + -+ + | A4,
q = max(A;). There is a number n = n;11 > ¢ so large that ¢ + 3Pd™ < ¢".
By the pigeon hole principle, there are at least d” elements in the interval
[¢ + 1,q + 3Pd™] that are joined to Ag U ---U A; the same way, i.e., f(x,y)
depends only on z. Using the above-mentioned Ramsey property, there is a
3ni41-element subset, which is homogeneous to f, this will be our A;41.

Applying Problem 9, we get an infinite subset X C w such that for i < j
in Xifxe A, ye Aj, then f(z,y) = g(x), that is, the color does not depend
on y or even on j. This g 3-colors A;, so there is a B; C A;, |B;| = n;, for
which g(z) only depends on .

For an infinite Y C X this value is the same (say eg), and also the color
of pairs in B; is the same (say e1).

The set | J{B; : i € Y} uses only the colors {eg, €1 }, the index of the largest
element of B; is at least n; and its value is at most ¢ for i € Y. [P. Erdds,
cf. P. Erdés, F. Galvin: Some Ramsey-type theorems, Discrete Mathematics,
87(1991), 261-269]

13. (a) Let f : [k]* — {0,1}. Assume first that for every = < k, the set
{y < k: f(x,y) = 1} is of cardinality less than k, that is, if we consider the
graph of those pairs {z, y} for which f(x,y) = 1, then every vertex has degree
< k. Then, by transfinite recursion, we can choose the vertices {z, : @ < Kk}
such that f(z3,2,) = 0 holds for 8 < o < k. Indeed, if at step «, the vertices
{zg : B < a} have already been selected, then each of them disqualifies (by
hypothesis) a set of cardinality < & as possible z,, and as & is regular, the
union of these < k sets each with cardinality < « is still a set of cardinality
< K s0 it is possible to choose x,. Now observe that {x, : @ < k} is a set of
cardinality x monochromatic in color 0.

We have proved that if there is no monochromatic set of size k in color 0,
then there must be some vertex vy such that if Ag = {y < x: f(vo,y) =1},
then Aj is of cardinality k. Repeating the previous argument inside Ay
we get that there must be some vertex vy € Ag such that the set A; =
{y € Ag: f(v1,y) =1} if of cardinality . Continuing, we get the vertices
vg, U1, ... and sets Ag, A1,... and the set {vg,v1,...} is an infinite set mo-
nochromatic in color 1. [B. Dushnik, E. W. Miller: Partially ordered sets,
American Journal of Mathematics, 63(1941), 600-610]

(b) Using the argument in part (a) it suffices to show the following. If X is
a graph on x with no infinite complete subgraph and in which every degree
is less than k, then there is an independent set in X of cardinality . Let
{Ka : @ < p} be a strictly increasing sequence of cardinals cofinal in £ where
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w = cf (k), with g < Kg. Decompose £ into the union x = [J{S» : @ < p}
with |S,| = k. Using part (a) we can shrink each S, to an independent set
S!, C Sa, |SL] = kf. For each x € S/, there is a least 8 = 3(z) < p such
that the degree of x is < kg(y). The mapping x — (3(z) decomposes S, into

at most p parts (taking the inverse images of the elements). As cf (ko) > u,
some of them must have cardinality 7, that is, there is S C S/, |S/| =k}
and there is g(a) < p such that if 2 € S/ then the degree of x is at most
Rg(a)-

Select, by transfinite recursion, an increasing sequence {«; : i < p} of
ordinals smaller than p such that sup{g(a;) : j < ¢} < a; holds for every
i < p. This is possible as p is regular and at every step we must choose an
ordinal that is greater than the supremum of some < p ordinals below p. We
finally choose the sets {T; : ¢ < u} by transfinite recursion on i < p with
the properties |T3| = &1, T; € Sl so that the set J{T; : i < p} will be
independent. Assume we are at step ¢ and the sets {7} : j < i} have already
been constructed. In order to get T; we remove from S/ all vertices that are
joined to some element of T' = [J{T}; : j < i}. The number of these removed
elements can be estimated as

Z |Tj|l€g(aj) < Ka, Z’%g(aj) < Koy - Koy © 8 = Ka;-

Jj<i j<i

As |S], | = k7, there remain £} elements, so T; can be chosen. As [J{T; :
u} is an mdependent set of cardinality x, we are done. [P. Erdds]

14. Assume that {f, : @ < xT} is a lexicographically decreasing sequence.
Then, {fa(0) : @ < Kk} is a nonincreasing sequence of ordinals; therefore, it
stabilizes, that is, f,(0) = ¢g(0) holds for a > ay for some ag < x*. Restricting
to those values of v, { fo(1) : @ < kT } is a nonincreasing sequence of ordinals,
so again, fo(1) = g(1) holds for a > a3 for some a; < x*. Continuing, we
get the ordinals a; < kT for ¢ < k, and the values g(i) < X that f,(i) = g(i)
holds for a > «;. But then, all functions f, with a > sup{a; : i < K} are
identical, a contradiction.

Assume that {f, : @ < p*} is a lexicographically increasing sequence for
p = max(k, ). {fa(0) : @ < pt} is a nondecreasing sequence of ordinals
< A, only at A places can they properly increase. So it stabilizes, that is,
fal(0 ) = ¢(0) holds for a > ayg for some ag < p*. Restricting to those values
of a, {fa(1) : @ < p'} is a nondecreasing sequence of ordinals, so again,
fa(1) = g(1) holds for a > a; for some a3 < pt. Continuing, we find the
ordinals o; < p for i < k, and the values g(i) < A that f,(i) = g(i) holds
whenever « > «;. As before, all functions f, with a > sup{a; : ¢ < k} will be
identical, a contradiction. See also Problems 6.93-94.

15. As |A| < 2% we have an injection @ : A — ®2. For < y in A there is a
least o < & that @(x)(«) # D(y)(a). Set f(x,y) = (a,0) if &(z)(a) =0 and
P(y)(a) =1, and set f(x,y) = (o, 1) when &(z)(a) = 1 and P(y)(a) = 0. If,
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for z <y < z, f(z,y) = f(y,2) = (o, 0), say, then &(y)(«) would be 0 and 1
in the same time, a contradiction.

16. Let (A, <) be an ordered set whose order type is a Specker type (see 27.15).
Enumerate A as A = {a(a) : @ < wi} and let {z(a) : & < w1} be a set of
distinct reals in [0, 1]. We construct the tournament on wq: if o < 8 < wy, set
oﬁ7 i.e., direct the edge {a, 8} from « to G if and only if either z(a) < z(8)
and a(a) < a(B) or z(8) < z(a) and a(f) < a(«).

First we observe that if B C A is uncountable then there is an a(a) € B
such that for uncountably many 8 > « the relations a(3) € B and a(«) < a(B)
hold. Indeed, otherwise, we could inductively select a sequence from B of order
type wi, which contradicts the properties of (A, <).

Assume that X C w; is uncountable. We claim that there is o € X such
that the set {8 € X : a(a) < a(B), z(a) < ()} is uncountable. In fact, for
a € X let f(a(a)) be the least ¢t € [0, 1] such that 2(8) < t holds for all but
countably many § € X with a(a) < a(f8). Since f is a nonincreasing real-
valued function on a subset of A, it can only have countably many different
values; otherwise, there would be an uncountable subset of A similar to an
uncountable subset of the reals, an impossibility. Hence f is constant, say
to on an uncountable set. Set Xg = {&@ € X : f(a(a)) = to}. As we have
remarked above, there is an ag € X such that {# € Xo : a(ao) < a(8)} is
uncountable, and then in this set there is an o € X such that a(ag) < a(«a)
and z(a) < to (by the choice of tg = f(a(ap))). Since f(a(a)) = to also holds
and z(a) < tg, there are uncountably many § € X such that a(a) < a(8) and
z(a) < z(8), and the claim has been proved.

A similar argument shows (by reversing < and <) that there is an a with
{BeX :alf) <ala),z(8) < z(a)} uncountable.

We next claim that there are uncountable Xg, X7 C X such that if o € X,
B € Xi, then a(a) < a(f) and z(«) < z(B). Toward proving this, let U be
the set of those a € X such that {# € X : a(a) < a(f),z(a) < z(B)} is
countable, and let L be the set of those « € X such that {8 € X : a(8) <
a(a),z(f) < ()} is countable. Both U and L are countable. Indeed, should,
say, U be uncountable, then, by our first claim, it would contain an a with
{BeU:ala) < a(f),z(e) < z(B)} uncountable, but this is nonsense since
then « cannot belong to U. Thus U and L are countable, and so we can pick
an o € X \ (UUL). Then the sets

Xo={0€ X :a(f) <ala) and z(B) < z(a)}

and
X1 ={feX:ala)<af) and z(a) < z(B)}

establish our second claim.

Fix now Xy and X as in the second claim. A further application of the
same claim to Xy and to the reversely ordered (A4,>) we get uncountable
Yo, Y1 C X such that a € Yy, v € Y7 satisfy a(a) < a(y) and z(a) > z(7y). As
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Yy, Y1, X7 are uncountable subsets of wy, we can choose o < § < v, a € Y,
0 € X1, and v € ;. Then 073’, Fy, A& are edges in our tournament, so it is not
transitive on X. [R. Laver, see F. Galvin, S. Shelah: Some counterexamples
in the partition calculus, Jour. Comb. Th., 15(1973), 167-174]

17. Tt suffices to give a function F : [w1]? — w; such that the range of F' on any
uncountable X C w; includes a closed, unbounded set. Indeed, if f : w; — w;
is a function as described in Problem 21.21, then their composition f o F' is
as required.

Select the distinct functions r, : w — 2 for @ < w;y. For a # § < wy
let d(a, B) be the least n with ro(n) # rg(n). Fix, for every 0 < @ < wy a
(possibly repetitive) enumeration o = {2 : n < w}. For a < 8 < wy set
A, B) = {zf :n < d(a,8)}, F(a, ) = min(A(a, 3) \ a)).

Assume that X C wq is uncountable. If ¢ : n — 2 for some n < w, set
T(g) ={a€ X :9 Cry}. Set v € Cif v is a limit ordinal and the following is
true. For every g : n — 2, (n < w), if T(g) is countable, then v > sup(7'(g)),
if T(g) is uncountable, then T'(g) N~ is cofinal in «y. C is closed, unbounded in
wy by Problems 21.2 and 21.1. We claim, and that suffices, that every element
of C is in the range of F on [X]?.

Assume that v € C. Pick f € X, § > v (possible, as X is uncountable).
For n < w set g, = T8|(n + 1) Notice that v < 8 € T(gy,), therefore T'(g,) is

uncountable for n < w. Forn < w let g : (n+1) — 2 be the (unique) function
that agrees with g, at all but the last place: g |, = gn|,,, 9n(n) # gn(n).
Clearly, T'(gn) \ {8} = T(gy,11) UT (g}, 2) U -+, so for every n < w there is
N > n with T'(g%) uncountable.

As B > v, v = asg holds for some k < w. Choose N > k with T(g%)
uncountable. Notice that for oo € T'(g%), d(e, 8) = N, hence A = A(a, ) =
{28 : n < N} is the same finite set containing ~. Recalling the definition of
F, we get that for o € T'(g%) N G, F(a, ) = min(A \ o). As AN~ is finite
and T'(g%) Ny is cofinal in v, we can choose an o € T'(g}) N~y so large that
the least element of A which is > « is 7. For this a, we have F(a, 8) = v, as
desired. [S. Todorcevic: Partitioning pairs of countable ordinals, Acta. Math.,
159(1987), 261-294]

18. Set S = {a <29 cf(a) = I€+}, a stationary set in (2%)* by Problem

21.8. For every « € S start building the endhomogeneous set {m? <Kt} C
« in the sense that we require that

f(x?17‘~ I,Cg, 77) f(xglv‘”vmgrva)

hold for &; < -+ < & < n < k™. For every given a we can either continue for
kT steps or get stuck somewhere. If there is some o for which the first case
holds, lovely, we have the sought-for endhomogeneous set: X = {x? (€< kT
We can therefore assume that for every o € S there is a point where we get
stuck: for some ordinal y(a) < k" we cannot extend the set {zg : £ < y(a)}.
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Notice that as cf (a) = £T, {2 : £ < y(a)} is a bounded subset of . Applying
Problem 21.10, we get that there is a stationary S’ C S such that these values
are constant: for a € S’ we have y(a) = v and for ¢ < 7, zg = we. The
number of b : [y]” — & functions is k* = 2%, and for each o € S’

{517"'757’}}_)f(m517"'7x&-r7a)

is such a function, so there must be o < 3 in S’ such that f(ze,,...,z¢,., ) =
flzey, ..., ze,, B) holds for & < -+ < & < . But then we reached a contra-
diction; @ can be added to the set {zf : &€ < v(0)} and still keep it endhomo-
geneous.

2
19. Assume that f : {(2“)% — K. Set S = {a < (29" icf(a) = /@*}, a

stationary set in (2%)" (see Problem 21.8). For every a € S and every color
1 < Kk we start building the increasing sequence Z(a, 1) = {x?z <kt Ca
such that for £ < ¢ we have

f(Igyiax?’i) = f(z?iv a) =1,

that is, Z(a,4) U {a} is homogeneous in color 4. If, for some o € S and
some i < x we can proceed through T steps, we get a homogeneous set of
cardinality k™ in color <. We can assume, therefore, that for every a € S,
i < r we have the nonextendable set Z(a,i) = {2 : £ < y(a,4)} with some
v(a,i) < kT. As the mapping « — (y(c, ) : i < k) has a range of cardinality
at most (n*)n = 2" there is, by Problem 21.6 a stationary S’ C S such that
y(a, i) = (i) with some (i) for every a € S’. On S” we have a system of
regressive functions, for every i < k and & < (i), the mapping o — x?’z. By
Problem 21.10, there is a stationary set S” C S’ where they all are constant,
that is, on S” the sets Z(«, i) are identical, Z(«,i) = Z(i). Now pick oo <
in §” let i = f(a,3). Then, as sup (Z(i)) < «, and f(«,3) =i, a is a good
continuation of Z(i) = Z(f,4), and this contradicts the maximality of the
latter set. [P. Erdds: Some set-theoretical properties of graphs, Revista de la
Univ. Nac. de Tucumdn, Ser. A. Mat. y Fis. Tedr. 3(1942), 363-367. For an
alternative proof, see the solution to Problem 25.]

2
20. Assume that f : [(2”)+} — k. We repeat the argument in the previous

problem for the colors 0 < i < . That is, for every a < (2°)", cf (a) = &7,
0 < i < Kk, we build the set Z(«, i) C a such that Z(a,i)U{a} is homogeneous
in color 4. If there are some « and 4 such that we can proceed through s+
steps, then we are finished; we have found a homogeneous set of cardinality x*
in one of the colors 0 < ¢ < k. In the other case, for each v and each 0 < i < &
there is a nonextendable Z(«, ) as above, of cardinality < k. By the above
argument, there is a stationary set S”, such that we get a contradiction if
for some a < 8 in S”, the color f(«, ) is any of the values 0 < i < k. This
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exactly means that S” is a homogeneous set in color 0, and, as it is stationary,
it has cardinality (27)%.

21. Define the coloring F' : (2"”")Jr — k + 1 as follows. For a < § < (2“)+ set
F(a,8) = rif fo(§) < f3(€) for every & < &, otherwise let F'(c, 3) be the least
¢ such that f,(£) > f3(€) holds. By Problem 20 either there is a homogeneous

subset in color k of cardinality (2“)+, in which case we are done, or there is
a homogeneous subset of cardinality T in color ¢ for some ¢ < k. But in the
latter case, if Z is the homogeneous set, then {f, (&) : @ € Z} is a decreasing
sequence of ordinals of length x™, an impossibility.

22. Suppose first that | X| > cand d : X x X — [0, 00) is a symmetric mapping
with d(z,y) = 0 if and only if = y. Color the pair {z,y} with color k € Z if
2% < d(x,y) < 2¥*1. By Problem 19 there is a homogeneous triangle, {x,y, 2},
in some color, say, in color k. Now if {2/, 3/, 2’} is any permutation of {x,y, 2},
then d(2', 2') < 21 = 28 4-2F < d(a’,y') +d(y/, 2') so d is not an antimetric.

For the other direction notice that if X C R then d(z,y) = (z — y)? is an
antimetric on X. [V. Totik]

23. Consider two orderings on the same set "2, the set of all x — {0,1}
functions. One is the lexicographic ordering, denoted by <. The other is an
arbitrary well-ordering, denoted by <. For f, g € #2 color the pair {f, g} by
0 if the orders agree on the pair, that is either f < g and f <,, g hold, or else
g < fand g <, f hold. In the other case color the pair {f, g} by 1.

Assume that X is some homogeneous set in color 0 with |X| = k. Then
the orderings agree on X. As one of them is a well-ordering, so is the other;
therefore, X is a set on which < is a well order. But this is impossible as by
Problem 14 there is no subset of (*2, <) of order type > x™.

A similar argument works for a homogeneous set in color 1. [W. Sierpinski:
Sur un probléme de la théorie des relations, Ann. Scuola Norm. Sup. Pisa,
Sci. Fis. Matem., 2(1933), 285-287]

24. Consider the set of all x — {0, 1} functions as S. Color a pair {g, h} € [S]?
with color ¢ < k if and only if ¢ is the least coordinate that g(i) # h(4)
holds. There is no monochromatic triangle as that would mean three func-
tions go, g1, g2 with go(4), g1(7), g2(¢) being three distinct elements of {0, 1},
an impossibility. [K. Godel]

25. By induction on r. The case r = 0 is trivial: if k™ is colored with & colors,
then (as 7 is regular) there are k™ points with the same color.

Assume the statement for r and let f : [expr+1(n)+]r+2 — k. By Prob-
lem 18 there is an endhomogeneous set X with |X| = exp,(k)", that is,
for 11 < -+ < zpy1 < vy, f(z1,...,Tr41,y) does not depend on y, say
flz1, .. xry1,y) = g(x1,...,2r41) holds on X. Applying the case for r to g
we get that there is a set of cardinality T that is homogeneous for g and so
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it is homogeneous for f, as well. [P.Erdés, R. Rado: A partition calculus in
set theory, Bull. Amer. Math. Soc., 62(1956), 427-489]

26 We show the existence of the required function by induction on r. For
r = 0 the function f(z) = x (x < k) is good. Assume that we have the
statement for » and want to prove it for » + 1. Given the infinite cardinal
Kk, let F be a function on [exp7,(2")]r+1 with the required properties. We
can assume that F' maps into "2, the set of all K — {0, 1} functions. Define
f on the r + 2-tuples of exp,(2") = exp, (k) as follows. If o < z; <

- < Zp41 are given, then g = F(xzg,---,2,) and h = F(x1, -, z,41) are
two distinct k — 2 functions. Let a < k be the point of first difference. If
g(a) = 0, h(a) = 1, then set f(xg,z1, -, xry1) = {(@,0), if it is the other

way around, set f(xo,x1, -, x.4+1) = (o, 1). This f is a coloring as required:
ifxg <z <+ < xpgo and f(zo, -, 2ry1) = f(z1, -, 2041) = (@, 0), say,
then F(x1,---,zr41) must be a function which assumes at place a the values

0 and 1 in the same time. [P. Erdés, A. Hajnal: On chromatic number of
infinite graphs, in: Theory of graphs, Proc. of the Coll. held at Tihany 1966,
Hungary (ed. P. Erdds, G. Katona), Akadémiai Kiadd, Budapest, Academic
Press, New York, 1968, 83-89]

27. Assume that f : A x B — k is a counterexample. For S € [A]*, i < &, set
T,(S)={y € B: f(z,y) =1 for all z € S}.

By our indirect assumptions, |T;(S)| < k holds for all S € [A]*, i < . Their
union, T = J{T;(S) : i < k,S € [A]*} has cardinality at most x - kT = k™.
We can therefore pick some y € B\ T. This y has the property that for every
i < K, the set {x € A: f(z,y) = i} has at most k — 1 elements, which is a
contradiction, as they must cover the set A of cardinality xT.

28. Assume that A, B, k, and f are as in the problem. Let U be a nonprincipal
ultrafilter on B. For x € A, i <k, set B, = {y € B : f(z,y) = i}. For every
x € A, (B ...,B* 1) is a partition of B into k parts, there is, therefore, a
unique i(x) < k such that B;(m) € U. By the pigeon hole principle there are
an ¢ < k and an uncountable A” C A such that i(x) = 7 holds for z € A”. We
can now apply Problem 4.36 to the system {B. : x € A"} to get A’ C A”,
B'=n{B. : x € A’} infinite. Hence f is homogeneous of color i on A’ x B’.

29. Select the increasing sequence {\, : @ < pu} of regular cardinals, cofinal in
A, with A\g > k# and g1 > (2>‘Q)+. Thinning the sequence {S, : @ < u} we
can achieve that |S,| > Aq41 holds for every a < p. Next, by shrinking the
individual sets S, we can assume that actually |S,| = (2)‘“)+ holds for a < p.
For 8 < a, we have |Sg| < Ag+1 < Aa, 80 |U{S5 : B < a}| < Ay. There are
at most 2*e different |J{Ss : B < a} — & functions so there are sets S/, with

ISl = (2’\a)+ such that if 3 < o, x € Sg, y, ¥y € 5, then f(z,y) = f(z,vy).



Solutions Chapter 24 : Partition relations 415

This can be reformulated in the following way. For every x € S’ there is
some function g, : (a, u) — r such that f(z,y) = g.(8) holds for y € Sy,
a < B < p (here (a,p) denotes the ordinal interval). As the number of
different such functions is at most k* < A,, there is some S/ C S/ with
|SY| = (2>‘&)Jr that is homogeneous in this sense, that is, g, = g, holds for
z,x’ € S!. Another formulation of this is that there is some function h such
that for a < 3 < p, if x € S, y € Sf, then f(z,y) = h(a, B).

We are almost finished, we only have to apply Problem 19 and shrink S?/
to a homogeneous S/ with |S”'| = AF. Of course, the homogeneous color of
S!" may depend on «. [P. Erdés]

30. Assume that f : [A\? — {1,2,...,k}. Problem 29 gives that there are
disjoint sets Sp, Si,... with |S,| — A and there are functions g : [w]?> —
{1,2,...)k}, h : w = {1,...,k} such that if i < j, x € S;, y € S, then
f(z,y) = g(i,7) and likewise if z,y € S; then f(x,y) = h(i). Applying Ram-
sey’s theorem (Problem 1) and the pigeon hole principle we get an infinite set
A C w such that if i, j € A then g(i,7) = ¢ for some ¢ € {1,2,...,k} and if
i € A then h(i) = d for some d € {1,2,...,k}. Now |J{S; : i € A} is a set of
cardinality A in which the pairs only get colors ¢ and d. [P. Erdés]

31. Enumerate every A; as A; = {a!, : « < k} and every B; as B; = {b}, : a <
k}. Let < order I. For ¢ < j in I color the pair {i,j} with the ordered pair
{a, B) where a!, = by, is some element of the nonempty A; N B;. If [I] > 2%
then by Problem 19 there are i < j < k forming a monocolored triangle, and
if the color is {(«, 3), then

bé:af;:bf;:agt

an element of A; N Bj, a contradiction. [R. Engelking, M. Karlowicz: Some
theorems of set theory and their topological consequences, Fundamenta Math-
ematicae 57 (1965), 275-285]

32. For every limit ordinal o < & select the ordinals x5 < z{ < --- < «, as
long as possible, with f(z%,z2) = f(2%, a) = 1. If, for some «, we can choose
infinitely many such ordinals, we are done: {z& : n < w} U {a} is a set of
type w + 1, homogeneous in color 1. In the other case, for every limit o < &
there is some nonextendable {z& : n < N(«a)}. The mapping a — N(«)
decomposes the stationary set of all limit ordinals below x into countably
many parts, so by Problem 21.6 there is some N < w that {a: N(a) = N}
is stationary. On this set, all functions a — z& are regressive (n < N),
so repeated applications of Fodor’s lemma (Problem 21.9) give a stationary
subset .S on which they are constant; 0 = x,. Then, S is homogeneous in
color 0. Indeed, if f(5, ) = 1 held for some § < « in S then 3 would be a
good extension of the set {z§,...,2%}, i.e., it would be a possible choice for
r},, contradicting nonextandability. [P. Erdds, R. Rado: A partition calculus
in set theory, Bull. Amer. Math. Soc. 62 (1956), 427-489)
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33. By induction on k. The case k = 2 follows from Problem 32. If the case for
k is established, and f : [w1]? — k+ 1 then, again by Problem 32, either there
is a monocolored set of order type w+ 1 in color k, or there is an uncountable
set using only colors 0,1,...,k — 1. In the former case we are done, in the
latter case we use the case for k.

34. Assume that f : [R]?> — k for some k < w. Let X C R be a
nonempty, countable set which has the following property. For every choice
of z1,...0¢ € X, j1,...,jt < k if theset Y =Y (z1,...2471,...,J:) of those
y > max(zy,...2¢) with f(x1,y) = j1,..., f(2t,y) = ji is nonempty, then
if min(Y) exists, then min(Y) € X, if min(Y) does not exist, then there
are ¥y, € X NY with y, — inf(Y). [Such an X can be obtained by putting
X =XoUX; U--- where Xy C R is an arbitrary countably infinite set, and

Xn—i—l :XnUU{Z(xl,....Tt;jl,...,jt)133‘1,...1‘75 EXn,jl,...,jt <k’}

where Z(z1,...2¢751,-.-,0t) € Y(x1,...2471,-..,5t) Is a countable, co-
initial subset.]

Pick some y € R\ X, bigger than inf(X). Let 29 € X, 29 < y be arbitrary.
If zg,...,z, are already selected, let z,11 € X be chosen subject to the
conditions z,, < xp4+1 <y and f(x;, zp41) = f(x;,y) (¢ < n). This is possible
as Y(xo, cos o f(0,Y), -, fan, y)) is nonempty, ¥ is not its least element
(note that y ¢ X) and there is an element of X in it which is smaller than y.

Now the set {zg,x1,...,y} is endhomogeneous for f: for i < j < w,
f(xi,xzj) = f(xi,y) = v, say. As k < w, for an infinite set Z C w and for
some v < k we have 7, = v (i € Z), and then {z; : i € Z} U{y} is a
homogeneous set in color v of order type w + 1. [P. Erdés-R. Rado]

35. (a) Suppose to the contrary that s is singular. Define f : [k]?> — {0,1}
with no homogeneous set of cardinality x as follows. Decompose k as a disjoint
union k = (J{S4 : @ < pu} where u < x and each S, has cardinality less than
k. Now set f(z,y) = 0 if  and y are in the same S,, otherwise f(z,y) = 1.
Every homogeneous set of color one intersects every S, in at most one point,
so it is of cardinality at most p. Every homogeneous set of color zero is a
subset of some S, so it is of cardinality < &.
The problem also follows from Problems 27.44(c) and 27.42.

(b) If A < k and 2* > & then, by Problem 23, 2* 4 (A*)2 holds, so
certainly k /4 (k)3.

(c) This is an immediate consequence of 27.44(c) and 27.43.

36. We prove the equivalent statement that for Fy,...,0k_1 < w;p there is
some G(Bo,...,0k—1) < wi that if « = G(Bo,...,0k—1) and f is a semi-
homogeneous coloring of the pairs of w™ then for some j < k there is a
homogeneous set of type (; in color j. Set (5),...,0._1) < (Bo,---,Bk—1)
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if and only if 5/ < ; holds for every j < k and there is strict inequality
at least once. This gives a well-founded partial ordering on the sequences of
countable ordinals of length k. Assume there is some (g, ..., Skx—1) for which
the statement fails. Then there is a <-minimal such sequence, (B, ..., Bk—-1)-
Notice that 3; > 2 holds for every j. As there are countably many <-
smaller sequences, there is some o < wq such that o > G(8y, ..., 5,_,) holds
for every (84,...,0,_1) < (Bo,-..,Pk—1). We claim that a + 1 is a good
choice for G(Bo,...,Br—1) (and that concludes the indirect argument). As-
sume that f : [w**t1? — {0,1,...,k — 1} is semihomogeneous. The ground
set of type w*t! decomposes into the ordered union of the sets Sg, S, ...
each of type w®. Assume that the edges between different S;’s get color j.
Decompose 3; into the ordered sum of smaller ordinals: 8; = v +v1 + -+ -
As G(Boy - 3%is- -5 Bk—1) < a holds for every i, we have that for every i < w
either there is a homogeneous set of type [, for some r # j or there is one of
type «; in color j. If the first clause holds even for one 4, then we are done,
we get a homogeneous set of the required type. If the second clause holds for

every i, then we have homogeneous sets of order types 79,71, - . . in color j and
as the crossing edges all get color j as well, together they form a homogeneous
set of type v + v1 + --- = §; in color j, as was required. [F. Galvin: On a

partition theorem of Baumgartner and Hajnal, Colloquia Mathematica Soci-
etatis Janos Bolyai, 10., Infinite and Finite Sets, Keszthely, Hungary, 1973,
711-729]

37. As Ry + Ny = Ny, there are linearly independent vectors {a, : @ < wi} U
{bg : B < wa} in V.If V is colored with countably many colors, specifically
all vectors of the form a, + bg are colored, so we get a derived coloring of
w1 X wy. In this latter coloring, by Problem 27 there is a monochromatic
{a,a/} x{B,0'}, that is, t = aq +bg, 2 = ao +bg, U = aa+bs, y = G +bg
get the same color, and clearly z +y = z + u.

38. If {vg : @ < cT} is a set of linearly independent vectors, a coloring of V'
colors in particular the vectors of the form v, — vz (o < 3 < ¢™). This gives
a derived coloring of the pairs {«, 3} € [cT]?, and so, by Problem 19, there
are a < 3 < v such that {«, 8}, {8,7}, {@,7} get the same color. That is, in
the original coloring, x = v4 — vg, ¥ = vg — Uy, 2 = Vo — U, have identical
colors, and obviously, z + y = z.

For the other direction, it suffices to color any vector space of cardinality c,
let our choice be R. Let the color classes be [1,2), [2,4), [4,8),..., and down-
ward [$,1),[1,2),.... We define similar color classes on the negative numbers,
and let 0 form a color class alone. Now obviously, there is no nontrivial solution
of £ + y = z in one color class.

39. Assume that S is dense with |S| = k. For © € X let f(x) be the set
of those sets G NS where G is an open set containing xz. We show that
f: X — P(P(S)) is injective, and so |X| < 22", Assume that z, y € X,
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x # y. As the space is Hausdorff, there are disjoint open sets x € U, y € V.
Then S’ = SNU € f(x). But 8" ¢ f(y). Indeed, if y € G is open, then
G N S contains elements from G NV N S and this latter set is disjoint from
S’. [B. Pospfisil: Sur la puissance d’un espace contenant une partie dense de
puissance donnée, Casopis Pro Péstovani Matematiky a Fysiky, 67(1937),
89-96]

40. Let for x # y € X, x € U(z,y), y € V(z,y) be disjoint open sets.
Assume that {y(a) fa< (22H)+} are distinct points in X. Color the triplets

of this set in such a way that for @« < 8 < ~ the color of {a, 3,7} gives
the information if y(«) € U (y(8),y(7v)), or y(a) € V (y(8),y(y)) or neither
holds, and similarly for the other combinations of «, 3,~. This can be done
with 3% = 27 colors. By the Erdés-Rado theorem (Problem 25) there is a
homogeneous set of cardinality k. Let {z(a) : @ < KT} be the corresponding
set of points. By homogeneity, either z(y) ¢ U (z(«a),2(8)) holds whenever
v <a<pforz(y) ¢ V(x(a),z(8)) holds whenever v < a < 8. A similar
statement holds for all & < v < 3 and for all « < 8 < ~. This implies that if

Wo=U (z(a+1),2(a+2)) NV (z(a), z(a + 1))

for @ < kT, then z(a + 1) € W, holds for every a and W, does not contain
any other x(7), that is, if v < o or v > o+ 2. Since z(a+ 1) can be separated
from x(«) and x(« + 2) by a neighborhood z(a 4+ 1) € W/ C W,, it follows
that the subspace {z(a + 1) : a < k*} is discrete. [A. Hajnal, I. Juhdsz: On
discrete subspaces of topological spaces, Indag. Math., 29(1967), 343—-356]

41. As (X, T) is a Hausdorff space, for © # y € X there are disjoint open
sets ¢ € U(x,y), y € V(x,y). Assume that every subspace is Lindel6f and
{y(a) : @ < ¢T} is a set of ¢ distinct points. For a« < 3 < v < ¢T color the
triplet {«, 8,~} with 3 colors depending on if y(v) € U(y(«),y(B)) or y(v) €
V(y(a),y(B)) or neither holds. By Problem 18 there is a set of cardinality ¥
which is endhomogeneous, that is, we have the set {x(a) : @ < w1} of distinct
elements such that for & < 8 < wy either z(vy) € U(z(a), z(8)) holds for every
B <y <uwi,orz(y) € V(z(a),z(8)) holds for every § < v < wy, or neither.
For a fixed « the open sets {V(z(a),z(0)) : @ < 8 < wy} surely cover {z(5) :
a < 8 < wi}, so by Lindelofness, countably many of them cover as well.
Therefore, there is some G(a) such that V(z(«a), z(6(a))) covers uncountably
many z(7), so by endhomogeneity it covers every x(y) with v > S(a). Now
consider the set U(z(a), z(B(«))). By disjointness, it does not contain any z(7)
with v > B(a). So the sets {U(z(a),z((a))) : @ < w1} cover the subspace
{z(a) : @ < w1}, but each of them only covers countably many elements, so
there is no countable subcover, a contradiction. [A. Hajnal-I. Juhész]

42. For x € X let {V,(2) : n < w}, Vo(z) 2 Vi(x) D --- be a neighborhood
base of z. As (X, T) is a Hausdorff space, for « # y there is some n < w such
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that V,,(z) NV, (y) = 0 holds. This is a coloring of the pairs with countably
many colors, so if |[X| > ¢ then, by Problem 19, there is some n and there
are uncountably many points {z, : @ < w1} such that this n works for any
two points. But then {V,,(z,) : @ < w1} is an uncountable system of pairwise
disjoint nonempty open sets. [A. Hajnal, I. Juhdsz: On discrete subspaces of
topological spaces, Indag. Math. 29(1967) 343-356]

43. Assume indirectly that f : P(w) — w is a coloring with no distinct X, Y,
Z such that Z = X UY and f(X) = f(Y) = f(Z).

We claim that given i < w, A, B with A C B, |B\ A| = w, there are A’, B,
with AC A’ C B’ C B, |B'\ A'| = w, such that for no X with A’ C X C B’
does f(X) = 4 hold. Indeed, otherwise choose some C with A C C C B,
|C\ Al = w, f(C) =i (if no such C exists the choice A’ = AUS, B’ =B
works, where S C B\ A is such that |S| = ‘B \ (AU S)| = w). Partition
the infinite C'\ A into two infinite parts: C'\ A = U U V. It cannot happen
that there is an i-colored X between AU U and C, and another i-colored Y
between AUV and C, for then we would have the monocolored set X, Y and
C = X UY. If the first case fails then we can choose A’ = AUU, B’ = C, if
the second case fails, A’ = AUV, B'=C,

Repeatedly using the claim we choose the sets ) = Ag € A; C -+ and
w= DBy 2By DO with B; 2 A;, |B; \ 4;] = w and no X between A,
and B;y1 gets color i. But then X = Ay U A; U--- can get no color at all.
[G. Elekes: On a partition property of infinite subsets of a set, Periodica Math.
Hung. 5 (1974), 215-218]

44. Let S be any set of cardinality c¢. Let < be any ordering on it. If f :
P(S) — w, then let g : [S]> — w be the following coloring: if z < y then
g(z,y) = f([z,y)) where [z,y) = {2z € §: 2 < z < y}. By Problem 19 there
are x < y < z with g(z,y) = g(z,z) = ¢(y,2) and so [z,y) and [y, z) are
two disjoint sets such that they, as well as their union, get the same color.
[P. Komjéth]

45. The subsets of S with symmetric difference as addition form a vector
space over the two-element field. Notice that for disjoint subsets symmetric
difference is the same as union. Fix a basis B = {b; : i € I} and color the
subsets of S according to the number of basis elements in their representation.

Notice that
Z b; + Z b; = Z bi

ieJ ieJ’ ieJAJ
as the characteristic is 2. The required property in this form reduces to showing
that there are no infinitely many n-element sets such that the symmetric
difference of any finitely many of them is still an n-element set. Indeed, there
is a 3-element A-subsystem of it, A9 = SU By, A1 = SUB;, Ay = SU B>
with S, By, B1, Bo pairwise disjoint (see Problem 25.1). Clearly, |B;| = |Bj|,
and since |A;AA;| = |B;| + | By, it follows that |S| = |Bo| = |B1| = |B2| = §
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but then |[AgAA1 AAs| = |SUByU DBy UBs| = 2n, a contradiction. [G. Elekes,
A. Hajnal, P. Komjath: Partition theorems for the power set, Coll. Math. Soc.
Jdnos Bolyai 60, Sets, graphs, and numbers, Budapest (Hungary), 1991, 211—
217]

46. We first treat the case S = w. Enumerate [w]™0 as {4, : a < c}. Choose,
by transfinite recursion, the sets X, Y, such that X,,Y, C A, and the sets
{Xa,Yy : @ < c} are all different. This is possible, as at step a we have
2|a| < c sets already chosen and |[AQ]N°‘ = c possibilities to choose X, Y,.
If now f satisfies f(X,) = 0, f(Yy) = 1 for every a < c, then f has no
homogeneous infinite subset.

Passing to the general case, let S be uncountable. Let H be a maximal
almost disjoint subfamily of [S]¥¢, that is, if A # B € H, then |AN B| < w,
and no proper extension of H has this property. Such an H exists by Zorn’s
lemma. For H € H let fg be a function on the infinite subsets of H, as
constructed in the previous paragraph. Let f : [S]® — {0,1} be an arbitrary
function that extends every fg. It is possible to find such an f, as the fg’s
operate on disjoint domains. We claim that f is as required for S. Indeed,
if A € [S]*, then for some H € H the intersection B = AN H is infinite
(otherwise {A} UH would properly extend H). By the construction, there are
X,Y C B C Asuch that f(X) = fug(X) =0, f(Y) = fa(Y) = 1. [P. Erdés,
R. Rado: Combinatorial theorems on classifications of subsets of a given set,
Proc. London Math. Soc., 3(1952), 417-432]
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A-systems

1. We prove the claim by induction on n. The result is obvious for n = 1.
Assume we have it for n, and we have F, an infinite family of (n + 1)-element
sets. If there is some element x that is contained in infinitely many members
of F, then we can consider the infinite family of n-element sets F' = {A\{z} :
x € A € F}. If the sets {Ao \ {z},...} form a A-subfamily of F’, then the
corresponding members {4y, ...} of F will give a A-subfamily of F. We can
therefore assume that every point is contained in only finitely many members
of F. We select, by induction, infinitely many pairwise disjoint sets. If we have
Ag, ..., A; then there are just finitely many sets in F containing elements from
ApU---UA, so we can choose a further element of F, and that will be disjoint
from each of Ay, ..., A;.

2. By the pigeon hole principle we can assume that every member of the family
F has n elements for some natural number n. We show, by induction on n,
that F has an uncountable A-subfamily. This is obvious for n = 1. For the
inductive step let F be an uncountable system of (n+ 1)-element sets. If some
element x is contained in uncountably many members of F then we apply the
statement for the system F' = {A\ {z} : z € A € F}. We get an uncountable
A-subsystem of 7' and by adding  to the common part of it, we arrive at a
A-subsystem of F.

We can, therefore, assume, that every « € [ J F is contained in only count-
ably many members of F. In this case, we can select an uncountable disjoint
subsystem of F as follows. Let Ay € F be arbitrary. If {Ag : 8 < a} are
selected for some o < wy, then, by hypothesis, only countably many A € F
contain one or more elements of X = (J{Ag : 6 < a}, so we can choose
A, € F, disjoint from X (and so continue constructing the disjoint subsys-
tem).

3. If k = | F| is a regular cardinal, then we can repeat the argument in the pre-
vious solution by replacing “uncountable” with “of cardinality x” and “count-
able” with “of cardinality < x”.
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If x is singular then there is p < k and there are cardinals {kq : @ < u}
below x that sum up to k. Consider the distinct points {zq, Yae : a0 < 1, £ <
ko). Let F consist of the pairs of the form {zq,ya,c}. Clearly, |F| = k. As
no point is covered k times (ya, is in one set, x, is in K, sets) the only
possibility for a A-subsystem of cardinality « if there is a disjoint subsystem
with k members. But there are no more than y pairwise disjoint elements in
F; after all, every member meets the set {z, : @ < u} of cardinality p.

4. No. Let S be a set of cardinality N;. Our counterexample is [S]?, the
set of all pairs from S. Assume indirectly, that [S]? = Fo U F, U --- where
Fo,Fo,... are systems of disjoint sets while F7, F3,... are A-systems with
kernels {zo},{z1},.... Pick y # zg,21,... (possible, as S is uncountable).
There are z,t # xg, 1, ...,y such that {y, z}, {y,t} are in the same Fy;, but
this is a contradiction.

5. Assume that f, € F(A,B) (o < wy). By Problem 2 there is an uncount-
able subfamily {f, : @ € X} such that {Dom(f,) : @ € X} is a A-system;
Dom(f,) = sU s, for a € X where the sets {s,5, : & € X} are pairwise
disjoint. As B is countable there are just countably many s — B functions,
so, with a further trim we get an uncountable subfamily {f, : @ € Y} such
that fo|, = f for every o € Y with some f : S — B. Now, any fa, fg with
a, 3 € Y have a common extension, namely g : sU s, U sg — B where

fz) ifzes,
x) if ¢ € 34,

g(@) = fal
fa(z) if z € sg.

6. Assume that {G, : @ < w;} are disjoint, nonempty open sets in R, for
some set S. Pick a basic open subset I, of G, that is, for a finite set s, C S
there are open intervals K¢ C R (z € s,) such that f : S — R is in I,
it and only if f(x) € K< holds for all € s,. Further shrinking I, we can
arrange that every K be an interval with rational endpoints. By Problem 2
there is an uncountable A-subfamily of {s, : @ < wy}. That is, there is an
uncountable X C wy, and there are pairwise disjoint {s, ¢, : @ € X} such that
Sa = Uty holds for a € X. As we restricted the K& to rational intervals,
for each = € s there are countably many possibilities for K&. As s is finite,
there can be just countably many different systems (K2 : € s), so there are
a # [ in X with K& = KP for every € s. But then I, N I3 is nonempty,
indeed, the following function f is in the intersection: f(z) € K& for z € s,,
f(z) € KP for x € tg, and f(x) € R arbitrary for z € S\ (54 U sg).

The same proof shows that in any product of topological spaces with a
countable base there is no uncountable system of pairwise disjoint open sets.

7. First solution. We prove the stronger statement that if S C w, is station-
ary, {Aq : o € S} is a system of finite sets then {A, : a € S’} is a A-system



Solutions Chapter 25 : A-systems 423

for some stationary S’ C S. As the union of countably many nonstationary
sets is nonstationary (see Problem 20.4), we can, by shrinking S, assume that
|An| = n holds for every a € S, for some natural number n. We prove the
statement, which now has parameter n, by induction on n. The case n =0 is
obvious. If n > 0 and there is some point x which is contained in stationary
many A, that is, x € A, for « € S’ C S stationary, then we consider the
system {4/ : a € S’} of (n — 1)-element sets, where A = A, \ {z} and so
we can apply the statement for n — 1. If {A/, : a € S”} is a A-subsystem
of the latter system, then {Al, : @ € S”} is a A-subsystem of the original
system (just it contains one more element in the common core: z). We can
therefore assume that no element is contained in stationary many A,. Split
S as S = SypUS; where a € Sy if and only if there is some § < « with
Az N Ay # 0. For a € Sy we let f(a) = the least such 8. This is a regressive
function, so if Sy is stationary, then by Fodor’s theorem (Problem 20.16) there
is some 3 that {a € Sy : f(a) = B} is stationary. That is, stationary many
sets A, intersect the same Ag. Further refining we get stationary many A,
such that they contain the same element x € Ag, and that is impossible, as
we have assumed that no element is contained in stationary many A,,.

We proved that Sy is nonstationary; therefore, Sy is stationary. But then
obviously {A, : a € S1} is a system of pairwise disjoint sets, so it is a A-
system.

Second solution. As the union of N finite sets has cardinality at most R; we
can assume that each A, is a subset of wy. There is a closed, unbounded set
C C wq such that if § < o € C then max(Ag) < a. This easily follows from
Problem 20.6 but we can argue as follows. If the set of those a’s is stationary
for which there is some 8 < « with max(Ag) > «, then the function f that
selects such a 3 for every such « is regressive, so by Fodor’s theorem it assumes
some fixed value 3 on a stationary set which is impossible, as clearly f(«) #
if & > max(Ag).

As the union of countably many nonstationary sets is nonstationary, there
are a natural number n and a stationary set S C C such that |[A, Nal =n
holds for every o € S (n = 0 is possible). Let {x¢,..., 2%} be the increasing
enumeration of A, Na (« € S). As for every 1 <4 < n the mapping o — z¢ is
a regressive function on S, with n successive applications of Fodor’s theorem
we get that there is a stationary set S” C S such that 2§ = y; holds for a € S’
for some y; < -+- < y,. Then, {4, : a € S’} is a A-system with pairwise
intersection Y = {y1,...,yn}. Indeed, Y C A, obviously holds for all & € S,
andif f < aarein §’, Ag #Y, A, #Y, then

max(Ag\Y) = max(A4g) < @ <min(4, \ @) = min(4, \ Y).
8. (a) As [JF has cardinality at most ¢*, we can assume that our system is

F={An:a<cT} with 4, C c¢* for a < ¢*. From Problem 21.5 it follows
that there is a closed, unbounded set C' C ¢t such that if « < 3 and 3 € C
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then sup(4,) < (. By Problem 21.8 the set S = {a € C : cf (@) = wy} is
stationary. As A, is countable, A, N « is a bounded subset of «, therefore
f(a) = sup(A,Na) is a regressive function on S. By Fodor’s theorem (Problem
21.9) there is some v < ¢* such that S’ = {a € S: f(a) =~} is stationary.
For each a € S’, A, N a is a countable subset of v + 1. v + 1, being a
set of cardinality < c, has ¢ countable subsets, or less. As the union of ¢
nonstationary sets (in ¢) is nonstationary, there is some countable set B C
cT such that S” = {a € 8" : A, Na = B} is stationary. Now ' = {4, : a €
S} is a A-system. Indeed, if a < § are in S”, then certainly B C A, N Ag,
and A, \ B and Ag \ B are disjoint, as every element of the first set < 3 <
every element of the second set.

(b) The proof is identical to the one given in part (a), just replace ¢ by
A, “countable” by “of cardinality < u”, and let S = {a < X :cf (o) = pt}.

9. For a set S of cardinality plet T = (S x {0})U(S x {1}), that is, we consider
“two copies” of S. For A C S set H(A) = (Ax {0}) U ((S\ A) x {1}). We
claim that F = {H(A) : A C S} is as required. Obviously, F is a system of
2H sets, each of cardinality p. To conclude, assume that H(A), H(B), H(C)
form a A-system. This means that {A, B,C} as well as {S\ 4,5\ B, S\ C}
both are A-systems. The first assumption implies that if some = € S is in two
of A, B,C then it is in the third one. The second assumption implies that if
some € S is in one of A, B, C then it is in another. Putting together, we get
that A= B =C.

10. Assume to the contrary that || > (2#)". By Problem 8(b) we can shrink
I in two steps to a J C I with |J] = (2*)" such that {4; : i € J} and
{B; : i € J} are both A-systems, that is, A; = AU A*, B; = B U B with
{A A" : i € J} as well as {B,B® : i € J} systems of pairwise disjoint sets.
AN B = () as otherwise we had A; N B; # () whenever i € J. The set Jy = {i €
J : A'N B # 0} has cardinality at most y as the corresponding sets AN B are
disjoint nonempty subsets of B, which is of cardinality < p. Fix ¢’ € J\ Jo.
As before, the set J; = {i € J : B'N Ay # 0} has cardinality < pu. Choose
i" € J\ (JoUJyU{i'}). Then i/ # i and AU A" and BU B"", that is, Ay
and B;» are disjoint, contradiction.
For an alternative proof see Problem 24.31.

11. (a) We can assume that the members of F are indexed by the elements
of &t F = {A, : a < A}. Also, without loss of generality, A, C A for every
a < A. Assume first that x is regular. Then if S is the set of ordinals smaller A
with cofinality « then for o € S we have f(a) = sup(A, Na) < a. By Fodor’s
theorem, for a stationary set S” C S we have f(a) = (o € §’). There is a
closed, unbounded set C' C A such that if & < 8 € C then sup(4,) < S holds
(cf. Problem 21.3). Now F' = {A, : a € S’ N C} is as required; if a, § are in
S'NC, and a < G, then A, N Ag C v, namely A, Na, Ag N G are subsets of
v and A, \ a, Ag \ B are subsets of the disjoint intervals [a, §), [3, A).
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Assume now that « is singular, cf(k) = u, k = sup{re : £ < p} where
ke < k& is regular. Then S = (J{S¢ : € < p} where S¢ = {a : |As| < ke}. For
some & < 1 the set S¢ must be stationary (as the union of p nonstationary
sets is nonstationary) and then we can repeat the above argument for Se.

(b) By part (a) we can assume that X is singular. Set A = sup{A¢ : £ < p},
where g = cf(\), and A\¢ > sup{\¢ : ¢ < &} is regular, with \g > w™.
Accordingly, F is decomposed into the union of the subfamilies F¢ with |F¢| =
A¢. Using Problem 8(b) we get a A-subsystem F; C F¢ of the form (say) F{ =
{Ag UA¢ ot oo < A¢} where the sets {Ag, A¢ o 1 a0 < A¢} are pairwise disjoint.
If we remove from .7-'5’ every set for which A¢ . has a nonempty intersection
with some A¢ 5 (¢ <&, B < A¢) then we remove at most sup{A¢ : ¢ <&} < A¢
sets, so the remaining system F{’ still has cardinality A¢. Now the system
(H{F¢ : € < p} is as required; the intersection of two elements is a subset of
U{A4¢ : € < u}, a set of cardinal at most pux < A. [G. Fodor: Some results
concerning a problem in set theory, Acta Sci. Math., 16(1955), 232-240.,
W. W. Stothers, M. J. Thomkinson: On infinite families of sets, Bull. of the
London Math. Soc., 11(1979), 23-26]
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Set mappings

1. For every real x there is an open interval I with rational endpoints such that
x € I and f(z) NI = 0. If we consider the set of those x that are associated
with a given I, then we get a decomposition of R into countably many classes.
One of them, say A, associated with I, is of the second category, one of them,
say A’, associated with I’, is of cardinality ¢ (see Problem 4.15). AN f[A] =0
as A and f[A] are separated by I, and likewise for A’.

2. Let n be the least natural number which is greater than |z|. Set f(z) =
(=n,n) \ {z}. If © # y are reals and |z| < |y| then = € f(y).

3. There is an enumeration R = {r, : a < c} of R. Set f(ro) = {rg: 8 < a}.
Then |f(rq)| = |@| < ¢ and whenever r, # rg are reals then either ro, € f(rs)
or rg € f(rq) holds (according to whether o < 8 or 8 < « holds).

4. Enumerate the intervals with rational endpoints as Iy, I,.... Our plan
is to select a; € I; such that the set {ag,a1,...} is free. The trick is that
we keep the side condition that the set A; = {z : ag,...,a;-1 ¢ f(x)} is
everywhere (i.e., in every interval) of the second category. As Ag = R we can
start the inductive construction. Assume we have reached the ith stage. Set
Af = A\ (f(ap)U---U f(an—1)); it is also a set everywhere of the second
category. If we choose a; € AF N I;, then the freeness of {ag,...,a;} is kept
so the only problem can be that for every b € I; N A} there is an interval J
such that B, = {x € A7 : b ¢ f(x)} is of the first category in J. We are going
to show that this is impossible. Indeed, if this is not the case, then there is
such a rational interval J and as there are countably many rational intervals
there is some J such that for a second-category set of b € I; N A the above
By is of the first category in that same J. Select a set {bg,b1,...} C I; N A}
that is dense in some subinterval K. For every n the set By is of the first
category in J, hence there is an z € A N J \ (B, U By, U--+). For this = we
have {bg,b1,...} C f(x) so f(z) is dense in K, a contradiction. [F. Bagemihl:
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The existence of an everywhere dense independent set, Michigan Math. J.,
20(1973), 1-2]

5. Let {a, : n < w} be an everywhere-dense set. By Problem 4.15 (Konig’s
theorem) cf(c) > w. Therefore, f(ap) U f(a1) U ---, the union of countably
many sets with cardinality less than continuum, is a set of cardinality less
than continuum, we can choose b € R\ (f(ag) U f(a1)U---). As f(b) is not
everywhere dense, there is some a,, ¢ f(b) and then {a,,b} is a free set.

There is not necessarily a 3-element free set. To show this, let <,, be a
well-ordering of R into order type c. For > 0 set f(z) = {y > 0:y <, x}
and similarly, for x < 0 set f(z) = {y <0:y <, z}. Then neither (0, c0) nor
(=00, 0] includes a 2-element free set.

6. Let A* denote the outer Lebesgue measure on R. Choose a set A7 C R
with A*(A1) > n — 1 such that for x € A; we have f(z) C [k, k1] for an
appropriate k. Such a choice is possible, as |J {z : f(z) C [-k,k]} = R.
Next choose an Ay C (k1,00) with A*(Az) > n — 2 such that for x € Ay we
have f(x) C [—ka, ko] for an appropriate ky. Keep going. We finally select
some A, _1 C (kp_2,00) with \*(A,—1) > 1 such that for z € A,,_; we have
f(@) C [—kp—1,kn—_1] for an appropriate k,_;. Then inductively choose the
elements

Tn >kn—1;xn—l EAn—l\f(xn)"""Tl EAI\(f(-Z‘Q)U"'Uf(:L‘TL))’

the set {z1,...,z,} will be the required free set. [P. Erdds, A. Hajnal: Some
remarks onset theory, VIII, Michigan Math. J., 7(1960), 187-191]

7. As CH holds, we can enumerate R as R = {r, : @ < w;} and the collection
of the countable sets with uncountable closure as { H,, : @ < wy }. Define f(r,)
in such a way that it is a sequence converging to r,,, and for every § < « if r,
is a limit point of Hg, then f(r,) contains a point from Hg. This is possible as
there are countably many such sets Hg, so reordering them into an w-sequence
we can select the appropriate points closer and closer to 7.

Assume now that X C R is an uncountable set. Let H C X be countable
and dense in X. Then H = H,, for some a < wy. If rg € X \ H, with § > «
(all but countably many elements of X satisfy this), then f(rg) contains an
element of H C X, so X is not free. [S. Hechler]

8. (a) Assume to the contrary that there is no free set of cardinality x. Using
Zorn’s lemma we can inductively select the maximal free sets Ay C k, A1 C
K\ Ao, A2 C K\ (Ao U A1), Ae C k\ U, ¢ Ay, for £ < p. By our indirect
hypothesis each A¢ has cardinality < &, so every set A is nonempty, and
even A = [J{A¢ : £ < pu} has cardinality less than x. Also, |f[A]| < k. Select
xz € k\ (AU f[A]). For every £ < p the set A¢ U{z} is not free, which, as = ¢
f[A¢], can only mean that A¢N f(x) # 0. As the sets A¢ are disjoint, this gives
|f(z)| > u, a contradiction. [Sophie Piccard: Sur un probléme de M. Ruziewicz
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de la théorie des relations, Fundamenta Mathematicae, 29(1937), 5-9. This
proof was given by Dezs6 Lazar, see P. Erdos: Some remarks on set theory,
Proc Amer. Math. Soc, 1(1950), 127-141]
(b) Increasing p if needed, we can assume that p > cf(k). Let {r¢ : &€ < cf(k)}
be a strictly increasing sequence of cardinals, cofinal in x, with ko > p¥.

Decompose the ground set  into the disjoint union of the sets {S¢ :
¢ < cf(k)} where |S¢| = nzr. Using the result of part (a) we can assume, by
shrinking it, if necessary, that every Se is free. As the cardinality of [J{ f[S,] :
n < &£} is at most k¢, by a further reduction we can achieve that if 2 € S5,
and n < & then f(z) NS¢ = 0. We have to show, therefore, that we can
select subsets A¢ C S¢ with |A¢| = k¢ such that for no z € Ag, n < € does
f(x)N A, # 0 hold.

Assume that this cannot be done. By transfinite recursion on o < u™
define the ordinal n(a) < cf(x) and construct the sets A again by transfinite

recursion on & < n(«) as follows: if {Aé3 : & < n(B), B < a} are all constructed,

choose, as long as possible, a subset Ag C S¢\ (U{Aé3 1B < a}) of cardinality

k¢ such that the union of these sets is free. Our construction must stop at
some point n(a) < cf (k), as otherwise we would get a free set of cardinality
k and the proof was over.

As pt is a regular cardinal greater than cf(u), there are u™ many values
a, say a € T such that n(«a) = 7, the same value. For these ordinals o we are
unable to select an appropriate A; C 5, that is, at the given point of the
construction only < &, many points in .S, \ (U{Ag : B < a}) were free from
U{Ag : £ <n}. For a € T let B, be the set of those points, then |B,| < k.
Let C,, = B, U(U{A? : £ <n}), a € T. The union of the C,’s has cardinality
at most T (kycf (k) +ky,) = Ky < |Sy]|, so there is a point « € S,, not in any of
the C’s. By our conditions, f(z) intersects every J{Ag : £ <n}, a € T, and
these 't sets are disjoint, so |f(z)] > u™, a contradiction. [A. Hajnal: Proof
of a conjecture of S. Ruziewicz, Fund. Math., 50(1961), 123-128. This proof

is from S. Shelah: Classification theory and the number of non-isomorphic
models, North-Holland, 1978]

9. Join two points z,y € S if x € f(y) or y € f(z) holds. This gives a graph
and the claim in the problem is equivalent to the fact that this graph can be
colored by 2k + 1 colors, i.e., we have to show that the chromatic number is
at most 2k + 1. By the de Bruijn-Erd8s theorem (Problem 23.8) it suffices
to show this for the finite subsets of S, in other words, it suffices to show
the statement for finite S. This we prove by induction on n = |S|. The result
is obvious for n < 2k 4+ 1 (we can color the vertices with different colors).
Assume that n > 2k + 1. The number e of edges is at most kn so the sum of
the degrees is 2e < 2kn. There is, therefore, a vertex x with degree at most
2k. Remove z. By the inductive hypothesis S \ {z} has a good coloring with
2k + 1 colors. As the degree of x is at most 2k, this coloring can be extended
to x, and we are done.
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10. As in the previous problem, join two points z,y € S if either z € f(y) or
y € f(x) holds and get graph X on S. Again we have to show that X can be
colored with p colors. To this end we prove that S has a well-ordering < such
that every point is joined to less than p points that precede it. With this, we
can color X with a straightforward transfinite recursion along < (see Problem
23.3).

Enumerate S as S = {s, : @ < k}. Set ¢ € A, if there is a sequence
To = Say.-.,&y = x with x;41 € f(x;) for ¢ = 0,...,n — 1. Notice that
Sa € Aq and |Ay| < Nop = p. Set By = An \ (U{4p: B < a}) for a < k.
Notice that S = (J{Ba : @ < K} is a partition of S. Set z < y if © € B,,
y € Bg for some o < 3 < k, inside a B, let < be a well order into order type
< pe

Fix an element z € S. We show that it is joined into less than p elements
that precede it. There is some « such that € B,. The number of elements in
B, that precede z is less than p, anyway. And if y € Bg for some 5 < o and
x is joined to y, then x € f(y) is impossible (as that would imply = € Ag so
x € B, for some v < (), so y € f(x) and there are less than p elements like
this. [Géza Fodor: Proof of a conjecture of P. Erdés, Acta Sci. Math, 14(1952),
219-227]

11. If f(«) is uncountable for some o < w; then, when restricted to f(«), f
is a set mapping with finite images, and we have an uncountable free subset
by Problem 8(a). So, we can assume that f(«) is countable for every a < wy.

By closing, we can get a closed, unbounded set C' C wy such that if v € C|
and
(A) z <7, then f(z) C;

(B) if s € z < 7, s is finite, and {x : f(x) N's = @} is countable, then
sup({z: f(z)Ns=0}) <;

(C) if s C 2z < v, s is finite, and {x : f(z) N's = (0} is uncountable, then
there is a z < 2’ < v such that (z,2’) contains infinitely many elements of
{z: f(x)Ns=10};

(D) if s Cw < z < v, s is finite, and there is a finite ¢ with min(¢) > z, such
that for all z with w < z < z either f(x)Ns # 0 or x € f[t] holds, then there
is such a ¢’ with |¢/| = |t|, t' C .

This can be achieved, as all conditions are of the form “if 1,...,z, <~
then some countable ordinal depending on x1,...,x, is < 7” so we can apply
Problem 20.7.

Let a < wi. We produce a free subset of order type a. Let yo < - ++ < 74
be the first a4+ 1 elements of C'. Let y > =, be arbitrary. Enumerate o as @ =
{z; 1 i <w}. By induction on ¢ < w we are going to choose v,, < z; < V,,+1
such that {y,zg,z1,...} is free. If we succeed, we are done, as this latter set
has order type a + 1. Assume that 0 < i < w and we have already selected
{z0,...,xi—1}. If we cannot choose z;, then setting s = {x; : j <1, 2; < %},
t =A{x; :j < i,z > z}U{y}, we get that there is no v,, < = < 7,11
such that ¢ f[t] and sN f(z) = 0. As y > v,,+1 has f(y) Ns = 0, by
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(B) the set {z : f(z) N's = 0} is uncountable, therefore, by (C), there is a
z with 7, < 2z < 75,41 such that X = {v,, <z < z: f(z)Ns = 0} is
infinite. Our hypothesis gives that X C f[t] and so by (D) there is another
finite ¢’ C [2,7,,4+1) with X C f[t']. We obtained that ¢, ¢’ are disjoint finite
sets and f[t]N f[¢'] is infinite, which is impossible, as it is the union of finitely
many sets of the form f(5) N f(v), and those sets are finite.

Virtually the same proof gives that, under GCH, if x is regular, f is a set
mapping on &+ with |f(z) N f(y)| < k for  # y, then there are free sets
of arbitrary large ordinal below x*. [S. Shelah: Notes on combinatorial set
theory, Israel Journal of Mathematics, 14(1973), 262-277)

12. First we verify the last statement by induction on k. If K = 1 and |S| < Ny,
enumerate S as S = {sq, s1, 2, . ..} and define F(s,) = {so, $1, 82, -+, Sn—1}-
Clearly, there is no 2-element free set. Assume we have the result for k. Then
for every o < wy, there is a set mapping F, : [a]¥ — [a]<“ with no free set of
cardinality k£ + 1. Define F : [wi]F*! — [wi]<¢ as follows: for zg < --- < @y,
set F(xg,...,x5) = Fy, (2o, .. 2k—1). fnow {yo, ..., yx+1} was a free subset
with yo < --- < yr41 then {yo,...,yx} would be free for F,, , which is
impossible.

For the other direction assume that |S| > Ny, and F : [S]F — [S]<¥ is a set
mapping. Choose disjoint subsets Ao, ..., Ar with |Ag| = Ro,...,|Ax] = N.
The set Ag x -+ X Ax_1 and together with it the set F[Ag x --- X Ag_1] has
cardinality Ng_1; therefore, we can select yx € Ag \ F[Ag X -+ X Ag_1]. As
|[Ag X -+ X Ag_a] < Vg_o we can select yp_1 € Ax \ F[Ag X+ X Ap—2 X {yx}].
Continuing this way we define y,_o € Ag_1\F[AgX - X Ap_1 ¥ {yr—1} x{yx}],
etc., finally picking yo € Ao \ F(y1,...,yr), which is again possible as we
subtract a finite set from a set of cardinality Rq. The set {yo,...,yx} is a free
set of cardinality &k + 1.

13. Fix the natural number n > 3. Set S; = S. By induction on 1 <1i < n we
make the following construction. If already we have S; with |S;| = RNy then
first choose an arbitrary countably infinite subset 4; C S;. Then define the
following set mapping F on S; \ 4;.

F(x) ={f(z,y) 1y € Ai} N (Si \ Ay)

for z € S; \ A;. By Problem 8(a) there is a free set of cardinal Ny; let S;;1 be
one of those free sets.

This way, we get the countably infinite sets Aj, ..., A, with the property
thatif 1 <i< j <k <mn,thenforx € 4;, y € Aj, z € Ay, neither y € F(z, z)
nor z € F(x,y) holds.

Now select x, € A,, xp_1 € A,_1 arbitrarily. Then by reverse induction
on1l<1i<n-—2pick

zi € A\ [ J{F(zj,2x) 11 <j <k <n}].
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The set {x1,...,2,} will be free. [A. Hajnal-A. M&té: Set mappings, par-
titions, and chromatic numbers, in: Logic Colloquium ’73, Bristol, North-
Holland, 1975, 347-379]



27

Trees

1. Let (T, <) be an w-tree, that is, an infinite tree with levels Ty, T, . . ., which
are all finite. T = |J{T>, : © € Tp}; therefore, for one of them (at least), say
for xgp, T>,, is infinite. zo has finitely many immediate successors on level 1,
repeating the previous argument, for (at least) one of them, say for z1, T>,,
is infinite. Repeating the argument we get an infinite branch, {xg,z1,...}.

Another possibility is to argue that, as |T'| = Ry, there is a nonprincipal
ultrafilter, D, on T. For every n < w, T>, is partitioned into the finitely
many sets T>, (z € T,). Exactly one of them, say T>,, is in D. Clearly,
To < x1 < --- as otherwise we would get disjoint sets in D.

2. Let T be the union of the disjoint branches b, (n = 1,2,...,) of height
n. Then T has no infinite branch and 7; consist of the (i + 1)th elements of

biit,....

3. Pick a vertex v, let it be the sole element of Ty. By inductiononn = 0,1, ...
add z to T,,41 if and only if it is joined to some y € T, and « ¢ Ty U---UT,,.
Choose one such y and make y < x. This gives T, a spanning tree of the
graph. T is infinite, as by connectivity it contains all vertices, and by local
finiteness each T, is finite. Therefore, Konig’s theorem applies, and there is
an infinite branch, which is an infinite path in the graph.

Another possibility is to fix again a vertex, and let T' consist of the finite
paths from v, that is, t = (vg,...,v,) € T if and only if vy = v, each v; is
joined to v; 41 and vy, ..., v, are different. t < ¢’ if and only if ¥ end-extends
t. An w-branch in T gives rise to an infinite path in the graph.

4. Build a tree with vertex set H and let S < R in H if and only if R properly
extends S. By Konig’s lemma there is an infinite branch, which is a collection
of finite strings, between any two of them one being an initial segment of the
other. Then their union is an infinite 0—1 sequence all whose initial segments
belong to the branch and therefore to H.
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5. Construct a tree T' whose nth level consists of those functions F' € [],_,, 4
for which there is an fj, with F = fk‘{O n—1}) Set F < GifG € [],,, Ai

with n < m and G extends F. By Konig’s lemma there is an infinite branch
Fy < Fy; < -+, and if we let F' be the union of the functions Fpy, F, ..., then
F € [],;.., A: is as required: if § C w is finite, then S C {0,1,...,n—1} holds
for some n, and if fj is a function that extends F),, then Flg= fr ‘S'

6. Assume that A C [0, 1] is infinite. Define an w-tree (T, <) as follows. I € T
if and only if I is a dyadic interval of the form I = [, p;l] for some natural
number p and I N A is infinite. We make I < I’ if I’ is a subinterval of I. It
is easy to check that if I = [, p;;l] € T, then there are n intervals below
I, therefore I € T,,. Clearly, |T,,| < 2", and, as A is infinite, T,, # 0. By the
Konig lemma, there is an infinite branch, Iy < I; < ---, and these intervals

shrink to a real number, which is a limit point of A.

7. Assume to the contrary that for some r, k, and s no number n as described
exists. That is, for every n < w there is some coloring of the r-tuples of
{0,1,...,n—1} with & colors with no homogeneous subset as indicated. Define
an w-tree T' as follows. T;, contains the above colorings of {0,1,...,n — 1}.
s < tif t extends s. By Konig’s lemma, there is an infinite branch tg <¢; < ---
and the union of these colorings gives a coloring F' of the k-tuples of w with
no homogeneous subsets as described. By Ramsey’s theorem (Problem 24.1),
there is an infinite homogeneous set for F', say a; < az < ---. Choose p such
that p > s, p > a1. Then for n > a,, {a1,...,a,} is a homogeneous subset for
the restriction of F to {0,1,...,n— 1} of the forbidden type, a contradiction.
[As we have just shown, the statement in the problem is true. The proof used
infinity, and this is inevitable, because Jeff Paris and Leo Harrington proved
that the statement is unprovable in the axiom system Peano Arithmetic, that
is, number theory. So this is a true but unprovable statement of arithmetic.
J. Paris, L. Harrington: A mathematical incompleteness in Peano Arithmetic,
in: Handbook of Mathematical Logic, (Jon Barwise, ed.), Studies in Logic,
90, North-Holland, 1977, 1133-1142]

8. (a) For n = 0,1,... let T,, be the set of tilings of the {-n,...,n} x
{—n,...,n} square. For p € T},, ¢ € T, n < m, set p < ¢ if and only if
q extends p. As there are finitely many different color types of the dominoes,
every T, is finite. Also, they are nonempty by our condition. Applying Konig’s
lemma we get an w-branch py < p; < - - - the union of which is a tiling of the
plane.

(b) Using part (a), it suffices to show that for every n there is a tiling
of an n-by-n square using dominoes from D’. Indeed, consider a tiling of the
plane with D. In this tiling, all dominoes from D C D’ form a finite, therefore
bounded part of the plane. Beyond that part, one can find arbitrarily large
squares, necessarily using dominoes only from D’. [H. Wang: Proving theorems
by pattern recognition, Bell System Tech. Journal, 40(1961), 1-42]



Solutions Chapter 27 : Trees 435

9. It suffices to show the statement for connected graphs, so we can assume
that X is either finite or countably infinite.

If X is finite, choose the decomposition V' = AU B of the vertex set V for
which the number e(A, B) of edges between A and B is maximal. If v € A,
then for the choice A’ = A\ {v}, B’ = BU {v} we have

e(AlvB/) = G(A,B) + dA(v) - dB(U) < G(A,B),

so da(v) < dp(v). A similar argument applies if v € B.

Assume now that X is countably infinite. Enumerate its vertices as
{vg, v1,...}. By the previous argument there is an appropriate decomposition
A, U B, = {vg,...,v,} for the induced graph on {vg,...,v,}. By Problem
4 there is a decomposition A U B of {vg,v1,...} such that for every m the

sets AN{vo,...,vm}, BN{vg,...,vn} are the restrictions of A,,, By, for some
n > m. If now v € A then choose m so large that v as well as all vertices
neighboring v are among vy, ..., v, (here we use local finiteness). Then, by

the above claim d4(v) < dg(v) and similarly for v € B.

10. (a) For an index sequence 0 = k(0) < k(1) < -+ < k(r) = n let Q; =
ai(i_l) w1+ -+ ag;- As there are finitely many index sequences as above,
we can consider one with the sum

Z=(S7+ - +5)+2Q1+2Q2+ - +71Q,)

minimal. We claim that this sequence is as required. Let a = ag(;)41 be the
first term of S;41. If we remove it from S;y; and add it to .S;, then in Z, in
the first sum S? + S2; will be changed to (S; 4+ a)? + (Si+1 — a)?, while the
second sum will be decremented by 2a2, so

S+ 871 < (Si+a)? + (Siv1 —a)® — 2d,
and this implies S; > S;41.
In order to show the other property, let j be the unique index with

S
a1+-~-+aj,1<71§a1+---+aj.

Split Sy into the subsums S} = ay + -+ +a; and SY = aj11 + - + ap()-
There is some d > 0 such that S| = % +dand SY = % —d and clearly d < a;
holds. Again comparing the old and the new values of Z we get that

S2<Sld2 S ) 4o 2
I T3~ +2(aj1 + 0 +ay)

and so
ST <A +ad, 4 +ay) <4(a)+--+ap).
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(b) As the series diverges, there are natural numbers M; < Ms < - - - such that

%zfl aj > 2v/a? + a3+ ---. Let T be the following tree. (k(1),...,k(s)) €
T if there are n and 0 = k(0) < k(1) < --- < k(r) = n, r > s, as in part
(a). t < t' in T if and only if ¢ is an end-extension of ¢. Obviously, ¢t € Ty if
and only if ¢ is of length s. As by conditions k(i) < M; always holds, each T
is finite. It is also nonempty, so Konig’s lemma gives an infinite branch, and
that produces a decomposition as claimed. [M. Szegedy, G. Tardos: On the
decomposition of infinite series into monotone decreasing parts, Studia Sci.
Math. Hung., 23(1998), 81-83.]

11. In our construction of an Aronszajn tree T, every element of the tree will
be some increasing function f : o« — Q (@ < wy) with f < g if g extends f. As
all these functions are necessarily injective, in a putative w;-branch the union
of the elements would give an injective function w; — Q, which is impossible.

We require that if f:a — Qisin T, 8 < «, then f|5 € T and also that

for every f € T, the supremum of the range of f, denoted by s(f), is finite.
Notice that, under these conditions, if f: o — Q isin T, then f € T,,.

We construct T, by transfinite recursion on a.

For 8 < o we add the following stipulation, which we call P(8, «):

if f€Ts, 1 <k <w, then there is f < g € Ty, s(g) < s(f) + +.

Notice that P(83,a) and P(«a,«a+ 1) imply P(8,a + 1).

For o = 0 we take f = (), the empty function as the sole element of Tp,
and formally set s(0) = 0.

If T,, is determined then for every f € T, and for every 1 < k < w we
define a one-point extension fi of f with s(fi) < s(f) + #. For this we only
have to choose a rational number s(f) < i < s(f)+ ¢ and make fx(a) = gi.
This assures P(a, o+ 1) and that suffices by the above remark.

Assume that « is limit and we are to construct T,,. For every choice of
feTp, (6<a),and 1 <k <w we are going to build an a-branch b through
f such that for g = Ub we have that g : @ — Q with s(g) < s(f) + 3. As
there are countably many choices for f, k, if all these functions g form T,
the latter set will be countable.

Given f, 8, and k as above, select a sequence of ordinals § =y < a3 < -+
converging to «. Using P(8, a1),P(a1,as), etc., get the elements f = fy <
fi<---with f; € T,,,

1

s (firr) <s(fi) + 15

Then g = foUf1U- - is as required. [N. Aronszajn, cf. DJ. Kurepa: Ensembles
ordonnés et ramifiés, Publ. Math. Univ. Belgrade, 4(1935), 1-138]

12. We slightly modify the construction of an Aronszajn tree in Problem 11
by requiring that s(f) € Q for every f € T. In this case, if Q = {qo,q1,- .-},
then T'= AgU A; U--- is a decomposition into antichains, where 4; = {f €



Solutions Chapter 27 : Trees 437

T : s(f) = ¢i}. The condition P(f,«a) is now changed to the following: if
f € Tp, ¢ > s(f) is rational, then there is some f < g € Ty, s(g) = ¢. If a s
limit (the only problematic case), proceed as follows. Given f € Tg, f < «,
p = s(f) < g, select the sequence of ordinals § = ap < a1 < - - converging to
«, and also the sequence p = pg < p; < --- of rational numbers, converging to
g- Then inductively choose the elements f = fo < f1 < --- such that f; € T,
s(fi) = pi, and then add g = fo U f1 U+ to T,.

13. As an antichain can contain only one element of a branch, a special w;-tree
may not have an uncountable branch.

14. Only the transitivity of <jex is not immediately clear. Assume therefore
that z <jex ¥ <lex 2z and try to show that x <jex 2. We consider cases.

If £ <y < z, then z < z and we are done.

Assume that z < y and p,(y) <o pa(z) with « least. If now a > o(x),
then x < z; otherwise po (%) = pa(¥) <a Pa(z) and pg(z) = ps(y) = ps(z) for
(< asor <jex 2.

Assume that p, () <4 pa(y) for some least o and y < z. Then py(z) <,
Pa(z) holds and so again z <jex 2.

Finally, assume that there is a minimal o < o(x), o(y) such that p,(z) <o
pa(y) and there is a minimal 3 < o(y), o(z) such that ps(y) <g pg(z). Ifa < G,
then po () <o Pa(y) = pa(z). If @ = B, then po(z) <4 Pa(y) <a Palz). If
a > 3, then pg(z) = ps(y) <g ps(z). In each case we are done, for «, resp.
is minimal with the given property.

An alternative possibility for the proof is to add a new element, say x, to
every T,, make it precede all elements of T, by <., and then identify z € T
with the following function f,: for a < o(z), set fo(a) = pa(x), while for
o(x) < a < h(T), set fr(a) = *. The functions f, are now functions defined
on the same well-ordered set, so we can use the usual lexicographic ordering
and note that  <jex y if and only if f, <'** f, where <lx i5 the lexicographic
ordering on the set {f, : x € T'}.

15. Toward an indirect proof, assume first that {z¢ : { < wy} is increasing or
decreasing by <iex. The elements {po(x¢) : £ < w1} form a weakly increasing
(or weakly decreasing) sequence by <o and as Ty is countable, this sequence
eventually stabilizes: for 79 < { < w; we have py(z¢) = so. Repeating the
argument we get ordinals 7, < w; and elements s, € T, for every a < w;
such that for & > =y, we have o(z¢) > o and pa(x¢) = sq. Now {sq 1@ < w1}
is an wy-branch of (T, <).

Assume, finally, that X C T is uncountable and Y C T is countable.
There is some o < wy such that Y C T.,. As X is uncountable, there are
uncountable many elements of it with height > «, there are two of them,
say x and y, with p,(x) = ps(y). But then, no element with o(z) < « can
be between them. Thus, for X there is no countable Y that separates its
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elements, hence (X, <jex) cannot be similar to a subset of R.. [E. Specker: Sur
un probléeme de Sikorski, Coll. Math., 2(1949), 9-12]

16. We construct e, by transfinite recursion on o < w; with the added as-
sumption that A, = Ran(e,) is a coinfinite subset of w. ey is the empty
function. If e, is determined then we let e,4+1 be a one point extension of f,
with eq41(a) = z for some x € w\ A,. Assume finally that o < w; is limit
and eg is given for every 5 < a. Let ap < a1 < --- be a sequence converging
to a. By induction, we are going to determine e, o, @ finite modification of

€a, and we also pick an element z,, < w. To start, set €aln, = Caos and let
2o € w\ Aq,- Assume that e, P and xg, ..., x, are determined. We need to
n

determine e, . As e, is injective and almost extends e, , there
[an7 ) n+1 n?

Un41

are only finitely many points in the range of both e, ‘a and eq,, [t 1)
n n»y n

By reassigning values from w \ Ag,,, we can achieve, by modifying e, ,, at

finitely many places, that the range of e, , ‘ [, Qns1) is disjoint from the
nsy n

range of Ca o and also from {zo,...,z,}. This modified function will be

€a (o, 1) and finally we let 2,41 be any element of w not in {xg,...,x,}

or the range of e, s
n
This induction defines e, : a — w. It is injective, as it is the union of
injective functions. Its range is disjoint from {zg,1,...}. And finally, for
every n, the functions e, la, and e, differ only at finitely many places. Now,

if 3 < «, then there is some n such that 3 < a,, < a, and €s Can |3 and

€a|3 also differ only at finitely many places. [K. Kunen: Combinatorics, in:

Handbook of Mathematical Logic, (Jon Barwise, ed.), Studies in Logic, 90,
North-Holland, 1977, 371-401]

17. (T, <) is an wi-tree and T, is a set of & — w injections. If g € T,, then
g=es|, for some 3 > «, so g differs from e, at finitely many places. As this
is possible only countably many ways, T, is countable. If b = {g, : @ < w1}
with g, € T, was an w;-branch, then |Jb would be an injection w; — w, an
impossibility.

18. It suffices to decompose the pairs (eg, en) (8 < @) into countably many
chains (use symmetry and notice that {(eq,eq) : @ < w1} is a chain). Given
such a pair {(eg,e,) let n < w be so large that e,(8) < n and, if e, (y) #
eg(y) holds for some v < 3, then ey(y), eg(y) < m. This is possible by
the condition imposed on our functions. Set I' = {y < a : en(y) < n}, a
finite set. Enumerate I' increasingly as {vi1,...,7%}, let ¢ be that number
with v = (. Finally, let a;, = eq(vi) (1 < i < k), by = eg(vi) 1 <1 <
t). Classify (eg,eq) according to the corresponding ordered sequence s =
(n, k,ﬁ, ai,y,...,0qk, b17 ey bt,1>.
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We show that if (eg,eq), (eg,eq’) get the same sequence then they are
comparable and this will conclude the proof. Let IV be the corresponding set
for (eg/, eqr).

Assume first that e, extends e,. Then IV D I', so I"” = I', as both have
k elements, but then 8 = (' and therefore (eg, eq) < (€s/,€qa).

Assume now that the first difference between e, and e, occurs at § < «:
ea(d) < eq(0). Since n is the same for both pairs (eg, eo) and (ep/, eqr), we
have I'Nd = I''N¢. Therefore, if 5 < § or §’ < §, then necessarily 5 = 3’ (recall
also that e, (8) < n, eqw (") < n), in which case these pairs are comparable.
So assume from now on that 8,3 > 4. Since s is the same for both pairs, it
follows from I'N ¢ = I N4 that eg|5 = eg| 5.

If 6 ¢ I', 6 ¢ I, then eg(d) = eq(d) < ew(d) = eg(0), so (eg,eq) =<
<6ﬂ’76a’>'

The possibility 6 ¢ I', § € I'"” is ruled out as then ey (d) > n > ey ().

Finally, if 6 € I', § ¢ I'', then ey (d),es(0) <n < e (8) = ep(d), so again
(eg,eq) < (e, eq) holds. [S. Shelah: Decomposing uncountable squares to
countably many chains, J. Comb. Theory (A), 21(1976), 110-114. This proof
is due to S. Todorcevic]

19. In order to prove that a Countryman type may not include a subtype of
order type wi, wi, or the type of an uncountable subset of the reals it suffices
to show that neither wy; x wy nor B x B (with B C R, uncountable) is the
union of countable many chains.

Assume first indirectly that wy x w; = Ag U Ay U --- where every A; is a
chain. By the pigeon hole principle, for every a < w; there is an i(a) < w
such that {§ : (o, 8) € A} is uncountable. There must be o < o with
i(a) = i(a’) = i. Choose ' such that («/,3’) € A;, then choose 8 > ' with
(a, B) € A;. Now (v, 8), (¢, 8} are incomparable, a contradiction.

If we assume that B is an uncountable set of reals and Bx B = AgUAU- - -,
then for every x € B there exist two elements of B, y'(x) < y”(z), such that
(z,y'(x)), (x,y"(x)) € Aj(y) with some i(x) < w. There is a rational number
p(z) with ¢/ (x) < p(x) < y”(x). As there are only countably many possibilities
for (i(x),p(x)), there are ' < 2’ in B such that i(z') = i(2”) = i, p(z’) =
p(z”) = p. But then (z/,y"(2")), (z",y'(2")) € A; and they are incomparable:
' <z and y'(2') > p > y'(2").

20. One direction is obvious: if f : (T, <) — (Q, <) is order-preserving, then
T is the union of the countable many antichains of the form f~!(x) where
r € Q.

For the other direction, assume that T'= Ay U Ay U - -- where Ag, Aq, ...
are antichains. If t € A,,, set

OEDIE
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where, for i < n, ¢; = 1, if there exists an s < ¢t with s € A;, ¢, = —1 if
there exists an s > t with s € A;, and ¢; = 0 if neither holds. Clearly, f is a
mapping from T into Q. For order preservation, assume that ¢ < ¢/, ¢ € Ay,
and f(t') = >, €,27". Assume that n < m. Case analysis shows that for
i < n, €, > € holds, moreover €/, = 1 while there is no corresponding e,
No matter what the later terms of f(¢') are, this implies that f(t') > f(¢). A
similar argument works if n > m, just then €,, = —1 and there is no €,,.

21. For every s € T let g5 : f~!(s) — w be a decomposition of f~1(s) into
countably many antichains, i.e., u € f~!(s) belongs to the ith antichain if
and only if gs(u) = 4. Given ¢t € T construct the sequence t =t >~ t; > with
tix1 = f(t;). As there is no infinite decreasing sequence of ordinals, there is
some finite n such that ¢, € Ty. Set & = g4, (t;) and decompose the elements
of T according to the string F'(¢) = (£, ...,&u—1). This decomposition shows
that (T, <) is special: assume that F'(s) = F(t) and s < t. Let s = 59 > s1 =
o8y €Tpand t =tg > t1 > --- = t, € Ty be the corresponding sequences.
As s < t, we have that s,, = t,,, and the elements sq, ..., s,,to,...,t, are all
comparable. But then, as §,-1 = g+, (th—1) = gs, (Sn—1), tn—1 = Sp—1 must
hold (as they are comparable elements of an antichain), and repeating this we
inductively get t,,_1 = sp_1,...,t0 = Sg, a contradiction.

22. We have to show that if the normal w;-tree (T, <) has an w;-branch then
it includes an uncountable antichain. Let b = {t, : @ < w1} be an w;-branch.
Let x4 € Tht1 be an element such that t, < x4, but x4 # ta11. T4 exists
by normality. A = {z, : @ < w;} is an antichain, as for § < a we have
o(z3) < o(zq) and z,’s predecessor on level 5+ 1 is 541 # xg. Obviously, A
is uncountable.

23. Otherwise we can recursively select the elements A = {z,, : @ < w1} with
T> ., countable such that if 5 < a, then o(z,) is larger than the height of any
element above zg. This is possible as every element excludes only countably
many elements. But then A is an antichain: if § < « then, considering height,
only g < x, is possible, but that cannot happen by the construction.

24. If (T, <) is a Suslin tree, then by Problem 23 the set A is countable where
x € A if and only if 7%, is countable. Let a be a countable ordinal with
A C T, and remove T<,, from T'. This way, we get a Suslin tree that satisfies
property (A) in normality.

Assume that the Suslin tree (T, <) satisfies (A) of the definition of normal-
ity. For every = € T the set 7%, is uncountable. It cannot consist of pairwise
comparable elements, as that would give rise to an wi-branch. There are, there-
fore, incomparable y, z > x. If we increase them they stay incomparable, so
there are incomparable elements with identical height, and actually, for every
a < wy there is B(a) > «a such that any x € T, has incomparable successors
on Tg(4). If we select the increasing sequence 0 = ag < a3 < -+ < g < -+
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(& < wy) such that B(a;) < a¢ holds for n < &, then the tree restricted to
U{Ta; : § < w1} satisfies properties (A) and (B).

Assume finally that the Suslin tree (T, <) satisfies (A)+(B) of normality.
Set b(z) = T<, if o(xz) = 0 or a successor ordinal, and b(x) = T, if o(z) is
limit. Let U = {b(z) : * € T'}. Set b(z) < b(y) if b(y) end-extends b(x). Notice
that if < y, then b(x) < b(y) (but not the other way around) and in the tree
(U, <) b(x) has rank o(z). It is also clear that (U, <) satisfies (A) and (B). As
for property (C), if & < wy is a limit ordinal and b(z) # b(y) are at level o of
(U, <) then there is a § < « such that if x5 resp. yg are the elements of b(x)
resp. b(y) on T then xzg # yz. But then b(zg41) < b(x), b(ys+1) < b(y), and
b(zgt1) # b(yp+1)- Finally, if {b(x,) : @ < wy} was an uncountable antichain,
then {z, : @ < w1} would be an uncountable antichain in (T, <) by the
above remark, so (U, <) has no uncountable antichains. But in Problem 22
we showed that these properties imply that (U, <) has no w;-branch, either.
Therefore, (U, <) is a normal Suslin tree.

25. For the forward direction, if there exists a Suslin tree, then by Problem
24 there is a normal Suslin tree (T, <). Then J{Tn : @ < wy, a limit}
is again a normal Suslin tree such that every element has infinitely many
immediate successors, so we may assume that 7' has this property. Let <41
be an ordering of T, 1 that orders the immediate successors of any element
of T, into a dense set with no first or last element, then use these orderings
to define the ordered set (T, <jex). We claim that (T, <jex) is a Suslin line.

Assume that I, = (aa,bs) (¢ < wy) are intervals. Case analysis shows
that for every o there is some element x, such that 7>, C (aq,bq). But
then some two x,’s are comparable (or identical) and then the corresponding
intervals intersect. This proves that (T, <jex) has property ccc.

Assume now that X C T is countable. There is some a < w; such that
X C T<q. But if ¢ € T,, then the elements of 7>, (an uncountable set)
cannot be separated by X, i.e., if u, v € T>,, then no element of X lies in
between u and v. This proves that (T, <jex) has no countable dense subset.

For the other direction assume that (S, <) is a Suslin line. We call a subset
R C S separable if there is a countable set P C S such that if ¢ < b are in R,
and there is at least one element between them then there is an element of P
between them.

We notice that if C' C S is convex, i.e., if z,y € C, x < z < y, then
z € C, then C can be decomposed into the disjoint union of a countable set
and disjoint nonempty open intervals of the form (a,b) = {z € S:a < z < b}.
Indeed, if C has no largest element, there is, by Hausdorff’s theorem (Problem
6.44), a cofinal sequence ag < a; < - -- of some length, which cannot be >wy,
as (S, <) is ccc. As the length <ws, we can select a subsequence, denoted again
by ag < a1 < --- of length w. Similarly, unless there is a minimal element,
there is a decreasing, co-initial sequence ag > a_; > --- and then C is split
into the intervals (a;, a;+1) and the countable set {a; : i € Z}.
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We construct a Suslin tree (T, <) consisting of open, nonempty intervals
of the form (a,b) of (S, <) in such a fashion that for & < w; the elements
of T, will be pairwise disjoint intervals that cover S save a separable part.
Moreover, I < I’ holds if and only if I’ is a proper subinterval of I, and if I,
I’ are incomparable, then I NI’ = (). If we can construct the tree with these
requirements, then, as (S, <) is not separable, T,, # () will hold, and by the
ccc property T, is countable for every o < w; and there is no uncountable
antichain in (7', <).

Let Ty be a decomposition, as described above, of S. If we have (a,b) =
I €T, and |I| > 3,say d < ¢ < e are in I, then split [ into Iy = (a,c) and
I = (¢, b), and make I, I; the immediate successors of I. If, however, |I| < 2
then I will have no successors. Notice that by this construction, if some I € T
has successors, then it has two immediate successors, therefore we can use the
argument of Problem 22 to show that if (T, <) has an wy-branch, then it has
an uncountable antichain, as well.

Let o < wi be a limit ordinal. If we consider the nonempty convex sets of
the form (b where b is an a-branch of T, then they constitute a partition
of S minus a separable set (the union of the countably many exceptional
separable sets on lower levels) into convex sets: (J{C; : j € J}. Set J' =
{jedJ:|C;| =1}, J"=J\J". I for j € J', we have C; = {z;}, then the
set {x; : j € J'} is separable. Indeed, if z; < x; for ¢, j € J', then there is
some I € T« where the branches corresponding to ¢, j split, so z; and z;
are separated by one of the endpoints occurring. As there are countably many
endpoints in T«,, the statement is proved. As (S, <) is a Suslin line, J” is
countable, so it suffices to apply the treatment described at the beginning of
the proof to every C; (j € J”), and we get the elements of T,.

26. Let A C D be a maximal subset of pairwise incomparable elements. Such
a set exists by Zorn’s lemma. A is countable as T is Suslin. There is an
a < wy such that o(r) < a holds for every x € A. We claim that 7>, C D
(and that suffices). For this, let © € T>, be arbitrary. As D is dense, there
isy € D,y = x. The set AU {y}, a proper extension of A, cannot consist
of incomparable elements, so there is some z € A, such that y and z are
comparable. As o(z) < a < o(y), the only possibility is that z < y, and then
necessarily z < x < y. As D is open, this implies that « € D, as claimed.

27. By Problem 26 for every D,, there is some a,, < wy such that T>,, C D,,.
If a = sup,, ap, then >, € DoN Dy N --- and T, is dense by normality. It
is also clear that the intersection of open sets is open and we are done.

28. Define the set D as follows. a € D if and only if there is no element x of
A such that z > a. If the statement of the problem fails, then D is dense. As
D is clearly open, we get by Problem 26 that D is a co-countable subset of T,
but this is a contradiction as then AN D # () and this is impossible.
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29. We can assume that f maps into [0,1]. For n = 1,2,... set « € D,, if and
only if f(y) < f(z) + % holds for every y = x.

We claim that every D,, is dense. Indeed, if z € T and x ¢ D,,, then there
is an 1 > x such that f(z1) > f(z) + % If 1 ¢ D, then there is an zo > 1
such that f(z2) > f(x1) + % > f(z) + %, etc. As this procedure must stop,
we end up with some y = z, y € D,,.

By Problem 27 there is an a < wy such that 7>, € Dy N Dy N ---, but
then, if € T, and y > z, then f(z) < f(y) < f(z) + % holds for every n,
that is, f(y) = f(«). This implies that all values of f are attained on T<,, a
countable set, so f has countable range.

30. In this solution “dense” and “open” are used as in the introduction to
this chapter, but the continuity of f is meant in the topology on trees defined
before Problem 30.

If p < g are rational numbers, set ¢t € D, , if either f(y) > p holds for
every y = t or f(y) < ¢ holds for every y > ¢t. We show that each D, , is
dense.

Indeed, assume that some D,, ; has no elements above some a € T'. Passing
to T, we can assume that D, , = 0. Set oy = 0 and define ap < a1 < -+,
a sequence of countable ordinals, and A;, a maximal set of incomparable
elements = in T'\ T<,, and either with f(z) < p (if 7 is even) or with f(z) > ¢
(if ¢ is odd). By Zorn’s lemma, such a set A; exists, and it is countable,
as (T, <) is Suslin. Choose a;y1 so that A; C T<,,.,. Let o be the limit
of ag,a1,.... If z € Ty, then by D, , = 0 there are yo, y1 > x such that
flyo) < pand f(y1) > q. By the maximality of Ay; and As;41 there are some
T9; € Ag; comparable with yo and x9;41 € Ag;y1 comparable with y;. As
o(z2i),0(x2i+1) < a < 0(Yo),0(y1) we must have za; < Yo, T2i4+1 < Y1, and
then necessarily xo9;, 2,41 < . Hence xg < 1 < --- is a sequence converging
to x, with f(ze;) <p, f(x2:41) > g, so f is not continuous.

Having proved that each D, 4 is dense, one can easily observe that they are
open. There is, therefore, by Problems 26 and 27 an a < w; such that T, is
in the intersection of all of them. If now z € T,,, * < y, and p < ¢ < f(z) are
rationals, then we get that, as x € D, 4, f(y) > p holds. Since p < ¢ < f(z)
were arbitrary, f(y) > f(z) follows. Selecting f(z) < p < ¢ an identical
argument gives f(y) < f(z), i.e., actually f(y) = f(x). Therefore, f attains
all its values on the countable set T, so it has countable range.

31. We have to show that if Fyy, F} are disjoint, closed sets then they can be
separated by disjoint open sets.

We first consider the case when Fj, F; are both countable. Enumerate
them as Fy = {ug,u1,...}, F1 = {vg,v1,...}. By induction on n =0,1,... we
construct the closed and open sets U,, 2 {ug,...,un—1}, Vo 2 {vo,...,0n_1},
suchthat 0 =Uy C Uy ---, 0=V, CV;---,and U,NV,, = U, NF, = V,NEy =
(. If we can do this, then the open sets UyUU; U--- and VoUV; U- - - separate
Fy and Fy. Assume that we have reached step n. If w, is isolated (i.e., it is on
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Tp or a successor level) then we can let U,11 = Uy, U {uy,}. If o(uy,) is limit,
then we choose a closed and open neighborhood of w,, of the form [y, u,] which
is disjoint from Fy UV,,. This is possible, as the latter is a closed set excluding
Up, we only have to choose y < u,, with a large enough successor o(y). Then
we set Upt1 = Up U [y, up]. Argue similarly for V41 by selecting it to be
disjoint from Fy U Uj,41.

We now consider the general case. Set a € A if there are z € Fy, y € I,
such that a < z,y. If A is uncountable, then by Problem 28 there is some
d € T such that A is dense over d. As (T, <) is normal, 7>, is uncountable,
and so is a Suslin tree. In T>4 both Dy and D; are dense, open (in the sense
that is defined for trees in the introduction to this chapter), where a € D; if
and only if there is d < = < a, x € F;. There is, by Problem 26 some «aq such
that the agth level of T4 is in Dy N Dy, that is, if x € Ty, > d, then there
are yo € Fy, zo € Fy such that d < yg, 20 < x. Repeating this argument we
get ordinals ap < a1 < --- such that if x > d, x € T,,,, then there exist y;, 2;
with y;, z; < x, y; € Fo, z; € F1, ay—1 < 0(y;),0(z;). If now « is the limit of
the sequence ayg, aq, ..., ¢ € Ty, x > d, then = is an element of Fy, as well as
of F, a contradiction.

We proved, therefore, that A is countable, so there is some a < w; such
that A C T.,. Our space splits into the disjoint union of the closed and
open sets T<q, T54. It suffices to separate Fy and F) in these components,
separately. In the former we can separate Fy and Fj by the argument at the
beginning of the proof. The closed and open set T, splits into the disjoint
union of the closed and open sets of the form T, (z € T,,), and, as A C T,
none of them contains points from both Fy and Fj. In this situation it is easy
to separate Fy N7, and F; NTs,; include Fy N7, into the union of those
sets T, which intersect it, and similarly for Fj.

32. (a) Let o be a putative winning strategy for I. By closure (see Problem
20.7), there is a limit ordinal o < w; with the property, that if ¢o,...,t2,—1
are in T-, then so is ts,, I’s response according to o. Let ag < a3 < ---
converge to a. Enumerate T, as T, = {po, p1, - . .}. We make II play as follows.
Given to,, she chooses a,,, an immediate successor of to, such that a, 4 pn,.
Then let her response be some to,11 > an, with @, < o(ten+1) < . This is
possible, as (T, <) is normal. This way, a play tg, 11, ... is determined, with
o(ty) converging to «, but no element of T, can extend the sequence, so I loses,
although he played according to his winning strategy o. This contradiction
shows that ¢ does not exist.

(b) If (T, <) is special, then T'= AgUA; U- - - with A4,, an antichain. IT can
have the following strategy. Given ts,, if there is some ¢ = to, with t € A,
then let 2,41 be such an element, otherwise let t9,+1 > t2, be arbitrary. This
way, if tg < t; < --- < t, then ¢t can be in no A,,, so such a ¢t cannot exist.

(c) Assume to the contrary that o is a winning strategy for II. We exhibit
a play in which II responds by o yet she loses. For every ag € T, if ag is the
opening move by I, IT answers by o(ag) = ag. Set t € Dy if there is some ag
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with o(ag) < t. Dg is obviously open, and it is dense, as for every ag € T there
is an element of Dy above ap, namely any element of 1% ,(4,). By Problem 26,
there is some o < wy such that Ti,, C Dy.

We notice that for every x € T, there is a partial play Py(z) (consisting
of one round of moves), af, o(af), which can be continued by I by saying x or
any element of T>,.

We repeat the above argument for every x € T, separately on T>, by
using the second round of o, continuing the play Py(z). We get an ordinal
a1 > a, for every x € Ty, a partial (2-round) play P;(z), which, on the one
hand, continues the appropriate Py(y) (where y is the predecessor of 2 on level
ayp), on the other hand, it can be continued to any element of T>,.

Continuing this way we get ap < a3 < ---. Let a be the limit of these
ordinals. If z € T}, then, letting ¢; be the predecessor of z on level «,,, we get
that the union of the partial plays P;(¢;) is a play in which II plays according
to o, and the element of the tree played by I and II remain below z, therefore
IT loses, a contradiction.

33. We first consider the case when A is regular. We claim that we can as-
sume property (C) of normality. Indeed, using the argument in the solution of
Problem 24 given a k-tree (T, <) is as in the problem, we can consider (U, <)
where for a = 0 or successor b € U, if and only if b is an a + 1-branch of
(T, <), for a limit b € U, if and only if b is an a-branch of (T, <) that extends
to Ty Set b < b if b/ extends b. Then (U, <) is a s-tree, 1 < |U,| < |Tu| < A,
and if B = {b, : @ < k} is a s-branch of (U, <), then |J B is a s-branch of
(T, =<).

We therefore assume that (T, <) of the problem satisfies (C) of normality.
Set S = {a < Kk : cf (&) = A}, a stationary set by Problem 21.8. For o € S,
x # y € Ty, there is some 3 < « such that T, and T, differ from level 8. As
|To| < A = cf (a), there is some f(a) < « such that the elements of T, have
distinct predecessors in Ty(,). As f is a regressive function on a stationary
set, we can apply Fodor’s lemma (Problem 21.9) and get a stationary S’ C S
and some v < « such that f(«) =+ holds for a € S’. Pick z,, € T, for a € 5.
Let yo be the predecessor of z, on level 7. As & is regular and |T,| < &,
Yo = y holds for a € §”, |5”| = k. We claim that Z = {z, : @ € §"} is
totally ordered. Indeed, if & < [ are in S” and z is z’s predecessor on level
a, then y < 24,2 80 T4 = 2, 1.6., o < zg. Finally, B=J{T<, 1z € Z} is a
k-branch.

If A is singular and (T, <) is as in the problem, then for every o < & there
is some regular cardinal . < X such that |T,| < pe holds. As « is regular and
there are at most A regular cardinals below A, there is a set Z C &, |Z| = &
such that po, = p holds for a € Z. We can now apply the already covered case
for the tree on | J{T,, : « € Z} and get a k-branch.

If k is singular, let p = cf (k), k = sup{ke : £ < p}. Let (T, <) be the
disjoint union of the branches be with b of height k¢. Then (T, <) has no
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k-branch and |T,| < u* < k holds for every a < k. [DJ. Kurepa: Ensembles
ordonnés et ramifiés, Publ. Math. Univ. Belgrade, 4(1935), 1-138]

34. Let (T, <) be a rk-Aronszajn tree. Set « € T" if and only if 7-, contains
elements of arbitrarily large height < k. Notice that if y < z € T’, then y € T"
soforx € T', T. , = T, holds and so the height of z in 7" is the same as the
height of z in T.

We claim that 7”7 has elements of arbitrarily large height < k. Indeed, if no
x € T, is in T’ for some a < &, then for every = € T, there is a 3(z) < x such
that for no y > x does o(y) > B(x) hold. As |T,| < k, the set {B(z) : © € T}
has a bound 3 < &, but then T3 can have no element.

Assume that z € T', o(z) < a < k. By the definition of 7", there are
k elements y € T, with z < y. Some x of them has o(y) > «. Then, let
Pa(y) € T, be y’s predecessor at level a. For k many y, p,(y) = p holds for
the same p € T, and so p € T'. We proved therefore property (A) of normality
for T" and so from now we will assume (A) for T

Now assume that (T, <) is a k-Aronszajn tree satisfying (A). If x € T,
then the set TS, must contain incomparable elements as otherwise it would
be a branch of cardinality «. If z < y,z and y, z are incomparable then
there are y' >~ y, 2/ > z with o(y’) = o(2’) and of course, ¢/, 2z’ are also
incomparable. We get, therefore, that if x € T, then some Ty, (B(x) > )
contains incomparable successors of z. As k is regular and |T,| < k, some
B(a) > « applies for all x € T,.

We can then choose, by transfinite recursion, the increasing sequence {a :
¢ < Kk} such that every z € Ta, has incomparable successors in T, SO
T = U{T.,, : £ < K} satisfies (A)4(B) of the definition of normality.

Assume finally that (T, <) is a k-Aronszajn tree satisfying (A)+(B) of the
definition of normality. Define the tree 7" as follows. If & = 0 or a successor
ordinal, then let b € T” if and only if b is an « + 1-branch of T If « is limit
then let b € T’ if and only if b is an a-branch of T' that has an extension on
level T,,. Set b < b’ if and only if ' extends b. Now |T},| = |T,| if a =0 or a
successor, and 1 < [T | < |T,| if a is a limit ordinal. Moreover, if {b, : a < K}
was a r-branch in (T, <) then (J{bs : @ < £} would be a s-branch in (T, <).
(T", <) is therefore a k-Aronszajn tree and it is easy to see that it satisfies the
definition of normality.

£+19

35. One direction is obvious; if b is a k-branch, then b is a subset of order type
K in <T, <1ex>~

For the other direction assume that {z¢ : £ < k} is a subset of (T, <jex)
of order type either k or xk*. As k is regular and every level of (T, <) has
cardinality less than k, we have that o(z¢) — & Therefore, for any given
a < K, pa(x¢), the predecessor of z¢ on level o, is defined for all large &.

As by the definition of <jex the sequence po(xe) (§ < k) is weakly increasing
(or decreasing) in the ordered set (Tp, <p) of cardinality < x, we have that
po(ze) = ap for some ag and for £ > ~y with an appropriate 79 < . Repeating
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the argument for level one, but only using the above “tail” of the sequence, we
get that pi(x¢) = a1 holds for £ > v, etc. By recursion we get the elements
{aa : @ < k} and increasing ordinals {7, : @ < k} such that p,(z¢) = a, for
€ > %,. But then {a, : & < K} is a k-branch.

36. Let S be the set of finite sequences of elements of x. Clearly, |S| = k.
For o < k* we are going to construct an injection f, : & — S by transfinite
recursion on «. fo can only be the empty function. If f,, is given, set fo41(8) =
0 for 8 = a and fa41(8) = 1fa(B), that is, if fo(8) = 1 -y, then we let
fat+1(8) = 1791 -+ -9, (concatenation). If « is a limit ordinal, enumerate C,,
increasingly as {z(«,&) : € < €4 }. We may assume that z(«,0) = 0. If 8 < «,
let v = z(a, §) be the least element of C,, greater than 3. Set f,(8) = £f1(8),
where again, the right-hand side denotes the string starting with £ and then
continuing with the sequence f,(83).

We claim that f, is an injection of « into S. This we prove by induction
on «. The induction step is obvious, if « is zero or a successor ordinal. Assume
that « is limit and fo(8) = fa(0'). Then £, (8) = &' f,(8’) with the ordinals
&', v corresponding to . As the two strings are equal, we must have £ = &’
but then v = . We then get f,(3) = f,(4’) and so § = ' by the inductive
hypothesis.

We define the k*-Aronszajn tree (T, <) as follows. The nodes on Tj; are
the functions fa‘ﬂ for 3 < a < k7. t <t if and only if ¢ extends t. It is

obvious that T has no xT-branches as its elements are injective functions so
a kT-branch would give rise to an injection of k¥ into S, a set of cardinality
K.

We show that |Tj3| <  holds for 8 < k™. Assume we are given f, ‘ﬂ € Tp.

We prove that there are finitely many ordinals 0 = v < -+ < 7 = [ and
corresponding strings si,...,s; such that if v;,_1 < 6 < ~; then f,(0) =
5ify,(6) holds. This suffices for our claim as there are at most x ways of
selecting o, ..., S1,- - -, St

We prove this claim by induction on «. It is obvious for a = [ and the
inductive step from « to o+ 1 is equally clear.

Assume finally that « is limit. There exist successive elements vy < 71 <
-+ of Cy, such that v,-1 < 8 < v, and y9 = z(«, §) with either § =0 or ¢
a limit ordinal. Inspection of the definition of f, shows that on the intervals
[0770% [70771)’ RE ['Yn—lyﬂ) Ja equals to f’)’o’ (5 + l)f’hv (5 + 2)f’)’2’ T (5 +
n) f~.., respectively. (Here we use that C,, = Cy N .) Each of these terms
gives restriction of the required type except the last one. In that case, however,
as v, < a, we can refer to the inductive hypothesis, and argue again, that f,
restricted to [y,—1,3) splits into finitely many functions of the required type.
[This proof is due to S. Todorcevic.]

37. We slightly modify the solution of the previous problem. Fix a system {C, :
a < kT} where, for every limit ordinal o < k™, C, is a closed, unbounded
subset of «, of order type cf («) (which is always < k). We assume that 0 € C,
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and Cp = {z(a,§) : £ < €4} is its increasing enumeration. Let S be the set
of finite sequences of elements of k, clearly, |S| = k. For a < s+ we are
going to construct an injection f, : o — S, by transfinite recursion on a.
fo is the empty function. If f, is given, set fo4+1(8) = 0 for § = a and
fat+1(8) = 1f4(B), (concatenation). If « is limit, 5 < «, then let v = z(a, &)
be the least element of C,,, greater than § and set f.(8) = £f,(3), again,
concatenating ¢ and the finite string £ (5).

Just as in the preceding problem, f, is an injection of « into S.

We again define the k*-Aronszajn tree (T, <) as follows. The nodes on T
are the functions f, ‘5 for 3 < a < kT, and t < ¢ if and only if ¢’ extends t.

As in the preceding problem, T' has no xT-branches.
In order to show that |Tj3| < & holds for every 8 < k™ we claim that if
B < a <kt then f, ‘ﬂ has the following specific form. 3, that is, [0, 3) splits

into the disjoint union of fewer than & disjoint intervals of the form I = [, ¢)
and on each of them, f, restricts to a function of the form = — sfs(x) with
some s € S. This proves that |T3| < k, as by the hypothesis on cardinal
exponentiation, there are at most x functions of the required type. We prove
the above statement by transfinite induction on «. It is obvious if a = 3,
and the inductive step from a to a 4+ 1 is equally clear. Assume now that
a > f3 is a limit ordinal. Then C,, splits « into cf (o) < k many intervals of
the form [v,d), only < & of those having nonempty intersection with 8. On
only one of them it is not clear that fa‘ 38 is of the required form: the one

for which v < 8 < 0 holds. In this interval, f,’s restriction is equal to (the
restriction of) £ fs where £ < & is the index of ¢ in the increasing enumeration
of C,. But now we can refer to the inductive hypothesis which says that [, 5)
splits into < k intervals, with each of them fj5 restricting to some function
of the required form, and so the statement holds for a. [E. Specker: Sur un
probléme de Sikorski, Coll. Math., 2(1949), 9-12. The present proof is due to
S. Todorcevic.]

38. Notice that k is regular and k > w; by Problems 28.3 and 28.5. Let (T, <)
be a k-tree. Let p be a x-additive measure on T'. By additivity, u(T<) = 0
for every o < k. For t € T set f(t) = u(T>). For every a < k, the set
Uy, = {t € T, : f(t) > 0} is countable and nonempty, and if s < t € U,,
s € Tp, then s € Ug. f U = | {U, : a < &}, then (U, <) is a tree of height &,
with countable levels, so by Problem 33 it has a x-branch which is a k-branch
of (T, <), as well. [J. Silver: Some applications of model theory in set theory,
Ann. Math. Logic, 3(1970), 45-110]

39. We are going to use the condition in the form that on every set of cardi-
nality x* there is an ultrafilter consisting of sets of cardinality T such that
if we decompose the ground set into A parts then exactly one of them is in
the ultrafilter.

Let T be a kt-tree. Set p = cf (k) and choose an increasing continuous
sequence of cardinals (k¢ : & < p) with kg = 0 and £ = sup{ke : £ < p}.
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Enumerate each Ty, as T, = {tg : £ < r}. As |T| = x™, there is an ultrafilter
D, on T, as described above. For every o < k™,

T>0¢ = U{Bg : ﬂ < :U‘}a

where
Bj = LJ{T>gc rx =tg, kg <& < Kppr)-

As |T<,| < k, T>o € D,,. By the property prescribed for D,,, for every a <
there is a unique B(«) < p with Bg(a) € D,. For aset Z C k* of cardinality
kT we have B(a) = (3 for a € Z with some common S < p.

We notice that

() if a < o are in Z then there are z = 1¢ € T,,, 2’ = tg‘,/ € T, with
kg < & & < Kpy1, such that z < .

Indeed, if z € Bg‘ N Bg/ € D,,, then there are z € Ty, 2’ € T, x < 2’ < 2.
Now consider an ultrafilter D,,, , on the set Z (of cardinality %) and
put the elements of Z into the (not necessarily disjoint) classes Z(&,7n) for
kg < &,n < kg1 by putting a € Z(£,n) provided {vy : tg < {7} € Dy, .
Note that every a belongs to some Z (&, n); therefore, there is a class Z(&,n) €
D,y We claim that {t§ : o € Z(£,n)} generates a xt-branch. Indeed, if

a, @’ € Z(§,n), a < o then there is some v > o' such that ¢, t?/ =< t7, so

g < t‘g/. [M. Magidor, S. Shelah: The tree property at successors of singular
cardinals, Arch. for Math. Logic, 35(1996), 385—404]

40. Let (A, <) be an ordered set of cardinality x and let < be a well-ordering
of A in type k. Color a pair {a,b} € [A]?, a < b, green if a < b, and let it be
blue if b < a. As k — (k)3, there is a monochromatic B C A of size k. If the
color of B is green, then on B the orders < and < are the same, if the color
is blue, the order < on B agrees with <*, the reverse of the well order. In the
former case (B, <) is of order type k, in the latter case it is of order type x*.

41. Assume to the contrary first that x is singular with p = cf (k) < x and
k = sup{kq : @ < p} where ko < k. Let (A, <) be the ordered union with
respect to a < p of the disjoint ordered sets (A,,<,) of order type kr.
That is, + < y holds if x € A,, y € Ag with a < 8. If B C A is well
ordered, then for each « the intersection B N A, is finite (otherwise B N A,
would include an infinite decreasing sequence), so |B| < p. If, however, B is
reversely well ordered, then it can meet only finitely many A, (otherwise the
set of elements in different A, would include an infinite increasing sequence)
hence its cardinality is again smaller than . This contradicts the hypothesis,
hence k must be regular.

Now let A\ < x < 2*. By Problem 6.93 the lexicographically ordered set
20,1} (of size 2*) does not include increasing or decreasing sequences of
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length At < k. Therefore, the assumption in the problem implies 2* < x, and
so k is strongly inaccessible.

42. Assume & is singular, cf (k) = p, K = sup{kq : @ < p} with k, < & for
a < p. Let the tree (T, <) be the disjoint union of the branches b,, with height
Kq. Formally, b, = ko x {a} and (£, a) < (¢/,&/) if and only if & = o’ and
& <& Then (T, <) is of height &, every level is of size u < k, and there is no
k-branch. Hence, if k¥ has the tree property, then it is regular.

43. Let k be the smallest strong limit regular cardinal bigger than w, and
let C' = {cq : @ < K} be a closed, unbounded set in % consisting of infinite
cardinals plus ¢g = 0, satisfying 2°> < co41 for @ < k. We claim that for every
& < K there is a function f¢ defined on C'N & which is regressive and assumes
every value finitely many times. We prove this by induction on £. It suffices
to prove the result for ordinals of the form ¢y, ¢, + 1. This latter case is easy:
if f., is given, we simply extend it to f._ 41 by associating an arbitrary image
for co. The same argument works for f. .. We are done unless { = c, where
« is a limit ordinal. By our conditions on x and on C, £ must be a singular
ordinal, let ¢ < & be its cofinality. Let D = {dg : § < p} € C be a closed,
unbounded subset in &, dg = 0 < u < di. We define f¢ as follows. If x € CN§
and = ¢ D, then there is a unique § < p such that dg < = < dg41. Now
set fe(x) = dg + fa,,,(v) (ordinal addition). Notice that fe(z) < = as x is
an infinite cardinal by condition and so the sum of two smaller ordinals is a
smaller ordinal. Finally, let f; be an injection between D\ {0} and the interval
(0,d1). It is clear that f¢ is as required.

Let T be the set of all functions defined on some C N A, A € C, which
are regressive and take every value finitely many times. Put f < ¢ if g is an
extension of f. This way we get a tree, the ath level of which is formed by all
functions in question with domain C'NA,. Thus, these levels are not empty for
all & < K, so the tree is of height x. The number of functions f : A\, — A is at
most A\\» = 2%« < k, so every level is of cardinality smaller than «. Finally, in
this tree there is no branch of length &, for if there was such a branch then its
union would be a regressive function on C' that takes all values finitely many
times, which is impossible by Problem 21.9.

44. (b)=-(a) is trivial, (a)=(d) holds by Problem 40, (d)=-(c) by Problems
41 and 35. All that remains to show is that (c¢) implies (b).

Assume (c). k is a strongly inaccessible cardinal; therefore, the product
of fewer than x cardinals, each smaller than , is less than k. For n = 1
the statement of (b) holds by the regularity of k. We prove it for larger n by
mathematical induction. Suppose that we have it for n and consider a coloring
f 1 [k]"T — o of the (n + 1)-tuples. We construct an endhomogeneous set
A C k of cardinality &, i.e.,if 21 < -+ < x, <y <y are n+ 2 elements of A,
then f(x1,...,2n,y) = f(x1,...,2Zn,y’). This suffices, as then we can define
a coloring of the n-tuples by assigning g(x1,...,2,) = f(x1,...,Zn,y) where
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y > x, is an arbitrary element of A. By the inductive hypothesis, there is a
k-sized set B C A that is homogeneous for g, and so it is homogeneous for f,
as well.

The construction of A will be done via a construction of a k-tree 7' (a
ramification tree). Every node of T will be an element of x and to each z € T
we associate a set H, C k. It will have the property that if z # y are elements
of the same level then H, and H, are disjoint, in fact, the sets {H, : © € T,,}
constitute a partition of k \ T<,. To start, let 0 be the sole element of Tj.
Accordingly, Hy = k \ {0}.

Assume that the tree below level « is constructed and « is a limit ordinal.
For every a-branch B of the tree T, if the set Kg = (J{{H, : * € B} is
nonempty, then we let ¢(B) = min(Kg) be the only successor of B on level «
and Hygy = Kp \ {t(B)}. We notice that for a € T, a < t(B) if and only
if a € B. |T,| is at most as large as the number of a-branches in T, which,
a product of < k cardinals each smaller than k, by the induction hypothesis
is less than « itself.

We notice that {H, : © € T, } forms a partition of k \ T<,.

Assume now that o = 3+ 1 is a successor ordinal. Consider an element
x € Tp. Define an equivalence relation ~ on H, as follows. For ¢,d € Hy,
¢ ~ d if and only if for any a1 < -+ < a, from T<, f(ai,...,an,¢c) =
f(a1,...,an,d) holds. This is clearly an equivalence relation on H,, and the
number of equivalence classes is at most

ollT<e]"l < glTsalte < gotlalte

For each nonempty equivalence class C' let yo be its least element. We make
these elements yo the immediate successors of z, and set Hy, = C\ {yc} for
them. Once again as some H, were split to more classes plus some elements
put into T we will have the required condition that {H, : x € T, } partitions
K\ T<q. In particular, Ti, # () for every a < k, so the height of the tree is k.

Note also that if z < y in the tree, and x* is the element for which z* <y
and o(z*) = o(x)+1, then either y = 2* or y € Hy~. Henceifa; < --- < ay are
elements of T<,, then f(as,...,an,y) = f(a1,...,an,z*) holds. In particular,
any branch in (T, <) is endhomogeneous.

By the tree property of x there is a x-branch A in T', which, as we have
just remarked, is endhomogeneous. This completes the proof of (¢)=(b).
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The measure problem

1. Let X be an infinite set and Fy the set of those ' C X for which X \ F'
is finite. This Fy is a filter, and it can be extended to an ultrafilter F (see
Problem 14.6(c)). Now for A C X set u(A) = 1 if and only if A € F. The
properties of ultrafilters show that p is a finitely additive nontrivial measure
on X.

2. It is clear that u is a k-additive 0—1-valued measure on X if and only if
the set of measure 0 sets is a k-complete prime ideal. Furthermore, 7 is a
k-complete prime ideal if and only if F = {X \ F : F € I} is a k-complete
ultrafilter.

3. Suppose the contrary, and assume that p is a real-valued measure on all
subsets of wy. Let {Up,o @ 1 <w, @ <wi} be an Ulam matrix (see Problem
18.1). For every a < wq, as J{Un,o : » < w} has countable complement
and every countable set is of measure 0, there are some n = n(a) < w and
k = k(o) < w such that u(Uy,,o) > 1/k. There is a pair (n, k) that occurs as
(n(a), k(o)) for uncountably many «, say for a € S, |S| = Ry, which is absurd
as then U, o, @ € S, would be disjoint sets each having measure greater than
1/k (there cannot be even k such sets).

4. Tt is enough to show that the union of some of the sets is nonmeasurable
in [0, 1]; therefore, instead of R consider [0, 1] and instead of the sets their
intersection with [0, 1]. Thus, if the sets are A,, a < wq, then they are of
measure 0 and A, C [0, 1]. Now if all unions were measurable then for Y C w;
we could set

w(Y) =m (Uaey Aa)

with m standing for Lebesgue measure, and this way we would get a nontrivial
[0, 1]-valued o-additive measure on wy, which is not possible by the preceding
problem.
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5. Let u be a [0, 1]-valued measure on «. First of all, any set Y C & of cardi-
nality < k is of measure 0 (by nontriviality and s-additivity), hence x must
be regular, for otherwise it is the union of fewer than k sets of cardinality
smaller than , hence it would have measure 0. That x cannot be a successor
cardinal, say k = AT, can be proven the same way as Problem 3 was solved,
just use a A x AT-Ulam matrix instead of an w X w; one.

6. Assume that p is a [0, 1]-valued measure on the subsets of [0,1]. For 0 < z <
1 define f(z) = p([0,]). This is a nondecreasing continuous (by p({z}) = 0
and the o-additivity of u) function with f(0) = 0, f(1) = 1 (not necessarily
strictly monotone). For A C [0, 1] set (A) = p(f'[A]). It is easy to verify
that @ is a k-additive (at this moment possibly trivial) [0, 1]-valued measure
on [0, 1]. We show that ([0, z]) = = for 0 < z < 1. By o-additivity then (A)
equals the Lebesgue measure of A for every Borel set A (see Problem 12.23
and recall that the intervals [0, z|, = € [0, 1] generate the Borel sets of [0,1]),
and by completeness it also follows that every set that is a subset of the set of
a Borel set of measure 0 is also of measure 0. Hence 1 extends the Lebesgue
measure (and in particular, it is a nontrivial measure, i.e., i({z}) = 0 for all
z €10,1]).

To prove fi([0, z]) = z notice that the set {y : 0 < f(y) < x} is of the form
[0, u] with some u satisfying f(u) = 2. Therefore, i([0, z]) = ([0, u]) = .

7. Let p be a [0, 1]-valued measure on x > ¢, and let Z be the set of measure
0 subsets of k. Then Z is a k-complete ideal (not necessarily a prime ideal),
in particular every A ¢ 7 is of cardinality . If there is an A C k, A ¢ T such
that for all disjoint decomposition A = A% U A! one of the A7 belongs to Z,
then 7/ = {ANI : I €T} is a k-complete prime ideal on A, hence k = |A4]
is measurable.

Therefore, if we assume to the contrary that « is not a measurable cardinal,
then for all A C & there is a disjoint decomposition A = A° U A! such that if
A & T then A%, Al ¢ T. By transfinite induction on o < w; for every function
f:a—{0,1} we define a set A in the following way. Set Ay = k. Suppose
a < wq, and that A, have already been defined for all g : 8 — {0,1}, f < a.
Let f:a — {0,1}. If a is a limit ordinal, then set Ay = ﬂg<aAf‘ﬁ. On the

other hand, if & = §+ 1, then set Ay = (Afm)f(ﬁ), and this completes the

definition of the sets Ay. Extend this definition to f :w; — {0,1} by setting
Ar = ma<w1Af‘a~ It is clear that if § < a < w; and f : @ — {0,1} then
Af C Afm, and if f # g are both mapping « into {0,1}, then Ay N A, = 0.
Transfinite induction on « gives that for each a < w;
U 4r=-x (28.1)
fe~{o0,1}

and then actually this is also true for & = w; as well. Note also that the union
on the left is a disjoint union.
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Now let
B=|J{A; : fe 0,1}, a<w, A;€T}.

There are at most ¢ many terms in the union on the right, hence by the &-
completeness of Z, we have B € Z (recall that k > c¢). Let v ¢ B. On applying
(28.1) for o« = wy we can see that thereis an f : wy — {0, 1} such that vy € Ay.
But then v € Af\a for all & < w1, and hence, by the definition of B, Af\a g7

for all @ < wy. Therefore, the sets Af\a \ Af\a—i— 1= (Af‘a)l_f(o‘) do not

belong to Z, hence we get the wy disjoint sets
Af‘Oé\Af‘Oz—Fl’ a < wi,

of positive measure, which is absurd. This contradiction proves that x is mea-
surable.

8. We know from Problem 3 that x > ¥y (actually, Problem 5 shows that
k> R,). Let p: P(k) — [0,1] be a o-additive measure on k. We claim that
it is k-additive. If this is not the case, then there is a w < A < k and disjoint
sets Ay, o < A such that for A = UycrAa we have p(A) # > o\ w(Aa).
Since the sum on the right is the same as the supremum of its finite partial
sums, the o-additivity of p gives that there are only countably many A,’s
with p(Aqs) > 0, and necessarily pu(A) > >\ p(Aq). Using again the o-
additivity we may exclude all A, with pu(A4,) > 0, i.e., we may assume that
w(Ay) =0 for all @ but A = U,<)A, is of positive measure. For B C A define

I/(B) = N(UQGBAQ))'

1
1(A)
Because of the disjointness of the A,’s this is a o-additive measure on A with
the property that v(A\) = u(A)/u(A) = 1 and v({a}) = p(4a)/pu(4) =0
for all & < A, i.e., v is a nontrivial o-additive measure on A < k. But this
contradicts the minimality of k, and this contradiction proves that k is real
measurable.

9. The solution to Problem 8 can be repeated word for word.

10. Instead of R we work with “{0, 1}, and suppose there is a o-additive 0
1-valued measure on all subsets. For each n < w one of the sets A% = {f :
f(n) =0} or AL = {f : f(n) = 1} is of measure 1, and the one with this
property is denoted by A9™  Then g € “{0,1} and {g¢} is the intersection
of the measure 1 sets Ai(n), n =0,1,..., hence it must have measure 1 (the
complement is the union of the countably many “{0, 1}\A%(") sets of measure
0). But then p is trivial, and this proves that there is no nontrivial o-additive
0-1-valued measure on R.
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11. Regularity follows from Problem 5. Now let A < k, and suppose that
2* > k. Let v be a k-additive 0-1-valued measure on x. Extend it to a k-
additive 0—1-valued measure p on 2* by stipulating p(A4) = v(ANk). Now we
can repeat the proof of the preceding problem on *{0,1}. For each a < \ one
of the sets A = {f : f(a) =0} or AL = {f : f(a) = 1} is of measure
1, and the one with this property is denoted by A% Then g € 20,1} and
{g} is the intersection of the measure 1 sets A9 o < A, hence it must have
measure 1 (the complement is the union of the A < x many *{0,1} \ A%~
sets of measure 0). But then p is trivial, and so v must be trivial, and this
proves that we must have 2* < x if x is measurable. Therefore, & is a strong
limit cardinal.

12. Suppose first that F is not closed for diagonal intersection, i.e., there are
F, € F such that if F = {a : « € Fgforall 3 < a} is their diagonal
intersection, then F ¢ F. Since F is an ultrafilter, k \ ' € F. For each
a € k\ F there is a 8, < « such that o ¢ Fjs_. The mapping f defined by
a — B, is regressive on £ \ F € F, but f~1(8) C (k\ F) \ Fp is not in F for
any 3 < k. Thus, F is not a normal filter.

Conversely, suppose that F is an ultrafilter but it is not normal, i.e., there
is an I € F and a regressive f : F' — k such that F, = f~}(a) € F for all
a < k. Then &\ F, is in F, and let G be their diagonal intersection. Then
v € GNF would mean v € £\ Fy(,y (note that f(vy) < ), which is not the
case (because v € f~1(f(7))). Therefore, GNF = (), and since F € F, the set
G cannot be a member of F, and this shows that F is not closed for diagonal
intersection.

13. Tt is clear that if F is x-complete and nontrivial (i.e., all k \ {a} € F)
then it does not contain a subset of cardinality smaller than «. Now suppose
that F is a normal ultrafilter on x for which every element is of cardinality
Kk, hence if A C &, |A| < K, then k \ A € k. We want to show that if A < &
and A,, a < X are fewer than k sets from F, then their intersection is also
in F. Set A, = k for A < a < k, and form the diagonal intersection B
of all these A,. By Problem 12 this B belongs to F. But it is clear that
(Na<rda) \ A = B\ A = BN (k\ A), and here the right-hand side is the
intersection of two elements of F; therefore, it belongs to F. Hence Ny<)Aaq
also belongs to F.

14. (a) Let G be the set of measure 1 sets. Then G is a k-complete ultrafilter
on k from which it easily follows that = is an equivalence relation on "k,
and < is irreflexive and transitive on the set of equivalence classes. As for
trichotomy, if f,g € "k, then the union of the sets {a : f(a) < g(a)},
{a : f(a) =g(a)}, and {a : g(a) < f(a)} is K, so one (and only one) of
them belongs to G. If it is the first one then f < g, if it is the second then
f =7, and if it is the third then g < f. This proves that < is an ordering. To
show that it is a well-ordering it is sufficient to show that there is no infinite



Solutions Chapter 28 : The measure problem 457

decreasing sequence --- < fy < f; < fo. In fact, if such a sequence existed
then all the sets A, = {a < k : funy1(a) < fn(a)} would belong to G, and,
by k-completeness, so would do their intersection, i.e., Np<o, Ay, # 0. But this
would lead to nonsense, for then {f,(a)}n<. would be a decreasing sequence
of ordinals for any a € Ny, An-

(b) First of all, no {a} belongs to F, since fy'[{a}] = f;'(a) is of
measure 0. Next, it is clear that if F' € F and F C F’ then F” also belongs to
F. Finally, if fo_l[F,Y], v < A with A < k are of measure 1, then so is

fo_l[mv<>\F"/] = ﬂ7<>\f0_1[Fv}7

and this shows that F is closed for fewer than s intersections. Therefore, F
is a k-complete (nontrivial) filter on k. But it is an ultrafilter, since either
fo'[Y] or its complement x \ fy '[Y] = fo'[x\ Y] is of measure 1 for all
Y C k.

It is left to show the normality. Let F' € F and let f : F' — &k be a regressive
function. We may assume that 0,1 ¢ F', and f(a) > 1 for all a € F' (otherwise
consider max{ f,1}). Extend f to a x by setting it equal to 0 outside F'. For the
function f(fy) we have for all a ¢ f; ' (0) the inequality f(fo(a)) < fo(a), and
since f 1(0) is of measure 0, this means that f(fy) < fo. By the minimality
of fy this is possible only if f(fo) € Y, i.e., (f(fo)) " (o) = fo'[f ()] is
of measure 1 for some a < k. Therefore, by the definition of F, we have
f~1(a) € F. Here a = 0 is not possible because f~1(0) = x \ F is not in F,
hence f~!(a) C F is an inverse image of the original f belonging to F. This
proves that F is a normal ultrafilter.

15. Let F be a k-complete normal ultrafilter on x (see Problem 14). We prove
the stronger statement that if ¢ : [k]" — o is an arbitrary coloring, then there
is an F' € F homogeneous for f.

For r = 1 this is clear by the x-completeness of F, and from here we use
induction on r. So let us suppose that the claim has already been proven for
some 7, and let g : [k]"*! — o be a coloring of the (r + 1)-tuples. For each
a < k define the coloring g, on [k \ (a+ 1)]" by setting g (V) = g({a} UV)
for any V € [k \ (o + 1)]". By the induction hypothesis there is an F,, € F
homogeneous for g, in some color, say in color 7, < 0. Let F’ be the diagonal
intersection of the F,’s. By Problem 12 this also belongs to F. To each a € F’
there is an associated color 7, therefore, by the xk-completeness of F, there
isan F C I/, FF € F and a 7 < ¢ such that for o € F we have 7, = 7. We
claim that F' is homogeneous in color 7 for g. In fact, if V. C F has r + 1
elements and « is its smallest element, then V' \ {a} C F,, by the definition
of the diagonal intersection, hence g(V) = go(V \ {a}) =10 = 7.

16 Let F be a k-complete normal ultrafilter on & (see Problem 14). If ¢ :
[k]<¥ — o is a coloring, then the restriction g, of g to [k]" is a coloring on
the set of r-tuples. By the preceding problem for each r there is an F, € F
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homogeneous with respect to g,.. Then NF,. € F is clearly a set of cardinality
k such that all r-tuples of it for any fixed r < w have the same color.

17. (a) Such a linear functional I was constructed in Problem 17.19. Note
that the functional I from Problem 17.19 has the property that if f,g € Bn
are such that f(n) — g(n) — 0 as n — oo, then I(f) = I(g).

(b) Let Iy be the functional from part (a), and for an f € By let

fO)+---+ f(n)
n+1 '

F(n) =

Now I(f) = Iy(F) is clearly linear, normed, and translation invariant, for if

g(n) = f(n+1) and

9(0) +---+g(n)
n+1

then we have G(n) — F(n) — 0 as n — oo, and hence Iy(F) = Iy(G).

G(n) =

)

(c) Let Iy be the functional from part (b). Note that such a functional is
necessarily independent of finitely many values of f € By. In fact, if f and ¢
differ only in finitely many values, then there are translations of them (in the
sense of part (b)) which are identical. Now for an f € Bz let f*(n) = f(n)
and f~(n) = f(-—n — 1) for all n € N. Then f* € By, hence we can set
I(f) = (Io(f*) + Io(f7))/2. This is clearly nontrivial, linear and normed.
Its translation invariance follows from the fact that if F'(n) = f(n + 1), then
FT(n) differs from g4 (n) := f*(n+1) only in finitely many values and F~(n)
differs from g_(n) := f~(n — 1) only in finitely many values, hence

I(F) = (Io(F*) + Io(F7))/2 = (Io(g+) + To(9-))/2
= (Io(fH) + Io(f7))/2=I(f).

(d) We prove that there is a translation invariant normed linear functional
I,, on Bz~ by induction on n. For n = 1 this was done in part (c), and suppose
now that I, is already known to exist. Let fa(y) = f(y + a) denote the
translate of f by the vector a. If f € Bgn+1, then for each fixed z € Z the
function f*(y1,...,yn) = f(2,y1,...,Yyn) belongs to Bz, hence x — IL,(f*)
is well defined and belongs to By, and we can set I,,11(f) = I1 (L, (f*)). This
I,,.1 is clearly nontrivial, linear, and normed. If a = (aq,...,a,) € Z""!,
then we have (fa)® = (f¥*%), where b = (ay,...,a,). Therefore, by the
translation invariance of I, we have I, ((fa)®) = I,(f**?), and then by the

translation invariance of I; it follows that I (In ((fa)$)> = I (I,(f")), which

proves the translation invariance of I,,11.

(e) Consider the I,, from part (d). For f € B4 the function F(yy,...,yn) =
f(y1s1+ ...+ ynsn), yi € N, is in Bzn, hence we can set I(f) = I,,(F). This
clearly satisfies all the requirements.
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(f) Let B = {f € B4 : ||fll <1} = 4[~1,1] be the unit ball of Ba.
Consider C = {I | I : B — [-1,1]} = B[~1,1] equipped with the product
topology on B[—1,1]. Being the product of compact spaces, this is compact.
For a finite subset S of A let Cg be the set of all normed linear functionals I
from C that are invariant for translation with any s € S, where by linearity
we mean that if f1, fo, c1 fi+cafe € B, then I(cy fi+cafe) = crI(f1)+col(f2).
We claim that this is a closed subset of C, and to this end it is sufficient to
show that its complement relative to C is open. If I € B[—1,1] is not in Cg,
then either

o I(1)#1, or
e there is an f € B with [I(f)] > ||f], or

e there are fl,fg,fl + f2 € B, ¢1,c5 € R with I(lel + Cgfg) 75 Cll(fl) +
coI(f2), or

e thereisan s € S and an f € B such that if f is the translate of f with s
then I(f,) # 1(f).

In each case the corresponding property depends only on finitely many co-
ordinates in B[—1, 1], hence it holds in a neighborhood of I, and this proves
that the complement of Cg is open (relative to C).

Thus, each Cg is compact and nonempty by part (e). Since

Cs,N---NCg,, =Cgs,u..uS,.»

we can conclude that the intersection of all Cg with S C A, |S| < oo is
nonempty, and any I* in this intersection is a translation-invariant normed
linear functional on B. Thus, all we need to do is to extend I* from B to all
of B4 while preserving its properties.

Let f € B4 and select a natural number N with N > ||f||. Then
f/N € B and we can set I(f) = NI*(f/N). This is a good definition: if
M > ||f|l is another integer, then by the additivity of I* on B we have
NI*(f/N) = N(MI*(f/NM)) = MI*(f/M), and similar argument gives
that I is an extension of I*, and that it is a translation-invariant normed
linear functional on B4.

(g) Let I be the linear functional from part (f), and for a subset H of A
set w(H) = I(xm) where xg is the characteristic function of H (i.e., it is 1
on H and 0 on A\ H). This clearly satisfies the requirements.

(h) Consider the Iy from part (f) for the Abelian group R (with addition
as operation). The isometries of R are translations (z — x 4 y) and reflection
(x — —z) coupled with translations. Now set I(f) = (Io(f) + Lo(f7))/2,
where f~(x) = f(—=z). This is clearly invariant for reflection. But it is also
invariant for translation, for if the translate of f by y is f, = f(- +y), then

I(fy) = (Io(fy) + Lo((fy)7))/2, and since (fy)~ = (f~)—y, the translation
invariance of Iy gives that this is the same as I(f).
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(i) This follows from (h) the same way as we deduced (g) from (f).

(j) We identify R? with the complex plane C. The isometries of R? are of
the form T, R; and T, R;.S, where S is the reflection onto the real line (complex
conjugation: z — %), R; for |¢| = 1 is rotation about the origin by angle arg(t)
(multiplication by ¢: z — tz) and T, is translation by x (adding z: z — z+ ).
Let Iy be a translation-invariant normed linear functional from part (f) for
the Abelian group R? (where R? is equipped with the addition operation).
Exactly as in part (i) (by considering (Io(f)+ Io(f7))/2 where f~(z) = f(2))
this gives rise to a translation-invariant normed linear functional, which is also
invariant with respect to reflection S, so we may assume that already I, has
this property. Let T be the unit circle with multiplication as operation. It is
an Abelian group, and let I; be a rotation-invariant normed linear functional
on Br (see part (f)). Now for an f € Bre and t € T we set f(z) = f(tz),
and define I(f) = I1(Lo(f?)). This is clearly linear, normed, and rotation
invariant (for rotations about the origin, which is enough). It is also translation
invariant: if ¢,(z) = g(z + ) is the translate of a function g € Bgrz by
x, then (fz)" = (f")s/t, hence by the translation invariance of Iy we get
In((f2)t) = Io(f?), and so I(f,) = I(f). The same argument shows that I is
invariant with respect to reflection (5), hence I is invariant with respect to
all isometries of R2.

(k) This again follows from (j) by considering characteristic functions of
sets (see the proof of (g)).

(1) Let Iy be the translation-invariant functional from (f) for Bg, and let f
be a bounded function on R with bounded support. Note that I is a positive
linear functional. For an integer m let f™ be the periodic extension of the
restriction f‘ [n,n+1) with period 1, and set

I(f) = Io(f™).

Note that all but finitely many terms in this sum are zero. We claim that this
I satisfies all the requirements. That I is a positive linear functional is clear.

First we prove translation invariance. Let a = k + b with k£ an integer and
0<b<1,andlet f,(z) = f(z + a) be the a-translate of f. Making use that
(recall that y g denotes the characteristic function of F)

(fa)n = ((fX[n+a,n+k+l)))n+k)b + ((fX[n+k+l,n+a+1))n+k+1)

we obtain from the additivity and translation invariance of Iy:

I(fa) = Z {IO ((fX[n+a,n+k+1)))n+k) + Iy ((fX[n+k+1,n+a+1))”+’”1)}

b )

= Z {IO ((.fX[n+a,n+k+1)))n+k) + IO ((fX[n+k,n+a))n+k)}

= Z Iy ((fX[n+k,n+k+1))n+k) = I(f)7
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i.e., translation invariance holds.

Next observe that I(xo,1y) = 1, and as a consequence I(xo,1/m)) = 1/m,
because m translates of x(o,1/m) add up to xjo,1). Then for any k£ > 1 we have
I(X[0,k/m)) = k/m, and hence the positivity of I gives

k k
— < I(X[o) € —

my ma

whenever ki1/my < x < ka/my. But here ka/ms can be arbitrarily close to
k1/ma, and I(xo,5)) = x follow for all > 0. This implies again by translation
invariance I(x(q,5))) = b — a for all @ < b, and a similar equality is true for all
intervals (open, semi-closed, or closed) by the monotonicity of I. Therefore,
if g is a step function with bounded support and finitely many steps, then
I(g) = [ g, where [ denotes Riemann integration. Finally, if f is a Riemann
integrable function with bounded support, then for every € > 0 there are step
functions g1 < f < go such that

/ g2 — / g1 <,
and since we also have

[or=to) <10 < 1662) = [ o

1= [ 1

(m) We prove the statement by induction on n. For n = 1 this was done
in part (1), and suppose now that I,,_; is already known to exist. Exactly as
in part (d) let fa(y) = f(y + a) denote the translate of f by the vector a,
and if f € Brn is of bounded support, then set I,,(f) = I (I,—1(f*)), where
Ay, yyn—1) = f(x,y1,...,Yn—1). This I, is clearly linear and positive,
and the proof used in part (d) shows that it is translation invariant (just repeat
that proof with R" in place of Z™). We have by induction I,,(x[,1)») = 1,
and then as in part (1) one can see that I, agrees with the Riemann integral
for the functions X[o,1/m)», from which just as in part (1) one can deduce
that I,, agrees with the Riemann integral for all finite linear combinations
of characteristic functions of sets of the form []7_,[a;,b;) as well as their
open and closed variants. Since for every Riemann integrable function f and
for every € > 0 one can find two such linear combinations ¢g; and g, with
g1 <f<grand [go— [g1 <e I(f)= [ f follows just as in part (1).

(n) Let I be the functional from part (m) for R™. If E is a bounded subset
of R™ then set pu(E) = I(xg). This is clearly finitely additive and translation
invariant, and extends Jordan measure. For unbounded F define

the equality

follows if we let € — 0.
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w(E) = lim I(xgnB,),
T—>00
where B, denotes the closed ball around the origin of radius r. By monotoni-
city the limit on the right-hand side exists, and for bounded sets E we get back
the p(E) = I(xg) definition. Using monotonicity and translation invariance
of I it is easy to verify the translation invariance of u.

(o) Use the reflection-rotation technique of parts (h), (j) to generate isom-
etry invariant functionals I from the translation invariant Iy defined in part
(m). E.g., in R? considering (Io(f)+Io(f~))/2 where f~(2) = f(%) gives rise
to a translation invariant positive linear functional, which is also invariant
with respect to reflection z — Z and extends Riemann integral (note that if
[ is Riemann integrable, then so is f~, and [ f = [ f7), so we may assume
that already Iy has this property. Let T be the unit circle with multiplication
as operation, and let I; be a rotation-invariant normed linear functional on
Bt (see part (f)). Now for an f € Brz with bounded support and ¢t € T we
set f1(z) = f(tz), and define I(f) = I (Io(f?)). This is clearly linear, positive,
rotation invariant, and the same proof that was given in part (j) shows that it
is also translation invariant. Hence [ is invariant with respect to all isometries
of R2. Finally, if f € Br2 is Riemann integrable, then so is every f* with the
same integral as f, hence

I(f) = Li(Io(f") = Ih (/ft) =1 (/f) Z/ﬁ

i.e., I extends the Riemann integral.

(p) Set as in part (n)

p(E) = lim I(xenz,),
r—00
where T is the functional from part (o) for R, n = 1,2. The same argument
that we gave in part (n) shows that this is an isometry-invariant measure that
extends Jordan measure.
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Stationary sets in [A]<®

1. A< = U{Xa : @ < k} where X, = {P € [\|*" : o =min(x \ P)}.

2. Assume that v < k and {X,, : @ < v} are bounded sets, X = | J{Xn :a <
~v}. For o < « choose P, € [A]<" with the following property: no @ 2 P, is
in X,. If now P = |J{P, : @ < v}, then P € [\]<" (as & is regular) and no
QDOPisin X.

3. It is obvious that the increasing union of sets each containing « is again a
set containing «. For unboundedness, for every P € [A]<*, PU{a} will be an
element of the set in question. The other claim is similar.

4. Assume that S is stationary and @ € [\]<" is given. In order to show that
there exists a P € S with P O @ we remark that the set {P € [\]<": P D @}
is closed, unbounded by Problem 3. Hence it must intersect S.

5. If A C k is unbounded, then it is unbounded in [k]<" as well: if P € [x]<",
then P C « where « € A is any element with sup(P) < a.

If A C k is unbounded in [x]<* then it is unbounded in , as well: if § < &
then, by unboundedness, some P € A has 8 C P. As A C k, P = « for some
a < k,s0 < a€ A, as claimed.

If A C k is closed, then it is closed in [k]<* as well: if {c,; : 7 < p} is some
increasing sequence from A then it is an increasing sequence of ordinals less
than k. There is, therefore, a supremum « of them, which is in A, and then
U{ar : 7 < pu} = « as is required for closure of A in [k]<".

If A C kis closed in [k]<" then it is closed in k as well: indeed, assume that
{a; : 7 < p} is an increasing sequence of elements of A. Then {a, : 7 < u} is
C-increasing in [k]<", so by hypothesis P = | J{a, : 7 < u} € A. But P is an
ordinal, that is, an initial segment of x, and it can only be the supremum of
our sequence.
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From what was just said, it follows that if A C k and it is a stationary
subset of [k]<", then it is also stationary in x. For the other implication it
suffices to prove that if C' C [k]<" is closed, unbounded, then so is C' N &,
that is, the set of those elements of C' that are initial segments of k. Closure
is immediate. For unboundedness, pick § < k. Then select the increasing
sequence Py, Pp,... of elements of C' with § C Py and then sup(P,) C P,y1.
Then P = PyU P, U --- will be in C, and by construction it is an initial
segment in &, i.e., P = « for some ordinal a < k, and clearly a > (.

6. One direction is obvious as every increasing sequence is manifestly a directed
system.

For the other direction assume that v < k is an infinite cardinal and
Y = {P, : a < v} is a directed subsystem of a system X closed under
increasing unions of length < k.

We show (JY € X by induction on . For v = w select ng < ny < --- such
that ng = 0 and P,,,, 2 P; U P,,. Clearly, P,, C P,, C ---is an increasing
sequence with union Py U Py U - - -.

For v > w we use the fact that if Y is a directed system and Z C Y, then
there is a directed subsystem Z C Z’ C Y with |Z’'| < |Z| + w. By this, we
can decompose Y as an increasing, continuous union Y = [ J{Y, : @ < v} of
directed systems Y, of smaller cardinality. By our inductive hypothesis we get
UY, € X for every a < #, so finally this holds for Y, as {Y, : a < 7} is an
increasing family of sets.

7. (a) It is obvious that C(f) is closed under increasing unions, as the increas-
ing union of sets, each closed under f, is again a set closed under f. To show
unboundedness, assume that P € [A]<". Set Py = P and for n =0,1,2,... let

Poyr =P, U J{f(s):s € [P]=}.

Induction gives, as k > w is regular, that |P,| < k. Now PpUP; U Py U - is
an f-closed set of cardinality < k, containing P.

(b) Assume that C is closed, unbounded. Define f(s) for every s € [A]<“ by
recursion on |s| as follows. Let f()) € C be arbitrary. For |s| > 0 let f(s) € C
be such that s C f(s) and also f(t) C f(s) holds for every t C s, t # s
(these values have been determined before f(s)). Assume that P € C(f),
P # (. Then P = J{f(s) : s € [P]<¥} and as this is the union of a directed
subsystem of C| it is in C' by Problem 6.

8. Assume that {C,, : o < 7} are closed, unbounded sets, v < k. It is obvious
that C = {Cu : a < 7} is closed. By Problem 7 for every o < + there
is some fo : [A]<¥ — [A]<% such that C(f,) \ {0} C C,. If we now set
f(s) = U{fa(s) : @ < v} for every s € [A\|<%, then f : [A]<* — [A]<" and
clearly C(f) C({C(fa) : @ <~} so by Problem 7(a) this latter set, therefore
C, is an unbounded set.
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9. Let f: [A]<“ — [A]<" be an arbitrary function with f({a}) = a for a < &
(that is, f assigns the set a € [k]<" to the point o < k). By Problem 7 almost
every Pisin C(f). If P € C(f) then PN« has the property that if « € PNk
then € PNk so PNk is an initial segment.

10. Given an algebra on A with the operations f; : [A]"* — X for ¢ = 0,1,...,
set f(s) = fo(s)U f1(s) U--- and apply Problem 7(a).

11. We consider various properties of P € [A]<" and notice that they hold
for P € C(f) for certain functions f : [A]< — [A]<". Then, if we take the
pointwise union of these functions, then all the properties hold for the elements
of the appropriate C(f). First, if f({a}) = « for @ < k then PNk < & holds
for every P € C(f). Second, assume that f(k-a+08) 3 k-, (for 8 < k) and
k-a+p € f({r-a,B}). Then, if PN[k-a,k - (a+1)) # 0 holds for some
a, then PN [k-a, k- (a+ 1)) is the left translation of the interval x N P by
K - «, so we are done.

12. Set C = v{Cy : @ < A}. In order to show that C is closed and unbounded,
assume that v < k and {P : { < v} is an increasing sequence of elements of C,
P=U{F:: £ <~} Ifa € P, then a € P for some { < 7, so o € P, holds for
every £ < ¢ < v, therefore Pr € Cp, and then P = [ J{P; : £ < ( <~} € Cq
as Cy, is closed.

In order to show that C' is unbounded, assume that P € [A\]<" is arbitrary.
Set Py = P and then choose Pj, Ps,... as follows. Let P,y; 2 P, be an
element of ({C, : @ € P,} (the latter set is closed, unbounded by Problem
8). Set P/ = PjUP;U---. Then P’ € C asifa € P' thena € P, C P41 C -
for some n and then P,, Pyi1,... € Cy, 80 P’ € C,.

13. Assume that the statement fails, i.e., for every a < A there is some closed,
unbounded set C, such that f(P) # « holds for P € C,. By the previous
problem, the diagonal intersection C of the closed, unbounded sets {C,, : a <
A} is closed, unbounded again. But then, if P € SN C, then f(P) # a holds
for every a € P, a contradiction.

14. Let G : [\|<* — X be a bijection. By Problem 7, almost every P is “closed”
under G, G™1, that is, the following are true: if s € [P]<%, then G(s) € P and
if o € P, then G~!(a) C P. Given f as in the problem, for a.e. P € S we have
g(P) =G (f(P)) € P, so by Problem 13 there are a stationary S’ C S and a
v < X such that for P € S’ we have g(P) = 7. But then, f(P) = G71(v) is
true for P € S'.

15. Assume that X C [A]<" is nonstationary. Then X N C =  holds for
some closed, unbounded set C. By Problem 7(b) C(g) \ {0} C C for some
g:[A<Y = [A<%, 80 C(g)NX =0 or {0}, i.e., no § # P € X is closed under
g. Let f(P) be a finite subset s C P such that g(s) Z P. Now clearly f~1(s)
is bounded: it contains no P 2 g(s).
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16. If {P, : @ < v} is an increasing sequence with v < x and kN P, € C
holds for every P, then, as C is closed, it holds for | J{P, : @ < ~}. For
unboundedness, assume that P € [A\]<*. Pick 6 € C, § > sup(P N ). Then
P U is above P and has the required property.

17. To show that A is closed, assume that {P, : & < v} is an increasing
sequence of elements of A, v < k, P = J{P, : @« <~v}. Set &, =sup(P,) € C.
Now if £ = sup{&, : @ < v}, then £ = sup(P) and this is in C as C is closed.

To show that A is unbounded, let P € [A]<* be arbitrary. Let & be the
least element of C' above sup(P). Clearly, P U {¢} € A.

18. Set B = {P € [A\]<* : k(P) € S}. We have to show that B is stationary,
that is, BN C # B holds for every closed, unbounded set C. Assume that C
is closed, unbounded. Without loss of generality, kK N P < k holds for every
P € C (Problem 9). For a < k we define the increasing, continuous sequence
of elements of C' as follows. Let Py € C be arbitrary. If 0 < a < & is a limit
ordinal, then, of course, P, = |J{Ps : 8 < a}. And for successor ordinals,
let P,+1 be some element of C' with P,y O P, and k(P,+1) > k(P,). This
done, we observe that {k(P,) : @ < r} is closed, unbounded, so there exists
an element of it in S and then we are done.

19. For w; < @ < ws let ¢, be a bijection between w; and «. Set, for wy <
a < ws, ¥ <wi, Poy = 0aly] = {pa(§) : £ <~} We claim (and this suffices)
that S = {Pay : 7 < w1 < a < wy} is stationary. To this end, by Problem
7(b), it suffices to show that SN C(f) # 0 holds for every f: [\]<% — [A]<M1.
Indeed, given f, there is some w; < a < ws such that « is closed under f,
that is, f(s) C « holds for every s € [a]<“. Repeating this argument for the
underlying set «, we get that there is some v < wy such that ¢, [y] = P, is
closed under f. Indeed, set 79 = 1 and inductively select v,,+1 < wy such that
Yaln+1] 2 f[@alrn]]. Then v = sup{7y, : n < w} is as required.

20. As Ngo = max (Ng,?“”), see Problem 10.27(b), it suffices to show that
every closed, unbounded set C' has cardinality at least 2%°. By Problem 7(b)
this can further be reduced to the case when C is of the form C(f) for some
f o [ASY = [A]<*. Assume therefore that we are given such an f. Set T =
{a < wq : cf(a) = w}, a stationary set in wy. For a € T let A, = {gn(a) :
n < w} be an w-sequence of ordinals less than « converging to a. Let B, be
the f-closure of A,. Notice that B, 2O A, is a countable set.

We argue that the following statement suffices:
(4) If T/ C T is stationary, then there exist xg,z; and disjoint stationary
To, Ty € T’ such that for a € Ty, 9 € Ay and z1 ¢ B, hold and for « € T7,
21 € Aq, and z ¢ B, hold.

Indeed, assuming (4) we can recursively construct z(s) < wy and a station-
ary T'(s) C T for every finite 0-1 sequence s such that x(s) € A, (o € T(s))
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and z(s0) ¢ B, (o € T(s1)), z(sl) ¢ B, (o € T(s0)). This implies that if we
set
gfﬂ{B ra € T(g),)n <w}

for g : w — {0,1}, that is for the continuum many infinite 0-1 sequences,
then {z(g|,) : n <w} C Uy and if s Z g then x(s) ¢ Uy, so the f-closed sets
{Uy : g € “{0,1}} are distinct.

In order to show (+) we first reduce it to
(++4) If To, T1 C T are stationary, then there are some x < wy and stationary
T4 C Ty and Ty C T3 such that z € A, (o € T)), x ¢ By (o € T7Y).

Clearly, two applications of (++) give (+).

To show (+4) we first argue that there are Ny ordinals, {zg : 0 < wa}
such that for every z there are stationarily many « € Ty that zg € A,. [By
transfinite recursion. If {z, : v < } is already constructed, {& = sup{z, :
v < B} then for a € Ty, a > & there is some f(a) € A,, f(a) > &, and for
stationary many «, f(«) is the same by Fodor’s theorem (Problem 21.9). Now
this value can be taken as xg.] Now for every a € Ty, o > sup{zg : 8 < w1},
as B, is countable, there exists some 3 < wy that x5 ¢ B,. Again, by Fodor’s
theorem, for stationary many o € T} this zg is the same and this can be chosen
as the z in (4++). [J. E. Baumgartner: On the size of closed unbounded sets,
Annals of Pure and Applied Logic 54(1991), 195-227)

21. (a) Assume that C C [A]<" is a closed, unbounded set. Choose Py =
P € C arbitrarily. For n = 0,1,... choose P,y; € C such that P,y1 2 P,,
KO Py > |Py]. If P =PyUP, U---, then P € C'N Z will hold.

(b) First we remark that it suffices to show that if S C Z is stationary and
Kk < p < Ais regular, then S is the disjoint union of p stationary sets. Indeed,
if this holds, and A is singular (otherwise we are done) then we can write A as
= sup{ Ay : @ < cf(A)} the supremum of regular cardinals. Decompose first
S as the union of cf(\) disjoint stationary sets, then split the ath set into the
union of A, disjoint stationary sets.
In order to prove the claim, let fp : P — k(P) be injective for P € S. For
a < pset go(P) = fp(a) for @ € P. Notice that any given a < p is contained
in almost every P € S (Problem 3). By Problem 13 there are a 7, and a
stationary S, C S such that ¢g,(P) = 74 < k holds for P € S,. As u > k is
regular, there is a set B C p of cardinality pu that v, = 7 holds for a € B.
Now {S, : @ € B} are disjoint stationary subsets of S, indeed, if P € S, NS3
then v = go(P) = gg(P), so fp(a) = fp(f) = v would hold, contradicting
the injectivity of fp.

22 (a) If some S’ decomposed as S' = |J{S. : @ < K} then we would get
= ((S\S)USy) UU{Sa : 1 < a < K}, a decomposition into « stationary
sets

(b) Indeed, if SN Z is stationary, then, by Problem 21(b), it decomposes into
Kk stationary sets, and this contradicts part (a).
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(¢) Assume that the statement fails. Then by Problem 13 we can select by
transfinite recursion on { < s the distinct elements x¢ and stationary sets
S¢ € S such that for P € S¢, f(P) = x¢ holds. But then, the x stationary
sets {S¢ : £ < k} are disjoint.

(d) If not, then k = p™ for some cardinal p. For P € S we let fp : up — P
be surjective. By part (c) for every a < p there is a closed, unbounded set
C,, such that for P € C, NS, fp(a) € Q4 holds, where Q,, € [A]<". If we
set O = (W{Co:a<p}l, @ =U{Qaq: a < u}, then @ € [A\]<* and for the
elements P of the stationary, and so unbounded SN C we will have P C Q, a
contradiction.

(e) For almost every P € S’ up = |f(P)| < k(P), so up € P. By part (c),
there is a p < k such that for almost every P € S', up < pu < (P) holds.
For these P we can set f(P) C {zf : a < u}. By part (c) again, for a closed,
unbounded set C,, we have that £ € Q,, for P € C, NS with |Q.| < k. Set
C =({Cq: a< u}, aclosed, unbounded set and @ = | J{Qn : & < p}. Then
for P € "N C, that is, for almost every P € S’, we have f(P) C Q.

(f) First we show that «(P) is regular, in particular a cardinal, for a.e. P € S.
Indeed, if not, then for a stationary S’ C S there are a u(P) < x(P) and
some fp : pu(P) — x(P) with cofinal range. By part (c), for almost every
P € 5, we have pu(P) < p with some u < &, and by part (e) for every
a < p for almost every P € S’ we have fp(a) € Q, for some Q, € [A]<F.
If Q =U{Qu : @ < p} then @ € [\]<* and for almost every P € S’ we have
k(P) C @, which is impossible by Problem 4.

If k(P) = u(P)™ held for stationary many P € S, then, as u(P) < x(P),
we had, by part (c), that u(P) = u for stationary many P € S with some p,
but that is impossible for then this stationary set would not meet the closed
and unbounded set {P : uT < k(P)} (see Problems 3, 9).

(g) Assume otherwise, that is, there is a stationary S’ C S such that for P € S’
there is a closed, unbounded set Cp C [P]<*(") such that SN Cp = . By
part (e) for every @ € [A]<" there exists some Q' 2 @, Q" € [A]<* such that
the following holds: for a. e. P € S’ there is some R € Cp with Q@ C R C Q.
If we now set Q* = QU Q' UQ"U---, then for a. e. P € §’, Q* € Cp holds.
We have, therefore, that the set D = {Q € [\]<" : for a.e. P€ S',Q € Cp} is
unbounded. It is obviously closed (see Problem 8), and as D N S = @) we get
a contradiction.

(h) By the previous parts we find that there is a closed, unbounded C' C [A]<"*
such that for P € SN C we have that x(P) is inaccessible and SN [P]<*(F) is
stationary in [P]<#*(¥). By Problem 7(b) there is some f : [\]<* — [A\]<* such
that C(f)\{0} C C.For s € [\|<“ let g(s) 2 f(s) be such that |g(s)|+1 C g(s)
(add every v < |f(s)| + 1 to f(s)). As C(g) C C(f), the above things hold
for C(g) as well. By Problem 7(a), C'(g) NS is unbounded, so we can choose
PeC(g)nS, P+# 0, with x(P) minimal. Notice that for s € [P]<¥ we have
lg(s)| +1 C g(s) C P, hence |g(s)| < k(P) so the restriction of g to [P]<¥
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is a function [P]<% — [P]<*(P). If now D C [P]<*(") is the set of elements
closed under this function, then D is closed, unbounded in [P]<*(F). As S is
stationary there, there is Q € DNS, but then x(Q) < k(P) and Q € C(g)N S,
a contradiction. [A. Hajnal., M. Gitik, Nonsplitting subset of Py (x™), Journal
of Symbolic Logic, 50(1985), 881-894]

23. By Problem 10.20 we have |[A]*| > X hence GCH gives |[A]¥| = AT.
Enumerate [A|N as {4, : @ < AT} in such a way that A, # Ag holds
for a # 3, and similarly enumerate the functions from [A]<“ to [A]*! as
{fa : @ < AT}. We define S the following way. For Y € [A]** we let Y be an
element of S if and only if the following holds: A, C Y implies that Y is closed
under f,. To show that S is stationary it suffices to show (by Problem 7(b))
that SN C(f) # 0 holds for every f : [A\]<¥ — [A]"1. Define the increasing,
continuous sequence {Ye : & < wi} of elements of [A]™ with Yy € [A™
arbitrary and such that for every £ < w; the set Yeyq includes f[[Ye]<“] as
well as fq [[Ye]<¢] for every a with A, C Y. Then clearly Y,,, € SN C(f).
For the other property assume that U C S is an unbounded subset that is not
stationary. By Problem 7(b) again, there is some function f : [\]<* — [A]*
that U N C(f) = 0. Let a be the ordinal that f = f,. As U is unbounded,
A, CY holds for some Y € U. As Y € S this implies that Y is closed under
fa, which shows U N C(f) # @, a contradiction. [J. E. Baumgartner]

24. (a) A is obviously closed under any f : [A]<¥ — [A]SNo,

(b) If z € A, then let f : [A]<% — [A]=Y° be a function such that x € f(s)
holds for every s € [A]<®0. Then, if B € S is closed under f, then r € B
holds, so z € |J S.

(c) By Problem 7 a set S C [A\]<™ is stationary if and only if it intersects
every set of form C(f), where f : [\]<% — [A]S®0 and that is A-stationarity
in the new sense.

(d) Let f : [B]<% — [B]=Y0 be a function. Fix z € B. Let f’: [A]<¥ — [A]=No
defined by f(s) U {z} for s € [B]<“ and {z} otherwise. If P € S, P # () is
closed under f’, then P N B is closed under f, and obviously € PN B so it
is nonempty.

(e) Assume that f : [B]<“ — [B]=®. For X C B let f*(X) be the closure
of X, ie., f*(X) = fo(X)U fi(X)U---, where fo(X) = X, and fr41(X) =
U{f(s) : s € [fu(X)]<¥} for n = 0,1,2,.... Notice that f*(X) is countable
for X countable and f*(X) = [J{f*(s) : s € [X]<¥}. Set g(s) = f*(s)N A
for s € [A]<“. Choose P € S such that P is closed under g. Set Q = f*(P).
Clearly, @ is closed under f. We claim that P =Q N A, so @ € T. Indeed,

QnA=J{rs)nA:se[P|<*}=|Jlg(s) : s € [P|<“} = P.

(f) If the statement fails, then for every z € A there is some f, : [A]<¥ —
[A]=%0 such that F'(a) # = holds for every a which is closed under f,. Set
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1) =UJ{£0: {z}ut c s}

for every s € [A]<“. Notice that f(s) is countable, as it is the union of finitely
many countable sets. As S is stationary, there is some a € S which is closed
under f. If now x = F(a) € a, then for every ¢ € [a]<¥ we have f,(t) C
f({:z:} U t) C a, as a is f-closed, that is, a is closed under f,, so F(a) # z,
contradiction. [S. Shelah, W. H. Woodin]
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The axiom of choice

1. By Cantor’s theorem x < 2% = Y (see, e.g., Problem 10.21), that is,  is
finite, and then so is 2".

2. First we construct the functions f,«. For w® = w set f, = g where
g(n,m) = 2"(2m+1)—1. Notice that g(0,0) = 0. Our intention is to construct
fwe by transfinite recursion on « in such a way that for 8 < « the function
fwe extends f 5. Given f,« define fa+1 as follows.

fw“'*’l(wan +§7wam + C) = wag(n7m) + fw"‘(§7C)'

If « is limit then, using the above extension property, we can take

for = J{fus : B <}

Next we define f,o., for 1 < n < w by using f,,« and composing it with the
following bijection h : w®-n — w® (and its inverse); h(w® -m+£&) =n-E+m
where m < n and £ < w®™.

Finally, to construct fie.pqy from fie.,, for v < w® it suffices to give
a bijection h between w® - n + v and w® - n (and then we can compose h,
fuoam, and A1), Let h be the following function. h(w® -n + ¢) = £ for € < 7,
h(§) = v+ ¢ for £ < w®, and finally, h(§) = & for w® < € < wn.

3. It suffices to show that there is a surjection R — w; as for every 0 < a < wo
there is a surjection from w; onto «. For this, if z € R codes some ordinal
B < wy we map it to 3, otherwise map it to 0. z codes f3 for example, if (w, <)
is a well-ordered set of order type 3, where i < j if and only if the 2?37-th
digit of x is 1. We map all reals to 0 that do not code an ordered set or they
do code, but the ordered set is not well ordered.

4. (a) We consider cases. Assume first that 8; = c¢. We claim that there are
exactly c perfect sets. For this, it suffices to show that there are at most ¢
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closed sets, which is equivalent to showing that there are at most ¢ open sets.
Every open set is the union of open intervals of rational endpoints, so, if Z is
the set of open intervals of rational endpoints, then the power set of Z, a set
of cardinality ¢ can be mapped onto the set of open sets. The latter set, being
the surjective image of a set of cardinality ¢ = Ny, itself is of cardinality at
most Ny, as claimed. Given this, one can define an uncountable set with no
perfect subsets via diagonalization.

If N; < c, then any subset of the reals of cardinality N; is obviously an
uncountable set with no perfect subsets.

Assume, finally, that X; £ c. By Problem 3, R has a surjection onto w;.

c+c =c, as can be seen from the decomposition of any interval into two
subintervals. Therefore, R has a surjection onto a set of cardinality ¢ + N;.
But c+ 8y >casc+R; > cand c+ Xy =c would give ¥; <c.

(b) Consider the Vitali decomposition of R, i.e., P = R/ ~ where x ~ gy
if and only if x —y € Q. If f: R — P is the mapping that sends € R into
its class in P, then f is an onto mapping. It is easy to give continuum many
reals with pairwise irrational difference, so |R| < |P|. Assume that |[R| < |P]
does not hold, i.e., |[R| = [P|. Then, as R can be ordered, the set P can also
be ordered, let < be an ordering of it. Now let

A={reR\Q: 2+ Q< (—z)+ Q}.

Then A cannot be measurable, as the mapping = — r — = bijects A onto its
relative complement in R\ Q for every rational number r, and therefore A
cannot have relative density greater than half in any rational interval, and the
same also holds for its complement. [W. Sierpiniski: Sur une proposition qui
entraine 'existence des ensembles non measurables, Fund. Math., 34(1947),
157-162]

(c) If there are no two disjoint stationary sets in wq, then by the second
solution of Problem 20.19, there is no subset of R with cardinality ;. The
argument there requires to prove that if Ag, A1,... C w; all include closed,
unbounded subsets, then Ag N A3 N - - is nonempty. For this, we need to fix
club sets witnessing this, and this requires AC,,. Now, if 8; € ¢ then we can
conclude as in part (a).

5. Assume that m = kn. In order to prove C, let {4; : i € I'} be a collection
of n-element sets. Let S be some set with &k elements. As {A; x S :i € I} is
a set of m-element sets, we can apply C,, to get a choice function g. Finally,
just project g to get the required function f: let f(i) = z, where g(i) = (z,y)
for some y € S.

6. Let F = {A; : i € I} be a system of 4-element sets. Let G be the family of
all 2-piece, 2-element set partitions of the elements of F, that is, {X,Y} € G
if and only if X, Y € [A;]? for some i € [ and X NY = .

Let H be the set of all two-element subsets of all A;-s, that is,
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By hypothesis, there is a choice function g for G, and another, h for H. We
are going to describe, in terms of g, h, a choice function f for F. Given i € I,
there are 3 partitions in G corresponding to A;. Given one of them {X,Y},
evaluate h(g({X,Y})). This is an element of A; so we select 3 times some
element of A;.

We now consider cases. If the same point is selected 3 times then let it be
f(2). If a point is selected twice and another once, then let f(i) be the point
chosen twice. Finally, if three different points are chosen, then let f(i) be the
remaining point. [A. Tarski]

7.Let F = {A; :i € I} be a system of 6-element sets.
Let G,H be the set of all two-element, respectively all three-element sub-

sets of all A;-s, that is,
g=J{lAaP:ier},

Let g, h be choice functions for G, H.

We first argue that it suffices to find somehow a function F' such that F'(i)
is a nonempty, proper subset of A;. Indeed, from F), g, h we can construct a
choice function for F as follows. If F'(4) is a singleton, let its only element be
f(@). If |[F(4)] = 2, apply g to select an element of it. If |F(i)| = 3, apply h
to select an element of it. If |F'(i)] = 4, apply g to select an element of its
complement. If |F(i)| = 5, let f(i) be the only element of its complement.

To find a function F' as described in the previous paragraph let G be a
choice function on those 3-element sets that occur as 3-piece partitions of
some A;. For every such partition {X,Y, Z} of some A; we can canonically
choose an element as follows. Set e({X7 Y, Z}) = g(G({X, Y, Z})) This way
we associate with every such partition an element from A;. As there are 15
such partitions we select 15 times an element of A;. Let F'(i) be the set of those
elements chosen at least 3 times. Then clearly 1 < |F ()| < 5. [A.Mostowski:
Axiom of choice for finite sets, Fundamenta Mathematicae, 33(1945), 137—
168]

8. Let {A; : i € I} be a system of nonempty, finite sets. By assumption, the
set |J{A; : i € I} can be ordered. Now let, for i € I, f(i) be equal to the least
(by the presumed ordering) element of A;. Clearly, f is a choice function.

9. By induction, we can assume that n = 1. Assume that |A| = &, |B| = A,
and F : AU {z} — B U {y} is a bijection. We seck for a bijection between A
and B. If F(z) =y we are done, | 4 is a bijection from A to B. Otherwise,
if F(z) =19, F(2') =y, let F’ be equal to F on A — {z'}, and F'(2’) = ¢/.
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10. As Ny < & holds k can be written as kK = A + Xg for some cardinal A. We
can thenwrite I{+N0 = (>\+N0)+NO :)\+(N0+N0) :/\+N0 = R.

11. Clearly, k + 1 < 2* holds for every k. [For every set S the power set
P(S) contains all one-element subsets of S plus the empty set.] Assume we
have equality for some x > 1. Then x must be infinite. By assumption, for
some set A of cardinality x and for some element p ¢ A we have a bijection
F : P(A) — AU {p} and we can assume F'(A) = p. Define the elements
ap,ai,... as follows. ag = F(0), an+1 = F ({ao,-..,a,}). Induction shows
that the elements ag,ay, ... are distinct. That is, Xy < &, so by Problem 10
we have k+1 < k+Ng = k < 2%, a contradiction. [E. Specker: Verallgemeinerte
Kontinuumshypothese und Auswahlaxiom, Archiv der Mathematik, 5 (1954),
332-337]

12. Using Problem 10 and the fact that k < 2", we get

Ko 2% < 9F 4 or = oltk — oK,

13. For transitivity, assume that ¢« < b < ¢. Then a+c =a+ (b+¢) =
(a+b)+c=b+c=¢c, s0a< cholds as well.

As for the second statement, for one direction, if Rgk < X then A = Ngr+
for some cardinal p. Then,

E+A=k+ Ror+p)=(k+Rok) +p=1+N)k+pu=Nogrx+pu=A\.

For the other direction, let A, B be disjoint sets with |A| = &, |B| = A,
and assume that f : AU B — B is an injection. Then, for 5 > 0 we have
AN fI[A] C ANB =0, so f{[A]N fiTI[A] = 0, that is, the sets f[A], f2[4],...
are disjoint subsets of B of cardinal k. This shows that Ngx < A.

14. In the former case Kk + k = 2k = 2(RgA) = (28p) A = oA = k. In the latter
case we have 1+ X = X by Problem 10, and so K+ = 2} +2* = 2142 = 2X = .

15. We have to show that if A, B are sets and A x {0,1} ~ B x {0, 1}, then
A ~ B. We can assume that A, B are disjoint. Let f: Ax {0,1} — B x{0,1}
be a bijection.

We construct an edge-colored, directed graph as follows. The vertices are
the sets of the form {(z,i),(y,j)}, where f((z,i)) = ({y,J)), that is, we
identify (x,i) and (y, j). Draw an edge from (z,0) to (x,1) and color it red
(for z € A), and draw an edge from (y,0) to (y,1) and color it blue (for
y € B). (So every point in either A or B is represented as an edge of this
graph.) We have a directed graph in which every vertex is on exactly one red
and one blue edge. Therefore, its connected components are finite cycles of
even lengths (possibly of length 2) and 2-way infinite paths. Our task is to
determine a bijection between the red and the blue edges.
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We do this individually for the components. There is no problem (actually,
no choice) in the case of a cycle of length 2: map the edges to each other. Also,
if the edges of a cycle or an infinite path are consecutively directed, i.e., it is
a directed cycle or path, we define the bijection, if the red edge (x,0){x,1) is

followed by the blue (y,0){y, 1), then map z to y.

Otherwise, there are some pairs of edges with the same vertex as the ends
of the arrow, i.e., of the type wo and tw. Pair all these edges to each other,
and cut them out from the cycle/path in question. This means that, using the
above notation, we remove v and identify u and w (and of course, the point
represented by %0 is mapped to the point represented by #w). Notice that, as
we remove pairs of consecutive edges, in the remaining part of the cycle or
path, the edges again come interchangingly as red, blue, red, etc. Repeat this
operation inductively.

In the case of finite cycles in finitely many steps, we either pair all the
edges or eventually we get a fully directed cycle, and this case is handled as
above.

In the case of infinite paths, if we repeat this argument infinitely many
times, either all the edges get eventually paired up, in which case we are done,
or there remains a finite, or infinite part. If the remaining part is infinite, the
edges are necessarily consecutively directed and we are done with the above
argument.

If the remaining part has an even number of edges, we can pair them up
starting with either end.

If, however, the remaining part has an odd number of edges, then it has
a medium edge, so we identified an edge in the path, and we can use that to
define a pairing of the edges (in the original) path, for example if it is a red
edge W0 then map it to the next edge (that is, to #w or vw), and continue
this bijection both ways. [F. Bernstein: Untersuchungen aus der Mengenlehre,
Inaugural Dissertation, Halle, 1901. This proof is from W. Sierpinski: Sur
Pégalité 2m = 2n pour les nombres cardinaux, Fund. Math. 3(1922), 1-6.]

16. Let A be a set of cardinality k. As A is infinite for every natural number n
there are subsets of A of cardinality n. Let f(n) = {X C A:|X| =n}. Then
f(n) is a nonempty subset of P(A) so f is an embedding of the set of natural
numbers into P(P(A)).

17. If v is a countable ordinal, then there are subsets of (Q, <) of order type
a. [As we are not assuming the axiom of choice this is a little delicate. Let
(A, <) be an ordered set of order type . Enumerate A as A = {a; : i < w}
and Q as Q = {¢; : i < w}. Define the order preserving f : A — Q as follows.
f(ao) = qo, and then by induction let f(a;+1) be ¢;, where j is minimal with
respect to the condition that this choice be consistent with order preservation.]
Let F be the function that maps every a < wj to the set of all subsets of Q
with order type a. By the above argument, F' is injective. We have that
F(a) C P(Q) that is, F maps into P(P(Q)).
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18. If A is some set and (z,y) € A x A, then by the definition of ordered pairs
(z,y) = {{z},{z,y}} € P(P(A)). This implies that |4 x A] < 22

19.If |A| = k and § is an ordinal with |3| < k, then there exist binary relations
R C B x B for some B C A that well-order B into type 5. We can recover (3
from R; therefore, the mapping

08— {R C A x A : R orders some subset of A into type ﬁ}

is an injective mapping of those ordinals into P(Ax A). We cannot inject all or-
dinals (a proper class) into a set, because then by the axiom of comprehension
(which states that if X is a set and ¢ is a formula with one free variable, then
the elements of X that satisfy ¢ form again a set) the image is a set, and then
the inverse is a mapping from that set to the class of ordinals which contra-
dicts the axiom of replacement. This shows that H (k) exists with |H (k)| £ k.
By the above argument we have an injection of the ordinals below H (k) into

P(A x A), and by the previous problem |H (k)| < 27* < 92" [F.Hartogs:
Uber das Problem der Wohlordnung, Matematische Annalen, 76(1915), 436
443]

20. Let A be an infinite set, we show it has a well-ordering. By Hartogs’
lemma (Problem 19) there is a well-ordered set (B, <) such that |B| £ |A].
We show that |A| < |B| and this suffices, for the ordering on B can be pulled
back to A. We can assume that A, B are disjoint. By assumption, there is
an injection F': (AUB) x (AUB) — AUB. If z € A, then the mapping
y — F(z,y) cannot map into A, as there is no injection from B into A. There
are, therefore, elements y € B with F(z,y) € B. Let y, be the least (by <,
the well-ordering of B) such element. Then z — F(x,y,) is an injection from
A into B.

21. Tt suffices, by Problem 20, to show that GCH implies k? = & for every
infinite cardinal k. Assume k is infinite. As Kk < kK 4+ 1 < 2” holds by Problem
11 we have k + 1 = k, so g < k (Problem 13). Next, k <k + k < 28 + 28 =
2°tl = 9% a5 k 4+ 1 = k. We have, therefore, either k + kK = K or kK + K = 2.
In the latter case, we had 2x = 2% = 211 = 2. 2% 50 we could deduce,
using Problem 15, that x = 2, a contradiction to Problem 11. We have,
therefore, k + k = k. Also, k < K% < 2F2F = 2FHE = 928 5o either k% = &k
or k? = 2%, and we can assume the latter. Let S be a set of cardinality k.
We show that it has a well-ordering (and so by Problem 2 k? = x holds). Fix
some bijection F' : P(S) — S x S. As Xy < & there are infinite well-orderable
sets X C S. If we give a method to select an element from S\ X for every
infinite well-ordered (X, <) with X C S, X # S, we can copy the proof of the
well-ordering theorem. Here is what we do for such an X. Let f: X x X — X
be the injection from Problem 2. For x € X, set € Y if and only if f~!(z)
is defined, and ¢ F~! (f~!(x)). F(Y) cannot be an element of X x X as
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if F(Y) = f~!(y) then y € Y holds if and only if y ¢ Y. We get, therefore,
that F(Y) = (u,v) where either u € S\ X, in which case we select u, or else
v € S\ X and then we select v. [A. Lindenbaum, A. Tarski: Communication
sur les recherches de la Théorie des Ensembles, Comptes Rendus des Séances
de la Société des Sciences et des Lettres de Varsovie, 19 (1926), 299-330. First
published proof given in W. Sierpinski: L’hypothese généralisée du continu et
Paxiome du choix, Fund. Math. 34 (1947), 1-5.]

22. By the axiom of foundation every set is a subset of some V,, of the cu-
mulative hierarchy. It suffices, therefore, to show that every V,, can be well
ordered under the stated condition. Given V,, let g be a function defined on
the nonempty subsets of V,, such that g(X) is always a finite, nonempty sub-
set of X. From g, we will construct a well-ordering <, of V. Actually, we
construct by transfinite recursion on v < «, a well-ordering <. of V. Let
<o be the only ordering of the one-element Vj. If v < « is limit and < is
already defined for all 6 < v we let, for x, y € V,, x <, vy if and only if either
rk(z) < rk(y) or else § = rk(z) = rk(y) and = <s y. That is, we endow each
Vs \U{VE : £ < 6} with the ordering <s and place them one after the other.
Assume now that v = § + 1 and we have the well-ordering <5 on Vs. Now
V., = P(Vs). The proof of the well-ordering theorem gives a well-ordering of
V., once we give a choice function f on all nonempty subsets of V. We define
f as follows. If X C V., X # (), our g gives a finite, nonempty subset g(X)
of X, say {Y1,...,Y,}. Notice that each Y; is a subset of Vj, which is already
well ordered by <s5. We can now select the lexicographically least Y; as f(X).
[H. Rubin, J. Rubin: Equivalents of the Axiom of Choice, North-Holland,
1963]

23. Let {A; : i € I} be a system of nonempty sets; it suffices (by Problem
22) to show that there is a function selecting a nonempty finite subset of
each. We can assume, without loss of generality, that the A;’s are disjoint.
Let k be an arbitrary field, and adjoin all elements of X = (J{A4; : i € I} as
indeterminates to k. We get the field k(X)) of rational functions of X. Call a
polynomial p € k[X] i-homogeneous of degree d if the sum of the exponents of
elements of A; is d in every monomial in p. Call a rational function %’ € k(X)
i-homogeneous of degree d if there is some n that p is --homogeneous of degree
n + d and ¢ is i-homogeneous of degree n. Let K be the subfield of k(X)
generated by k and all elements of the form y/x where x,y € A; (i € I).
Clearly, every element of K is i-homogeneous of degree 0 for every i. Let V'
be the vector space over K generated by X. By assumption, V has a basis B.
For i € I, x € A;, x can uniquely be written as

x = Z ap (),
beB(x)

where B(z) is a finite subset of B and ap(x) is a nonzero element of K. If
y € A; is another element, then
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Y= Z ap(y)b = Z %ab(m)b7

beB(y) beB(x)

so we get that B(z) = B(y) and ay(y) = Lay(x). Thus, the ratio ay(x)/z
depends only on i, not on z € A;. As ap(x) € K, the rational function oy (z)/x
has homogeneous i-degree —1. Therefore, some variables from A; must occur
in the denominator. Let B; be the set of those variables for all b € B(z). Then,
for every i € I, B; is a nonempty finite subset of A; and we are done. [A. Blass:
Existence of bases implies the axiom of choice, Axiomatic Set Theory (J.E.
Baumgartner, D.A. Martin, S. Shelah, eds), Contemporary Mathematics, 31,
1984, 31-33]

24. One direction is easy: if the axiom of choice is assumed, X is some graph on
a set V # (), then the set of those cardinals, for which there is a good coloring
of X, is a well-ordered set of cardinals, with |V as the largest element. It has,
therefore, a smallest element, and that is the chromatic number of X.

For the other implication assume that there is a cardinal x that cannot
be well ordered. There is, by Hartogs’ lemma (Problem 19) an ordinal ¢ such
that |p| € k. Notice that k£ £ |p| also holds (as otherwise x would be well
orderable). Let A be some set of cardinality x. Let the vertex set V' of our
graph X be A X . Join two vertices (z,y) and {(z’,y’) if and only if z # 2
and y # y’ both hold. Notice that for this graph both projections (z,y) — =
and (z,y) — y are good colorings, therefore if p, the chromatic number of
X exists, then p < k,|¢|. As ||, & are incomparable, equality cannot hold,
S0 1 < K,|o|l. As p < ||, i is a well-orderable cardinal. By the definition
of chromatic number there is a decomposition A x ¢ = (J{A4; : ¢ € I} into
independent vertex sets with |I]| = p.

Consider first the case when for every € A there is some i € I with A;
intersecting {x} X ¢ in more than one element. Let I(x) be the set of these
indices 4, so I(z) C I, nonempty. Now I(z) N I(2’) = 0 holds for x # 2,
indeed, otherwise we could find (z,y), (2’,y") € A; for some ¢ with x # 2/,
y # y', an impossibility. As I can be well ordered, we can choose the least
element (by that ordering) of each I(z), let this be f(x). Then f: A — I is
an injection, contradicting p < k.

Finally, we consider the case that there is some = € A such that A; N
({z} x ) has at most one element for every ¢ € I. Then the mapping « — i(«)
for a < ¢, where (x, @) € A;(4), will be an injection ¢ — I which contradicts
u < || [F.Galvin, P.Komjath: Graph colorings and the axiom of choice,
Periodica Math. Hung. 22 (1991), 71-75]

25. Assume, toward a contradiction, that A is a set that cannot be well or-
dered. Let k = H(A) be its Hartog’s ordinal (see Problem 19). We notice that
k is a cardinal and |A| and k are both smaller than their product, |A|. Indeed,
|A] < |A|k and k < |A|k are obvious, and equality in either case would give
either |A| < k or k < |A|, which are ruled out by the non-well orderability of
A and by the Hartog’s property of k, respectively.
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On the set A x x define the following set mapping. For (z,a) € A X k,
let f(z,a) = {x} x a. Notice that |f(z,a)] = |a| < & < |A x k| by the
above remark. Assume by Hajnal’s theorem that X C A X k is a free set of
cardinality |A x k|. For every © € A, X intersects {z} x  in at most one point,
so the projection to the first coordinate shows |X| < |A|, which contradicts
|A| < |Ax k|. [Norbert Brunner: Set-mappings on Dedekind sets, Notre Dame
Journal of Formal Logic, 30(1989), 268-270]

26 Let R = AgUA1U- - - be a decomposition into countable sets. By Problem 3
there is a surjection f: R — wy. If B; = f[A4;] (i < w) then wy = ByUBjU- -
is a decomposition of w; into the union of countably many countable sets.

For the second claim we first observe that there is a countable subset B
with sup(B) = w;. Indeed, if no B; satisfies this, then 8; = sup(B;) < w;
for each of them, but then B = {fo, 1, ...} is as required. As by Hausdorfl’s
theorem there is a cofinal w-sequence in B, we are done.

27. Assume that ws = A;UAoU- - - where every A; is countable. We may as well
assume that the sets are disjoint (otherwise replace A; by A;\(A1U---UA;_1)).
Every A; inherits a well-ordering from ws, let its order type be §;. Clearly,
each J; is countable. We can map A; onto

[0 + -+ Gim1, 80 + -+ +6;)

(where §p = 0) by mapping the ath element of A; to dg + -+ d;—1 + . This
will map wg = A UAyU---to 61+ + - =lim{d1 +---+9; : t <w}. The
latter ordinal is the increasing limit of countable ordinals; it is therefore at
most wy. So we reached an embedding of ws into wy, a contradiction. [T. Jech:
On hereditarily countable sets, Journ. Symb. Logic, 47(1982), 4347
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Well-founded sets and the axiom of foundation

1. (a) — (b) If we are given a partially ordered set (P, <), then define R(z,vy)
iff y < . Then the condition for DC holds, so we get that there are ag, a1, ...
with R(ag,a1), R(a1,a2),..., e, - < a; < agp.

(b) — (a) Assume that we are given the binary relation R on the nonempty
set A such that for every x € A there is some y € A with R(x,y). Let P be the
set of all finite sequences (aq, ..., a,) where ag,...,a, are elements of A and
R(ap,a1),..., R(an_1,ay,) all hold. Partially order P by making (bg, ..., b, ) <
(ag,...,an) if and only if (by, ..., by, ) is a proper end-extension of (ag, . . ., a,),
i.e., m > n and b; = a; holds for 0 <4 < n. P is clearly nonempty (it contains
the one-element sequences) and it has no minimal element, as {(ao,...,an)
has proper end-extensions, for example, {(ag,...,an,ay+1) where a,+1 any
element for which R(ay,any1) holds. There is, by (b), an infinite decreasing
chain in (P, <) and this gives a sequence ag, a1, ... of elements of A such that
R(a;,a;4+1) holds for i = 0,1,....

(b) — (c) Assume that a partially ordered set (@, <) is ill founded. Then
there is a nonempty P C () with no minimal element. By (b) there is an
infinite descending chain in (P, <), therefore in (Q, <).

(c) — (b) If a partially ordered set (P, <) has no minimal element, then it
is certainly not well founded so by (c) there is an infinite descending chain in
(P,<).

2. One direction is obvious: assume that there is a monotonic ordinal-valued
function f on P and @ C P is nonempty. Pick p € @ with f(p) minimal. Then
p is a minimal element in Q: should ¢ < p hold for some ¢ € @ we would get
f(q) < f(p), contradicting the minimality of f(p).

Assume now that (P, <) is well founded. By transfinite recursion on a we
select the subsets P, C P as follows. P, is the set of minimal elements of
(P, <). In general, P, is the set of minimal elements of

P\ |J Ps.

B<a
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By well foundedness, P, is nonempty, so long as the above set is nonempty,
and obviously these sets are disjoint. So eventually we decompose P as P =
U{Pa : @ < ¢} for some ordinal . Assume that p < ¢ are in P and g € P,.
Then ¢ is a minimal element in the corresponding set, so p cannot be in that
set, hence p € Pj for some 8 < a. We can, therefore, define f(p) = o iff
p € P,.

3. By the well-ordering theorem we can enumerate P as P = {p,, : a < ¢} for
some ordinal ¢. Put p, into @ iff there is no § < a with p, < pg.

We show that Q C P is as required.

(@, <) is well founded: if there is a decreasing chain - - < ¢; < ¢o in @,
that is, - -+ < pa; < Pag, then, by the well-ordering property of ordinals, we
have o, < a1 for some n, that is, p,, is greater than the later pq, ., a
contradiction.

Q@ is cofinal: assume that p € P. Choose p, > p with @ minimal. Then
Do € Q, indeed, otherwise, there is some p < p, < pg with 8 < «, but that
contradicts the minimal choice of «.

4. The counterexample will be built on the Cartesian product w; x wi. We
make (o, 5) < (/, ') if and only if & < o and § > /. In a supposed in-
finite decreasing/increasing sequence the first/second coordinates would give
an infinite decreasing sequence of ordinals, which is impossible. Assume, to-
ward a contradiction, that w; X w; = Ag U A1 U Ay U --- is a decomposition
into countable many antichains. For every o < wy there is some natural num-
ber i(a) such that for uncountably many 3 we have (a, 8) € A;(,). By the
pigeon hole principle there are ordinals @ < o’ and some number 4 that
i = i(a) = i(’) holds. Pick an (o, 8') € A;. As there are arbitrarily large 3
with («, 8) € A; we can select with 8 > " and then we get («, ), (¢, 3') € A;
that is, (o, 8) < (/, 8}, a contradiction.

5. Indeed, the function f constructed in the solution of Problem 2 has this
property; if f(p) = o and 8 < « then p is an element of P, C | J{P, : v > 5}
and by the well foundedness of (P, <) there is a minimal element ¢ of this
latter set below p so ¢ < p and g € Pg. Clearly, ¢ < p as f(q) # f(p).

Toward unicity, assume that r¢ and r; both have the properties described
in the problem and rg # 1. Then {& € P : ro(x) # r1(x)} is nonempty, so
there is a minimal element p in it. But then both r(p) and r1(p) are the least
strict upper bound for {ro(z) : = < p} = {r1(x) : = < p}. We get therefore
ro(p) = r1(p) and this gives a contradiction to the choice of p.

6. If T C FS(k) is a tree, R(T) = «, and r is a rank function witnessing this,
then by |FS(k)| = « implies |T| < k, and as r assumes every value < « we
have |a + 1] < k, i.e., a < k™.

We prove the other statement by transfinite induction on a.
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For « = 0 we can (and must) take the one-element tree, that is, the one
consisting of ), the empty sequence.

Assume that a < kt and T' C FS(k) is a tree with R(T) = «. Let T”
be the tree consisting of the empty string plus all strings of the form 0°s for
s € T. Clearly, T" is also well founded. If r, " are the rank functions assigned
to T, T', respectively, then by induction on r(s) we get that r'(0°s) = r(s)
holds for every s € T, so r'(0) = a, and finally 7/ (0) = a + 1.

Assume finally that 0 < o < k7' is a limit ordinal, and we have the
construction for every ordinal less than «. Enumerate «, that is, the ordinals
below a, as o = {3(i) : i < k} (with possible repetitions). For i < x let T;
be a tree with R(T;) = (). Let the tree T consist of @), the empty string,
and of the strings of the form i's for s € T;. T' is obviously well founded (all
but the first elements of a putative infinite decreasing sequence would be in
some T;). Let r be the rank function of T and r; that of T;. We again get that
r(i"s) = ri(s), so r(i) = () and hence

R(T)=r0) =sup{B(@)+1:i<kK}=a.

7. Let 7, v be the rank functions for T', 7’. We construct the appropriate
f T — T by recursion on the level, and during the recursion we keep the
property r(z) < r'(f(x)). First map the root of T to the root of 7’. Extend f
from level n to level n + 1 by keeping the condition r(x) < ' (f(x)) for every
x. This is possible as if we have r(z) < ' (f(x)) for some & € T, then the
left-hand side is the strict smallest upper bound of all values r(y) for x <y,
the right-hand side is the strict smallest upper bound of similar values r'(z)
for f(xz)<z, so for each y in the former set we can choose an appropriate f(y)
in the latter set with r(y) < r'(f(y)).

8. Using the previous problem it suffices to show that if 7" is ill founded, then
T = T’ holds for any tree T. Indeed, if ) = yo <y1 <--- is an infinite branch
in T, then we can set f : T — T’ where f(x) = y,, whenever x is on level n
inT.

9. Irreflexivity and trichotomy are clear. For transitivity assume that s <kp
t <gB u where

s=15(0)s(1)---s(n), t=t(0)t(1)---t(m), and wu=wu(0)u(l)- - uk).

We have to show that s <gp u holds. There are several cases to consider.
If s extends ¢, t extends u, then obviously s extends u and we are done. If
s extends ¢t and (i) < wu(i) at the first difference, then clearly s(i) < w(i)
also holds, and that is where the first difference occurs. Next, assume that
s(4) < t(4) holds at the first difference and ¢ extends u. Then either s extends
w (if u is so short that u(i) does not exist) or else s(i) < u(i) = ¢(i) and this is
the least difference, we are done in either case. Assume finally that s(i) < #(7)
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holds at the least difference of s, t and ¢(j) < u(j) holds at the least difference
of t, u. If ¢ = j then s(i) < #(¢) < w(¢) hold and 7 is the place of the first
difference of s and w. If i < j then s(i) < t(¢) = u(4) hold, and j is the place
of the first difference, if j < 4 then s(j) = t(j) < u(j) hold, and it is the place
of the first difference.

Concerning the other statement first notice that if 7' is not well founded
then there is a infinite chain sy < s7 < 89 < --- and this itself constitutes a
<kp-descending sequence. For the other direction assume that sg, s1, so, ... is
a <gp-descending sequence. Only sg can be the empty sequence. Therefore,
51(0), 82(0),... all exist. As we have a <kp-descending sequence, we must
have $1(0) > s2(0) > ---, so s;(0) stabilizes from some point on: s;(0) = ¢(0)
for ¢ > ng. Only the first of these elements, s,, can possibly be of length one,
for the rest we have that

Snp+1(1) = Spota(l) > -+

holds, and that must stabilize again from some point: s;(1) = (1) for ¢ >
ny. Repeating this argument we get an infinite string ¢t = ¢(0)¢(1) - - - whose
every finite initial segment is the initial segment of some s;. Therefore, these
segments are elements of 7', and they form an infinite decreasing sequence in
T as was needed.

10. (a) Assume that W has no winning strategy. That is, at the starting
position, W has no winning strategy. He cannot make a step after which he
will possess a winning strategy as this would mean that he had one at the
beginning. After W’s first step, B can always answer that W still won’t have a
winning strategy. Indeed, if for every answer of B, W could produce a winning
strategy, by combining them into one strategy, he could get a winning strategy
outright. This argument gives that B can forever prolong the situation that W
has no winning strategy. But this strategy must be a winning strategy for B,
as the game certainly ends in finitely many steps (the trees are well founded),
and otherwise if the play was a win for W then the last move is obviously
made by W and he, therefore, has a winning strategy at the very last moment
(before making the final, and winning, move).

(b) In virtue of (a) it suffices to derive a contradiction from the assumption
that B has a winning stategy. Let o be such a strategy. Let Ty, 11, . . . be trees,
isomorphic to the tree on which the original game is played. We place a pawn
on the root of every T;. At every step, one of the pawns is moved one step
up. We also have players pg, p1, D2, - - .. po is a moron, he makes a move on Tp,
whenever asked for. Each p; for i > 1 sees only T;_1 and T;, p; believes that
she is B, she thinks that T;_; is Ty and 7; is T and she playes according to
o. We also have some function f(a) that tells us where the game is played at
moment c.

First f(0) = 0 and pg makes an arbitrary move on Tp. Next f(1) = 1.
In general, if f(a) = i > 0, then player p; wakes up and investigates T;_1
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and T;. If she observes that one of the pawns has been moved up one step
since her last action, then she answers according to o. If she moves on T; then
we let f(a+ 1) = i+ 1, otherwise (if she moves on T;_; or passes) we let
fla+1) =4 — 1. If, however, she observes that there was no movement then
she passes and we let f(a+ 1) =i — 1. When f(a) = 0, pp makes a step on
To, and we define f(a + 1) = 1. Observe that if there is a pass by a p; then
everybody will pass until pg makes a move.

Notice that f cannot attain the same value infinitely many times as T; is
well founded and if the pawn on it reaches a terminal node, then p;;1 would
observe in the next step that she lost, although she played according to o. We
get, therefore, that f(«), that is, the center of action, must tend to infinity.
Then we write & = w, f(w) = 0, and again have py make a move. This way
we can continue the game so long as o < w?. But this is impossible, for then
at some step o < w? the pawn on Tp must reach a terminal node, which is a
contradition, as we have seen. [Fred Galvin]

11. Let (P, <) consist of an increasing sequence zg < z1 < ---. Let (Q, <)
contain one largest element, y, plus a chain L,, of length n, for every positive
natural number n. We make the chains L, incomparable, but smaller, of
course, than y. It is obvious that both (P, <) and (Q, <) are well founded
(every element in (P, <) and all but one elements in (@), <) have finitely many
elements below).

Assume that f is an order-preserving mapping from (P, <) into (Q, <). If
f(xo) € Ly, then f(z,4+1) would be greater than y, an impossibility. Thus,
such an f does not exist.

Assume that f is an order-preserving mapping from (Q, <) into (P, <). If
f(y) = x, then we are in trouble in finding room for the image of the chain
L,y of size n 4+ 1. Thus, such an f does not exist, either.

12. Assume x € z. Set A = {z}. By the axiom of foundation there is y € A
with y N A = (). y = z is the only possibility, but as € N A we have a
contradiction.

13. Assume that x € y and y € x. Set A = {z,y}. Applying the axiom of
foundation we get that there is some z € A with zN A = (§, which is nonsense,
as if z = x then y is a common element in z and A, and if z = y then z is.

14. For n = 0 the empty set (and only it) will be good. If some set A is good
for n, then AU {A} is good for n + 1.

We now prove by induction on n that there is only one good set for n. This
clearly holds for n = 0. Assume we have this for some n and A, B are good
sets for n + 1. That is, A, B are both n + 1-element transitive sets, ordered
by €. Let a, b be the largest elements. Then a, b are good sets for n, so a = b.
Moreover, A = aU {a} = bU {b} = B, and we are done.
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15. Assume that {z} is transitive. We have that x € {z}, so every element of
x (if there are any) is an element of {z}, i.e., it can only be z. So either z = ()
or z = {x}. The latter case is impossible by Problem 12, so the only solution

is {0}.

16. Assume that {A; : ¢ € I} is a nonempty set of transitive sets. If x €
({A; : i € I} and y € z then, by transitivity, y € A; holds for all ¢ € I so
ye(Ai:iel}. Ifxel|J{Ai:ie I}, then z € A; for some A;, so, if y € x
then y € A; (as A; is transitive), soy € [J{A4; : i € I}.

17. Assume first that y € & € TC(A). Then z € A,, for some n and then
y € Apyq so surely y € TC(A).

For the other statement, if A € B and B is transitive, then we get by
induction for every n that A, C B. Ay C B is just a reformulation of A € B,
and if A,, C B holds then, by transitivity, all elements of elements of A,,, i.e.,
all the elements of A,,;1 should be in B. But then, TC(A) = AgUA;U--- C B.

18. (a) We show by transfinite induction on « that V,, is transitive. This is
obvious for V = (). If « is limit, then we can use the inductive assumption and
argue that V,,, the union of transitive sets, is itself transitive (see Problem 16).
To finish the proof we have to show that if V,, is transitive then so is V1.
Assume that y € © € V,41. That is, x C V,, so y € V,, so by the assumption,
y C V,, which means that y € V,,11 and that was to be proved.

(b) We show by transfinite induction on o > [ that V3 C V,, holds. This is
obvious for 8 = «, the base case. If & > (3 is limit then again it is obvious (V,
is defined as a union with Vj3 in it). To cover the successor case it suffices to
show that V, C V,41. That is, x € V,, implies = € V11, i.e., x € V,, implies
x C V,, i.e., that V,, is transitive, which is just part (a).

(c) rk(x) = 0 is impossible, as Vo = 0 has no elements. rk(x) cannot be
some limit ordinal « either, as V,, is the union of the sets V3 for 8 < o and
so every element of it appears earlier.

(d) Assume that y € = and rk(z) = a + 1. Thus, z € V441, or, equally,
x C Vg, from which we get y € V,,, that is, rk(y) < a.

(e) Assume that every element of x is ranked. By the axiom of replacement
there is some ordinal « such that rk(y) < « holds for every y € z. Thus,
x CV,,s0x € Vypq, xis indeed ranked.

(f) For one direction assume that every set is ranked and A is a nonempty
set. Select z € A with rk(z) minimal. Such an z exists, by the well-ordering
property of ordinals. We claim that x N A = (). Indeed, if y € x N A then by
(d) we have rk(y) < rk(z) and, as y € A, this would contradict the minimal
choice of z.

For the other direction assume that the set A is not ranked. Let B be the
transitive closure of A (see Problem 17). Set C' = {x € B : x is not ranked}.
C' is not empty (as, for example, A € C'). We claim that C contradicts the
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axiom of foundation. Indeed, if x € C then z is an element of the transitively
closed B and as z is not ranked, by (e) there is some y € x which is not
ranked. But then y € B as well, so y € N C.

19. X =  is clearly a solution. We prove that there is no other solution.
Assume that X xY = X and X is nonempty. Pick € X with rk(z) minimal.
Then, as X xY = X, v = (u,v) for some u € X, v € Y, we get that as
u € {u} € {{u},{u,v}} = (u,v) = = € X holds, we have rk(u) < rk(z), a
contradiction.

20. (a) Define first F(z) = rk(z) for x € C. Then F is an operation from C
into the class of ordinals. If « is an ordinal, then F~1(«) is necessarily a set,
as it is a subset of V,. We do not know if the range H of F is all the ordinals,
but it is certainly a proper class, as otherwise, by the axiom of replacement,
we would get that

C=J{F " (a):a e}

is a set.

To eliminate the gaps, let G map the ath element of H to . G maps H
onto an initial segment of the ordinals, which, being a proper class, can only
be the class of all ordinals. So we are finished by taking the composition of F
and G.

(b) Using (a), it suffices to give a mapping F from the ordinals to the
ordinals such that F~1(«) is a proper class for every ordinal c. For this we let
F(k 4+ o) = a where & is an infinite cardinal and o < &, on the other places
we let F be defined arbitrarily. Notice that this definition is unambigious, as
K can be calculated from k + a by considering its cardinality, and « can be
determined from k + a and x by left subtraction. Every value « is attained
on a proper class; namely, on the ordinals of the form x + a where Kk > a is a
cardinal.

21. For every = € C let a(x) be the least ordinal that occurs as the rank of
some y ~ x. Such an a(x) exists as every set is ranked and it is uniquely
determined by the minimality property of ordinals. Then set

Fx)={y € Vaw) :y~x}.

This is always a set, as is a subset of V(). F is, therefore, an operation. Notice
that F(x) is always a nonempty set. Now, if  ~ y then a(z) = a(y) and so
F(x) = F(y). On the other hand, if F(z) = F(y) then any z € F(z) = F(y)
witnesses T ~ 2 ~ y.

22. Assume the statement holds. If A is any set, it has an embedding into the
class of ordinals. Then, we can get a well-ordering of A by pulling back the
well ordering of the ordinals.
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Assume now that the axiom of choice holds, C is a proper class, s a cardinal.
We have to show that C has a subset of cardinality precisely k. By AC, & is well
orderable, we can simply assume that it is an ordinal. The class {rk(z) : € C}
is a proper class of ordinals, so k can be embedded (actually, there is an initial
segment of order type k). We have, therefore, found a subset B of C, such
that B has a surjective image of cardinality . Using the axiom of choice
again, we get that B has a subset of cardinality . [John von Neumann: Die
Axiomatisierung der Mengenlehre, Mathematische Zeitschrift 27(1928), 669—
752]

23.

(¢) = (b) — (a) is obvious.

(a) — (c). Given a global choice operation F we well-order the universe
as follows. Let <, be a well-ordering of V,11 \ V,, determined by the proof
of the well-ordering theorem using F (restricted to the nonempty subsets of
Va+1\Va). Then set z < y iff either rk(z) < rk(y) or else rk(x) = rk(y) = a+1
for some ordinal o and = <, y. In this case, the predecessors of = are included
into the set V41 where rk(z) = a + 1.

(e) — (d) is obvious.

(d) — (c). Apply (d) to the universe and the class of ordinals, which
obviously has a setlike well order.

(¢c) — (e). Assume that A is a proper class with <, its inherited setlike
well-ordering. For any ordinal « there is exactly one element of A which is
the ath (whose set of predecessors form a well-ordered set of ordinal «), and
this gives a bijection between A and the class of ordinals.

24. Increasing k if needed, we can assume that x is uncountable, regular.
It suffices to show that H, C V. Assume that |TC(z)| < k. We show by
transfinite induction on the rank of y € TC(x) that y € V. As x € TC(x)
this will give the result. Assume that we reached some y € TC(x). We know
that |y| < & (by condition) and that rk(z) < s holds for every z € y (by
the inductive hypothesis). As & is regular, there is some o < &, such that
rk(z) < « holds for every z € y, that is, y C V,, so y € Vo411 C V.

25. We define the following subclasses M, of M by transfinite recursion on «
for every ordinal a. If Mg is defined for 8 < « then let M, consist of those
elements = of M that are not in any of the Mg’s but every yEz is.

We claim that every element of M is in some M,,. Assume first that some
x € M is not in any of the M, ’s, but every yEx is. Then

y— min{f:y € Mg}

is an operation defined on {y : yEx} that is a set, as M was supposed to be
setlike. By the axiom of replacement the range of this set under the operation
is a set of ordinals, it is therefore bounded by some ordinal a. Then z will
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be an element of M, at the latest. We proved, therefore, that if x € M is
such that it is not in any of the M,’s then necessarily some xi;FExz has the
exact same property. Repeating, we get a decreasing sequence ...zoExi Ex,
contradicting the well foundedness of E.

We now define 7(z) for € M, by transfinite recursion on «:

m(z) ={n(y) : yEx}.

7 is injective: if & # y then there is z, zEx, z £ y (or vice versa) and then
w(z) € w(x), 7(z) ¢ 7(y), so w(x) # w(y). 7 is an isomorphism: yFEz if and
only if m(y) € w(x). We set N as the range of 7.

For unicity, assume that m : (M, E) — (Ny,€), ma : (M, E) — (Na, €)
are isomorphisms. By transfinite induction on « we get that 71 (x) = ma(x)
holds for z € M,, that is, m; = 72 and therefore N3 = Nj. [A. Mostowski: An
undecidable arithmetical statement, Fund. Math., 36(1949), 143-164]
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Glossary of Concepts

Abelian group is a group with commutative operation.

algebraic number is a complex number z that satisfies an equation of the
form a,z"™ 4+ -+ ag = 0 where n > 0, a,, # 0 and all coefficients a; are
integers.

algebraically closed field is a field F' such that if ag,...,a, € F, ap # 0,
n > 0, then there is an « € F' with ag + a1z + - - - + a,2" = 0.

analytic set in R"™ is a set that is the continuous image of a Borel set.

antichain in a partially ordered set is a subset no two elements of which are
comparable.

antilexicographic ordering in a product of ordered sets is the ordering
in which the last difference in the coordinates is decisive (i.e., if (A;, <;),
i € I, where (I, <) is an ordered set, then for f,g € [],c; As the element f is
smaller in the antilexicographic ordering than g if there is an iy € I such that
f(io) <4y glio), but for all i € I with ig < i the equality f(i) = g(¢) holds).

antisymmetric relation is a binary relation p such that (a,b) € p and
(b,a) € p implies a = b (apb and bpa implies a = b).

Aronszajn tree is a tree of height w; with all levels and branches countable.
In general, a k-Aronszajn tree is a tree of height x such that each level and
each branch is of cardinality smaller than «.

associative operation is a binary operation h such that h(a,h(b,c)) =
h(h(a,b),c) holds for all elements.
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automorphism of an algebraic structure is a 1-to-1 mapping of the ground
set onto itself that preserves operations and relations.

axiom of choice (AC) is the statement that for any family of nonempty
sets there is a choice function, i.e., if {A;};cs is a family of nonempty sets
then there is a mapping f : I — U;crA; with f(i) € A; for all i € I.

axiom of comprehension states that if A is a set then the elements of A
with a given property again form a set. Formally, if o(z1,22,...,2n4+1) is a
formula in the first order language of set theory and A, aq,...,a, are sets,
then {x € X : p(z,a1,...,a,)} is a set.

axiom of replacement claims that if F(z) is an operation and A is a set,
then {F(z) : x € A} is a set.

Baire function is an element of the smallest family of functions (say on an
interval) that contains all continuous functions and that is closed for pointwise
limits.

basis in a vector space V over a field F is a set B such that every element
of V' can be uniquely written in a form Ajv; + -+ + A\,v, with v; € B and
N €F.

bijective mapping is an injective and surjective mapping (the same as a
“1-1 and onto” mapping).

binary relation on a set A is a subset of A x A.

bipartite graph is a graph in which the vertex set has a decomposition
V =V UVs, V1 NV, = 0 such that all edges go between points of Vi and V5.

Boolean algebra is an algebraic structure (A4,+,-/,0,1), such that the
structure (A, +, -,0) is a commutative ring with multiplicative unit 1 in which
+ and - are idempotent operations, ’ is a unary operation such that (a') = a
for all a, and for all @ we have a-a’ =0, a +a’ = 1.

Borel function is a real-valued function f (defined on a topological space)
such that f~!(—oo,a) is a Borel set for all a € R. Complex-valued Borel
function has real-valued Borel functions as its real and imaginary parts.

Borel set is an element of the smallest o-algebra containing the open sets.
branch in a tree (T, <) is an ordered subset B that intersects every level of

the tree. An a-branch of a tree (T, <) is an ordered subset b C T, which
intersects every level T (8 < ).
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Cantor set is NS ,1,, where Iy = [0,1] and I,,4; is obtained from I,, by
removing from every subinterval [a, b] of I,, the middle third (a+ (b—a)/3,b—
(b—a)/3). It is a perfect set of measure zero and of cardinality c. The Cantor
set is precisely the set of those x € [0, 1] which have a ternary expansion (i.e.,
expansion in base 3) that does not contain the digit 1.

cardinal is an ordinal « such that for 5 < o we have [ £ «.

cardinal exponentiation: & is the cardinality of ZA where A has cardi-
nality < and B has cardinality A.

cardinality of a set is its size: two sets have the same cardinality if and only
if they are equivalent. The cardinality of the set A is the smallest ordinal «
with A ~ a.

Cartesian product [[,.; A; of a family A;, i € I of sets is the set of all
choice functions f : I — U;erA;, f(i) € A; for all i € I. When [ is finite, say
I =1,2,...,n, then this is often identified with the set

{(a1,-..,an) : a; € A;}

of n-tuples with i¢th coordinate from A;, and then we write for it Ay x---x A,,.

ccc (countable chain condition) property holds in an ordered set (topological
space) if every family of pairwise disjoint nonempty open intervals (sets) is
countable.

chain in a partially ordered set is an ordered subset.

choice function for a family A;, i € I, of sets is a function f: I — U;er4;
such that f(i) € A; for all ¢ € I.

chromatic number of a graph G is the smallest x such that G has a coloring
with & colors.

circuit in a graph is a is a sequence of distinct vertices vy, vs, ..., v, (n > 3)
such that v; is joined to v;4+; and v, is joined to v.

class is a well-determined part of the universe (of sets) that is not necessarily
a set. Formally, if ¢(x1,...,2,41) is a formula in the first-order language of
set theory with free variables x1,...,x,41 and aq,...,a, are sets, then the
collection of sets x which satisfy ¢(z,aq,...,a,) forms a class.

closed unbounded set in an ordinal « is a set C C « that is closed in the
order topology on « and that is cofinal with a.
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club set in an ordinal is the same as closed and unbounded set.

cofinality: the ordered set (A, <) is cofinal with its subset B if for every
a € A thereis a b € B such that a < b. There is always a well-ordered B with
this property.

cofinality cf({A, <)) of an ordered set (A, <) is the smallest ordinal a such
that there is a cofinal well-ordered B C A for which the order type of (B, <)
is av. It is always true that cf(4, <) < |A].

coloring of an infinite graph (V, E) with colors I is a mapping f : V — I
such that f(z) # f(y) whenever (x,y) € E (neighboring points have different
colors). In this case we say that (V) E) is |I|-colorable.

commutative operation is a binary operation h such that h(a,b) = h(b,a)
holds for all elements.

compact space is a topological space in which every open cover includes a
finite subcover.

complete metric space is a metric space (X, d), for which it is true that if
zn € X, n=0,1,...is a Cauchy sequence (i.e., d(n,Tm) — 0 as n,m — 00),
then there is an element x € X such that d(z,,z) — 0 as n — oo.

connected graph is a graph such that any two vertices are connected by a
path.

continuously ordered set is an ordered set (A, <) such that for any disjoint
decomposition A = BUC, where B # A is a nonempty initial segment, either
B has a largest element or C' has a smallest element (but not both).

Continuum hypothesis (CH) is the assumption that ¢ = Ry, i.e., that every
infinite subset of R is equivalent either with R or with N. It is a statement
neither provable nor disprovable in the Zermelo-Fraenkel axiom system.

Countryman type is the order type of an ordered set (S, <) if S x S is the
union of countably many chains under the partial order “(z,y) =< (2/,y') if
and only if z < 2’ and y <y .

dense set

e in a topological space: A is dense in the topological space T if every open
set contains a point of A.
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e in an ordered set: A is dense in the ordered set (B, <) if for every z,y € B
there is an element a € A with x <a <y, wherez <y x <yorz =y
(this is the same definition as density in topological spaces if one uses the
order topology).

densely ordered set is an ordered set (A, <) such that for any a,b € A
with a < b there is a ¢ € A with a < ¢ < b.

density of a set A C N is defined as
An{0,1,...,n—1
lim | {0.1,...,n = 1}]

n—00 n

provided this limit exists.

dichotomous relation on A is a binary relation p on A such that either apb
or bpa holds for all a,b € A.

discrete set in a topological space is a set A such that each point in A has
a neighborhood that does not contain any other point of A.

distributivity: a binary operation h is called left (right) distributive
with respect to the binary operation g if h(a,g(b,c)) = g(h(a,b),h(a,c))
(h(g(b,c),a) = g(h(b,a), h(c,a))) holds for all elements.

divisible group is an Abelian group (G, +) such that for all € G and for

n—times

—_——~—
all n > 1 there is an y such that t =y + --- + .
domain of a function f: A — B is the set A.

edge coloring (also called good edge coloring) of a graph (V, X) (with edge
set X)) with colors I is a mapping f : X — I such that f(e) # f(¢’) whenever
e and €’ have common endpoints.

end segment in an ordered set (A, <) is a subset B C A such that b € B,
b < c imply ¢ € B. It is called proper if it is not the whole set.

equivalence of sets: A ~ B if and only there is a bijection between A and
B.

equivalence relation is a reflexive, transitive, and symmetric relation.
field is a commutative ring (F, +, -) such that (F'\ {0}, ) is an Abelian group

(here 0 is the additive unit), i.e., if there is a multiplicative unit and every
nonzero element is multiplicatively invertible.
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filter is a family F of subsets of a ground set X such that ) ¢ F,if A, B € F
then ANB e F,andif A€ Fand AC BC X, then B € F.

first-category set in a topological space is a set that is the countable union
of nowhere-dense sets.

function is a set f consisting of ordered pairs (x,y) such that (x,y), (z,y’) €
f imply y = /. The set

A={z : (x,y) € f for some y}
is called the domain (Dom(f)) of f, and
C={y : (x,y) € f for some z}

is called its range (Ran(f)). If C' C B, then we write f : A — B. It is also
customary to write f(z) for y when (z,y) € f.

generating set in a vector space is a set B such that every element in the
space is a linear combination of elements of B.

Generalized continuum hypothesis (GCH) is the assumption that 2% =
k7T for all infinite cardinals &. It is a statement neither provable nor disprovable
in the Zermelo-Fraenkel axiom system.

G-free graph is a graph that does not include the graph G as a subgraph.

graph is a pair (V, X) where V is a set (the vertex set) and X is a set of two
element subsets {z,y} of V. Think of V as the set of vertices (points), X as
the set of edges, {z,y} the edge connecting x and y.

group is an algebraic structure (G, -) where - is an associative binary oper-
ation on G with unit element (e € G such that e-g = g-e = g for all g) such
that every element g € G has an inverse (an h such that g-h=h-g =e).

Hausdorff topological space is a topological space in which any two (dif-
ferent) elements have disjoint neighborhoods. Same as T» space.

height

e of an element x in a tree is the order type of the set of the elements smaller
than x.

e of a tree is the smallest ordinal « for which the ath level of the tree is
empty.
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homogeneous set (monochromatic set) in a coloring is a set with constant
color.

ideal

e in aring R is a subring I such that for all. @ € I and b € R the products
ab and ba belong to I

e of sets is a set Z of subsets of some ground set X such that X £ Z if [ € T
and J C I then JeZ andif I,J €Z then TUJ € T.

idempotent operation is a binary operation h with h(a,a) = a for all ele-
ments.

independent set in a graph is any set of vertices such that no two are
connected by an edge.

initial segment in an ordered set (A, <) is a subset B C A such that b € B,
¢ < b imply ¢ € B. It is called proper if it is not the whole set.

injective mapping is the same as a one-to-one mapping (f(z) # f(y) if

T #y).

interval in an ordered set (A, <) is a subset B C A such that a,b € B and
a <c=<bimply c € B.

interval topology (order topology) on an ordered set is the topology gen-
erated by the intervals of the set.

irreflexive relation is a binary relation p such that no element is in relation
with itself: (a,a) & p.

K, is the full graph with k vertices.

K, » is the full bipartite graph with bipartition classes of cardinality x and
X (i.e., the vertex set is {z¢}ecr U {yn}n<r with z¢ # y, and every element
x¢ is joined to every yy).

lattice is an algebraic structure (A, A, V), in which A,V are commutative,
associative, and idempotent operations such that aA(aVb) = a and aV(aAb) =
a hold for all elements. A lattice is called distributive if A and V are distributive
with respect to each other.

level (level set) in a tree is the set of elements with the same “height”, i.e.,
the ath level set of (T, <) is the set of those elements x € T for which the
order type of {y : y <z} is a.
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lexicographic ordering in a product of ordered sets is the ordering in which
the first difference in the coordinates is decisive (i.e., if (A4;, <;), ¢ € I, where
(I, <) is an ordered set, then for f,g € [],.; A; the element f is smaller in the
lexicographic ordering than g if there is an i € I such that f(ip) <4, g(i0),
but for all ¢ € T with ¢ < iy the equality f(i) = g(¢) holds).

limit cardinal is an uncountable cardinal s such that A < & implies At < k.

limit ordinal is a non-successor, nonzero ordinal « (i.e., § < « implies
B+1<a).

linearly independent system B in a vector space means that if v1,...,v, €
B are different elements then and A\jv; + -+ + Apv, = 0 if and only if A} =
-+ =\, = 0 (nontrivial linear combinations cannot be zero).

lower density of a set A C N is defined as

fp AN L = 1]

n—00 n

matching in a graph (V,E) is a set M of disjoint edges such that every
v € V is the endpoint of an edge in M.

maximal element in a partially ordered set is an x such that no element is
larger than x.

measurable cardinal is a cardinal « for which there is a x-additive nontriv-
ial 0-1-valued measure on all subsets of a set of cardinality  (i.e., if | X| = &,
then there is a p : P(X) — {0,1} such that pu(X) = 1, u({z}) = 0 for all
xeX,and if V;, i € I, |I| < k is a disjoint family of fewer than x sets then

w(UiYi) = 32, u(Ya)).

metric on a set X is a mapping d :
d(z,y) = 0 if and only if z = y, d(=,
d(z,y) < d(z,2) +d(z,y).

X — [0,00) with the properties that
y) = d(y,z) and (triangle inequality)

metric space is a set X with a metric d on it, in which the topology is
generated by balls, i.e., sets of the form {y : d(z,y) <r},xz € X, r > 0.

metrizable topology is a topology equivalent to the topology of a metric
(i.e., there is a metric on the space such that the open sets in the topology
and in the metric are the same).

minimal element in a partially ordered set is an = such that no element is
smaller than z.
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monochromatic set (homogeneous set) in a coloring is a set with constant
color.

monotone mapping between two ordered sets (4, <) and (B, <) is a map-
ping f : A — B such that a < b implies f(a) < f(b).

nonstationary set in an ordinal « is a set that is disjoint from some closed
and unbounded set.

normal topological space is where any two disjoint closed sets can be
separated by disjoint open sets (i.e., if F; N Fy = () are closed sets then there
are disjoint open sets F; C Gy and F» C Gs).

nowhere dense set in a topological space is a set such that its closure has
no inner point.

one-to-one correspondence (1-to-1 correspondence) between sets A and
B is a one-to-one mapping of A onto B. Such mappings are often called
bijections. This is nothing else than an equivalence between A and B.

one-to-one mapping (1-to-1 mapping) is the same as an injective mapping,
i.e., it maps different elements into different elements (f(z) # f(y) if x # y).

operation (in set theory) is a mapping = — F(z) that is not necessarily
a function (i.e., its domain or range may not be sets). Formally, it is the
correspondence © — y given by ¢(x,y,a1,...,a,), where o(z1,...,2Zy12) is
a formula in the first-order language of set theory with the property that for
every x there is at most one y for which ¢ holds, and a1, ..., a, are given sets.

ordered pair is a set of the form (a,b) = {{a}, {a,b}}.

ordered set is a pair (A4, <) where A is a set and < is an irreflexive, transitive
and trichotomous relation on A.

ordered sum of order types 0, with respect to (I, <) is the order type
of the ordered union of ordered sets (A4;, <;) with respect to (I, <), where
(Ai, <;) has order type 0; (denoted by 3, (- 6:).

ordered union of the ordered sets (A;, <;), i € I with respect to the ordered
set (I, <) (where the A;’s are disjoint sets) is the ordered set (B, <) in which
B = U;c1A;, and for a € A; and b € A; the relation a < b holds if and only if
i<jori=janda<;b.

ordering is a binary relation that is irreflexive, transitive, and trichotomous
(on a ground set).
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order topology (interval topology) in an ordered set (A, <) is the topology
generated by the intervals. It is also the topology generated by sets of the
form A, {x : z<a}, {x : a <z} witha,be A.

order type: two ordered sets are said to have the same order types if they
are similar.

ordinal is the order types of a well-ordered set. We identify every ordinal
a with the set of ordinals smaller than «, i.e., « = {8 : [ < a}. The von
Neumann definition of ordinals: ordinals are transitive sets A (i.e., a € A
implies a C A) that are well ordered by the € relation.

partial ordering is a binary relation that is irreflexive and transitive.

partially ordered set is a pair (A, <) where A is a set and < is an irreflexive
and transitive relation on A.

partition relation x — (\)] means that if we color the r-element subsets
of a set X of cardinality x with p colors, then there is a homogeneous set
(monochromatic set) ¥ C X of cardinality A (i.e., every r-element subset of
Y has the same color).

path in a graph is a sequence vq, ..., v, of distinct vertices such that each
v; is connected to v;41 by an edge.

perfect set is a nonempty closed set (in a topological space) that is dense
in itself, i.e., any neighborhood of any point x contains a point different from
x.

permutation of a set is a one-to-one mapping of the set onto itself.

planar graph is a graph that can be represented in the plane with noncross-
ing (curved) edges.

predecessor (immediate predecessor) to a € A in a partially ordered set
(A, =) is an element b such that b < a but there isno ¢ € A with b < ¢ < a.

prime field of a field F is the subfield generated by 1. It is isomorphic to
either @) or to one of Z, (the field of integers mod p with a prime number p).
In fact, if the characteristic of F is p > 0 (i.e., if p- 1 = 0) then the prime
field is Z,, and if the characteristic is 0 (i.e., m -1 # 0 for any m > 0) then
the prime field is isomorphic to (Q, +,-).

prime ideal is a maximal ideal Z over a ground set X (alternatively, for
every Y C X either Y or X\ Y belongs to Z). It is trivial if Z={Y : 2 €Y}
for some z € X.
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product of cardinals &;, i € [ is the cardinality of the product set [, ; A;
where the A;’s are sets of cardinality #; (denoted by [[;c; #:)-

product of order types 6 and p is the order type of the antilexicographi-
cally ordered product of two ordered sets of order type 6 and p, respectively
(denoted by 6 - p).

product of sets A;, i € I is the set of all choice functions f : I — U;A;,
f(@) € A;, i € I for the sets A;.

proper class is a class that is not a set.

proper initial segment is an initial segment of an ordered set that is not
the whole set.

Pythagorean triplet: positive integers a, b, ¢ with the property ¢? = a2+ b2.
If a,b,c do not have a common divisor, then one of a and b, say b, is even,
and then they are of the form a = n? —m?2, b = 2mn, and ¢ = n% + m? where
m,n are relatively prime natural numbers of different parity.

range of a function f: A — B is the set of all elements y = f(z), = € A.

real-valued measurable cardinal is a cardinal x for which there is a -
additive nontrivial [0, 1]-valued measure on all subsets of a set of cardinality
k (i.e., if | X| = &, then there is a p : P(X) — [0, 1] from the power set of
X into [0,1] such that u(X) =1, p({z}) =0 for all z € X, and if Y;, 7 € I,
|I| < & is a disjoint family of fewer than s sets then p(U;Y;) = >, u(Y5)).

reflexive relation is a binary relation p for which (a,a) € p for all a (apa for
all a).

regressive function f on a subset A of an ordinal « is a function f: A — «
with the property that f(§) < & for all £ € A, £ £ 0.

regular cardinal is an infinite cardinal x that coincides with its cofinality
(cf(k) = k). Equivalently, x is not the sum of fewer than s cardinals each
smaller than k.

k—times
—
relation: A subset of the Cartesian product A x A x --- x A is called a k-ary

relation on A. It is called a binary relation when k = 2. For easier notation
(a,b) € p is often denoted apbd.

reverse order type 6* to an order type 6 is the order type of (A, <*)
where 6 is the order type of (A, <), and <* is the reverse ordering on A, i.e.,
a<*b<=b=<a.
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ring is an algebraic structure (4, +,-,0), in which (A, 4+, 0) is a commutative
group (i.e., + is a commutative and associative operation, a + 0 = a for all
a, and for all a there is an element a* such that a + a* = 0) and - is an
associative operator that is distributive with respect to + from both sides
(ie,a-(b+c)=a-b+a-cand (b+c)-a=b-a+c-a).

c-algebra is a family A C X of subset of a ground set X such that ) € A,
itA; €A, i=0,1,2,... then UP A; € A, and if A € Athen X\ A€ A

second-category set in a topological space is a set that is not the countable
union of nowhere-dense sets.

separable metric/topological space is a metric/topological space includ-
ing a countable dense subset.

similarity mapping between two ordered sets (A, <) and (B, <) is a mono-
tone and surjective mapping f : A — B.

similarity of ordered sets (A, <) and (B, <) means that there is a simi-
larity mapping between them.

singular cardinal is a non-regular infinite cardinal.

spanning tree in a graph G is a subgraph T which is a tree that contains
all points of G.

spanned subgraph (induced subgraph) G’ = (V’, X’) of a graph G = (V, X)
is a graph with V' CV and X' = X N (V' x V').

Specker type is the order type of an uncountable ordered set that does not
embed wy, wi (the reverse of wy), or an uncountable subset of the reals.

stationary set is a set that intersects every closed and unbounded sets (in
an ordinal «).

strong limit cardinal is an uncountable cardinal x such that A < k implies
22 < k.

strongly inaccessible cardinal is a strong limit regular cardinal, i.e., a
regular & such that A < & implies 2* < k.

subbase in a topological space (X,7T) is a set B C T such that for every
x € X and for every V € T with z € V (i.e., for every neighborhood of z)
there are finitely many Uy, ...,Un € B withx € N7, U; C V.

subgraph G’ = (V/, X’) of a graph G = (V, X) is a graph with V' C V and
X' CcX.
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successor

e toa € Ain a partially ordered set (A, <) is an element b such that a < b
but there is no ¢ € A with a < ¢ < b.

e toa cardinal & is the smallest cardinal A that is bigger than & (it is denoted
by ).

e to an ordinal 6 is the smallest ordinal ¢ that is bigger than 6 (it is actually
0+1).

successor cardinal is an infinite cardinal of the form x7.
successor ordinal is an ordinal of the form 3 + 1.

sum of cardinals k;, i € I is the cardinality of the set U;c; A; where the
A;’s are disjoint sets of cardinality r; (denoted by » ;. K;).

surjective mapping: f : A — B such that every b € B has a pre-image (i.e.,
f[A] = B). It is also said that f maps A onto B.

Suslin line is a nonseparable ordered set which is ccc, that is, it does not
include a countable dense set and every family of pairwise disjoint nonempty
open intervals is countable .

Suslin tree is an w;-tree with no wi-branch or uncountable antichain in it.

symmetric relation is a binary relation p for which (a, b) € p implies (b, a) €
p (apb implies bpa).

T> space is a Hausdorff topological space.

topological space (X,T), where T C P(X) is a set of subsets of X (the
set of open sets in the space) with X € T and closed under finite intersection
and arbitrary union.

tournament is a complete directed graph (i.e., all edges of a complete undi-
rected graph is directed in exactly one way). It is called transitive if whenever
w0 and 7w are edges, then so is ww.

transcendence basis in a field F'is a set B such that the elements of B are
algebraically independent over the prime field Fy of F (i.e., if p(x1,...,2,) is

a nonzero polynomial over Fi, i.e., with coefficients in Fy, and aq,...,a, € B
are different elements, then p(ai,...,a,) # 0), but for every a € F there
is a nonzero polynomial p(z1,...,2Tn,Znt1) over Fy and different elements

ai,...,a, € B so that p(ai,...,a,,a) =0.
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transcendental number is a non-algebraic number (in C or R).

transitive relation is a binary relation p for which (a,b) € p and (b,c) € p
implies (a,c) € p (apb and bpc implies apc).

tree

e as a graph: is a connected graph without circuit.

e as a partially ordered set: is a partially ordered set (X, <) such that for
every € X the set {y : y < z} is well ordered. Tt is called a s-tree if its
height is k and every level is of cardinality smaller than «.

tree property of a cardinal x means that every tree of height x the levels
of which are of cardinality smaller than x includes a branch of length x.

trichotomous relation on A is a binary relation p on A such that one of
(a,b) € p, (b,a) € and a = b holds for all a,b € A (one of apb, bpa and a = b
holds for all a,b € A).

ultrafilter is a maximal filter F over a ground set X (alternatively, for every
Y C X either Y or X \ 'Y belongs to F). It is called trivial if it is generated
by an element (i.e., there is an = such that the elements in the ultrafilter are
those subsets of the ground set that contain ).

upper density of a set A C N is defined as

AnNn{o0,1,... -1
limsup| {0.1,...,m }|

n—00 n

vector space over a field F' is an Abelian group (V,+) such that for every
A € F and v € V the product Av € V is also defined and is an element
of V, if 1 is the multiplicative unit of F' then lv = v for all v € V, and
the following identities hold: A(u + v) = Au + Av, (M A2)u = A1(A2u) and
()\1 + )\Q)U = )\1U + /\gu.

weakly compact cardinal is a cardinal k > w for which £ — (x)3 holds.

well-founded partially ordered set is a partially ordered set in which every
nonempty subset contains a minimal element.

well-ordered set is an ordered set in which every nonempty subset contains
a smallest element.

well-ordering theorem is the statement that on every set there is a well-
ordering (i.e., for every set X there is a binary relation < on X such that
(X, <) is a well-ordered set).
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N, is the ath infinite cardinal (same as wy).

AB={f : f:A— B} is the set of all mappings from A to B.

[A]" is the set of subsets of A of cardinality .

[A]<" is the set of subsets of A of cardinality < .

A ~ B, equivalence of A and B.

AAB = (A\ B)U (B \ A), symmetric difference.

vy, diagonal intersection.

Ax B={(a,b) : a€ A, be B}, Cartesian product.

A° = X \ A, complement with respect to the ground set X.

cf((A, <)) is the cofinality of the ordered set (4, <).

cf(«) is the cofinality of the ordinal a.

CH stands for the continuum hypothesis.

¢, the cardinality continuum, i.e., the cardinality of R.

XA is the characteristic function of the set A.

Dom(f) is the domain of the function f.

7 is the order type of (Q, <).

flA] ={f(a) : a € A} is the set of the images of elements of A under f.
f~Yy) ={x : f(x) =y} is the inverse image of the element A under f.

F7HAl ={z : f(z) € A} = Uyeaf '(y) is the inverse image of the set A
under f.

FS(k) is the set of finite sequences of ordinals smaller than k.
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GCH stands for the generalized continuum hypothesis.

k> is the X power of k.

kT is the successor cardinal to the cardinal x.

K, is the complete graph with vertex set of cardinality A.

K, is the complete bipartite graph with bipartition classes of size A and p.
A is the order type of (R, <).

N =w=1{0,1,2,...} is the set of natural numbers.

w={0,1,2,...} is the set of natural numbers and also its order type.

w1y is the first uncountable ordinal.

Wq is the ath infinite cardinal, same as R, (wy = Ryg = w, i.e., counting is
started at 0).

P(A) ={B : B C A} is the power set of A (set of all subsets of A).

[Lic; Ai ={f: 1 — UierAi : f(i) € A; for all i € I} is the set of all choice
functions for the family {A;};er.

Hiel ki is the product of the cardinals k;.

Q is the set of rational numbers.

Ran(f) is the range of the function f.

R is the set of real numbers.

R™ is the n-dimensional Euclidean space.

R is the set of infinite sequences of real numbers.

Dier (<) 0; is the ordered sum of the order types 6; with respect to (I, <).
Ziel K; is the sum of the cardinals ;.

B0 + 61 is the sum of the order types 6y and 61 in this order (with respect to
the ordered set ({0,1}, <).

0p - 01 is the product of the order types 6y and 6, in this order.
0*, reverse order type to 6.

Z is the set of integers.
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accumulation point, 20
acute triangles, 63

additive subgroups of R, 17
additively commutative, 46
alephs, 52

Alexander subbase theorem, 66

algebra of sets, 139
algebraic
numbers, 9
structure, 16, 24, 63
variety, 63

algebraically closed field, 61, 66

almost
disjoint sets, 17, 79
every element, 123

everywhere, 89
antichain, 55, 111
antilexicographic

ordering, 24

product, 24
antilexicographically ordered set, 26
antisymmetric, 23
arithmetic with order types, 33
Aronszajn tree, 111
atom, 11, 167
automorphisms, 11, 16
axiom

of choice, 65

of comprehension, 476

of global choice, 132

Baire functions, 17, 61

Baire’s theorem, 20, 21

balls with rational center and
radius, 10

Banach-Tarski paradox, 81

bases of R, 17

basis, 65

Bernstein—Hausdorff-Tarski
inequality, 53
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bijections, 81 elements, 55
binary relation, 23 complement, 4, 95
bipartite graph, 96 complementation, 4
bipartition classes, 96 complete
Boolean algebra, 6 bipartite graph, 96
Borel Boolean algebra, 7
functions, 17 graph, 96
sets, 17, 20, 61 completely distributive Boolean
bounded linear transformations algebra, 7
of L?[0, 1], 16 congruences, 82, 83
branch in a tree, 111 connected graph, 66

continuous curves, 16
continuously ordered set, 28
continuum, 15

hypothesis, 15, 52

canonical functions, 93
canonical models, 3
Cantor set, 14, 15, 26

. . convergence
Cantor’s inequality, 53 .
cardinal  addition, 51 in the order topology, 85
of sets, 6

exponentiation, 51

multiplication, 51
cardinality, 13, 51
Cauchy equation , 17
“Cauchy’s criterion”, 6

convex function, 19
countable, 9
disjoint union, 5, 61
countably infinite Boolean
algebra, 11

Contered sct, 50 Countryman type, 112
chain, 55. 65 cumulative hierarchy, 131
characteristic function, 5
choice functions, 51 de Bruijn—Erdés theorem, 97
chromatic number, 66, 95, 128 decimal expansion, 170
circuit, 95 decomposition
closed, 40, 90 of R, 60

additive subgroups, 16 of the plane, 64

set, 85, 89, 123 degree, 95

set without rational points, 168 dense, 26

sets in R™, 16 set in a tree, 112

subspaces of C[0, 1], 16 densely ordered set, 26, 28

unbounded set, 89, 123 density zero, 18
club set, 85, 89, 123 dependent choice, 129
cofinal subset, 24, 27 diagonal intersection, 90
cofinality, 24 dichotomous, 23
coloring, 95 discrete set, 19

the plane, 63 disks with rational center
common left multiple, 44 and radius, 10
compact topological space, 66 distributive lattice, 6

comparable, 111 divisibility, 43
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divisible, 66
hull, 66

edge set, 95

end segment, 24, 25
epsilon-ordinal, 48
equidecomposability, 81
equidecomposable, 81
equivalence theorem, 13
equivalent sets, 13
Euclidean n-space, 63
exact cover, 66
exceptional sets, 19

field of the rationals, 67
field, 61, 66
filter, 56, 65, 75
finite
cardinal, 51
cover property, 66
ordinals, 37
finitely additive measure, 81
fixed point, 7, 27
for almost every, 89
forest, 95
free
graph, 498
group, 83
set, 109
fundamental theorem of cardinal
arithmetic, 51, 52

Godel pairing function, 161
Galvin’s tree game, 131
general distributive laws, 4
generalized continuum
hypothesis, 52, 54

generating

subset, 67

system, 66
good coloring, 95
graph, 95
greatest common

left divisor, 43

right divisor, 44

Hamel basis, 17, 67
Hartogs’ lemma, 128
Hausdorff topological space, 16
Hausdorft’s theorem, 27
height of a tree, 111

of an element in a tree, 111
Hessenberg sum, 49
Hilbert cube, 21
homomorphism, 24

ideal, 75
idempotent, 6
immediate successor, 111
incomparable, 111
elements, 55
increasing sequence of sets, 287
indecomposable, 45
ordinals, 46
independent
rotations, 83
set in a graph, 95
system, 65
induced subgraph, 95, 504
inequality
between cardinals, 51
between ordinals, 37
infinite graph, 95
initial segment, 24, 25
interval, 24, 25, 40
topology, 24, 40, 49
irrational numbers, 14
irreflexive, 23
isometry-invariant measure, 81
isomorphism, 24
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Jordan measurable subsets of R, 17

Konig’s
inequality, 53
lemma, 111
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Kleene-Brouwer ordering, 130

R. Laver’s theorem, 25
least common right multiple, 44
Lebesgue measure, 60
left distributive, 33
left divisor, 43
left multiple, 43
left multiplications, 82
level set, 165
of a tree, 111
lexicographic ordering, 24
lexicographic product, 24
limit inferior of sets, 5
limit ordinal, 37, 39
limit superior of sets, 5
Lindelof property, 19
linear
functionals of L2[0,1], 17
subspaces of C[0,1], 17
linearly ordered set, 23

mappings between ordered sets, 23
matching, 95
maximal

element, 65

ideal, 65
measure zero sets, 60
metric on B>, 20
monochromatic, 96
monotone

mapping, 24

real function, 16, 19
Mostowski’s collapsing lemma, 132
multiplicatively commutative, 47

natural sum, 49
nondegenerated intervals, 20
nonmeasurable sets, 60
nonstationary, 89, 90, 123
set, 85
normal
expansion, 45
filter, 119

Index

form, 45
representation, 43
tree, 111

N-set, 37

of power continuum, 15
one-to-one correspondence, 13
open

sets in R™, 16

cover, 20

set in a tree, 112
operation, 129
order-sensitive, 33
order topology, 24
order types, 33
orderable, 66

ordered
set, 23, 24
union, 24, 29

orderings of the natural numbers, 16
ordinals, 37

paradoxical, 82
partially ordered set, 6, 55, 66
partitions, 81
path in a graph, 95
Peano curves, 21
perfect set, 20, 60, 61
permutations of the natural
numbers, 16
planar polygon, 82
power set, 17
predecessor, 25, 111
prime
ideal, 75
ordinal, 46
primeness, 43
principal filter, 75
product
of order types, 33
of prime ordinals, 46

set, 51
proper
ideal, 65
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initial segment, 24
Pythagorean triplets, 151

quotient ring, 6

rank function, 130
ranked set, 131
rationally independent, 67
regressive function, 85, 89
regular cardinal, 51, 52, 89
regularity, 51
representation

in a base, 43

in base w, 43
restriction, 23
reverse type, 34
Riemann integrable functions, 17
right

divisor, 43

multiple, 43
right-continuous function, 16, 19
ring, 6, 65

scattered set, 28
second category sets, 60
semi-continuous real functions, 16
semi-open intervals, 20
set mapping, 109
set of
infinite 01 sequences, 14, 15
infinite real sequences, 15
similarity, 24
mapping, 27
singular cardinal, 51, 52
smaller than, 23
or equal, 23
smallest common left multiple, 44
spanning tree, 66
special tree, 111
Specker type, 112
squashing a tree, 112
stationary, 89, 90, 123
set, 85
strict monotonicity, 24

strongly universal graph, 96
subalgebra, 61
subbase, 66
subcover, 20
subgraph, 95, 96
successor cardinal, 52
successor, 25, 111

ordinal, 37, 39
sum

of cardinals, 51

of order types, 33

Suslin
line, 112
tree, 112

symmetric difference, 3

topological

product, 17

subgraph, 95
tournament, 101
transcendence basis, 66
transcendental numbers, 9
transfinite

enumeration, 63

recursive process, 59
transitive, 23

closure, 131

set, 37, 131
tree, 111, 130

property, 111
trichotomous, 23
trivial filter, 75
Tychonoft’s theorem, 66

Ulam matrix, 79
ultrafilter, 65, 75
unbounded, 90
set, 85, 89, 123
uncountable, 9
unit sphere, 82
universal graph, 96
upper density 1, 18
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vector space, 65
vertex set, 95
von Neumann, 37

well-founded set, 129
well-founded, 66
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well-ordered set, 23, 24, 26
well-ordering theorem, 65
winning strategy, 12

Zorn’s lemma, 65
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